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Zusammenfassung

In dieser Arbeit untersuchen wir eine Operatorfunktion 7" in einem Krein-
raum, welche formal geschrieben werden kann als

T\)=XA—A+BY(D-)\"'B,

wobei anstelle des letzten Terms auf der rechten Seite eine beziiglich A re-
lativ formkompakte Storung ahnlicher Gestalt steht. Die Operatorfunktion
—T~! kann dann mittels der Resolvente eines in einem Kreinraum selbstad-
jungierten Operators M, der eine relativ formkompakte Storung von A x D
ist, dargestellt werden. Wir beschreiben die Beziehungen zwischen der Op-
eratorfunktion 7" und dem Operator M, insbesondere untersuchen wir das
Spektrum, das Punktspektrum und das Spektrum positiven bzw. negativen
Typs.

Unter bestimmten Voraussetzungen an die Operatoren A, B und D ist M
ein definisierbarer Operator und —7~! eine definisierbare Operatorfunktion.
In diesem Fall beschreiben wir die Beziehungen zwischen dem Spektrum po-
sitiven bzw. negativen Typs, einschliellich der entsprechenden Vielfachheiten,
von M und —7~1.

Die dabei gewonnenen Ergebnisse werden auf ein Sturm—Liouville-Problem
angewandt, bei dem die Koeffizienten rational vom Eigenwertparameter ab-
hangen. In diesem Fall entspricht die Operatorfunktion 7' dem Differen-

tialausdruck
4

W’“MZ T

auf dem Interval I := [—1,1]. Dabei ist A eine komplexe Zahl, p ein einfaches
indefinites Gewicht, und qj.t, qu sind reellwertige mefibare Funktionen, die
bestimmten Voraussetzungen geniigen. Weiterhin betrachten wir den Fall,
dafl der obige Differentialausdruck auf der Halbachse I = [0, 00) mit p = 1
erklart ist.
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Introduction

Let ‘H and K be Krein spaces, let A and D be selfadjoint operators in H
and K, respectively, with nonempty resolvent sets and let B be a bounded
operator in L(H, K). For all A in the resolvent set p(D) we define an operator
function

(0.1) T\)=X—A+B"(D-\"'B,

where BT denotes the Krein space adjoint of B. Then for all A € p(D), for
which 0 € p(T'(\)), the operator function —T~! can be represented in the

form
(0.2) T\ =P (M-I

where M is given by the operator matrix

A BT
(0.3) M = [ B D ]
in H x IC, I is the embedding of H in ‘H x K and P; the projection on the
first component in H x K.

In this thesis we consider operator functions 7" which can formally be writ-
ten as in (0.1). We relax the boundedness condition on B. The last term
on the right of (0.1) is replaced by a term of a similar form which is a rela-
tively compact perturbation in form sense with respect to A. This compact-
ness assumption includes the case when A has a compact resolvent and B is
bounded.

Analogously to the case of a bounded operator B, the operator function
—T~! can then be represented as in (0.2) where the operator M arises from
(64 8) by a relatively compact perturbation in form sense.

In this thesis we express relatively compact perturbations in form sense
with the help of operators in riggings. In Chapter 1 we review some facts on
riggings in Krein spaces. We also give a brief introduction to the theory of
definitizable and locally definitizable selfadjoint operators in Krein spaces. In

particular we discuss relatively form—compact perturbations of definitizable
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selfadjoint operators and compact perturbations of fundamentally reducible
operators in Krein spaces.

Our main objective is to describe relations between spectral properties of
the holomorphic operator function 7" and the operator M. In Section 2.1 we
introduce the notions of resolvent set, spectrum, point spectrum and Jordan
chains of the operator function 7. Then (cf. Section 2.3) a point A where
the function 7" is holomorphic, that is A € p(D), belongs to the resolvent set
of T" if and only if A belongs to the resolvent set of the operator M. The
same equivalence holds for the point spectrum. Special attention is given to
the spectrum of positive and negative type of T', resp. M. As the domain
of the operator T'(A) may depend on A, we define the sign types of spectral
points of T' (i.e. spectral points of positive or negative type of T') via some
rational function f(7'(A)) of T'(A\) which has values in £(H). This definition
generalizes the usual one for £(H)-valued functions (see [LMaM2]). It turns
out that the sign types of spectral points of T' can be characterized by the
sign types of an extension of 7" to an operator of the space of positive norm to
the space of negative norm of some rigging which has a domain independent
of A\. It then follows that they coincide with the sign types with respect to
M (Sections 2.1-2.3).

In Sections 2.4 and 2.5 we assume that A and D are definitizable selfad-
joint operators and fulfil some further conditions such that by a perturbation
result from [J3] the operator M is definitizable. The sign types of spectral
points of T', first defined only for points A of holomorphy of 7', that is for
A € p(D)NIR, can be extended to arbitrary real A by making use of the
(boundary behaviour near IR of the) function —7 !, which is a so—called
definitizable operator function ([J4]). For points outside of p(D) N IR the
so defined sign type coincides with that of M if M satisfies some minimal-
ity condition (Proposition 2.18). Lemma 2.19 provides a simple criterion for
this minimality. Similar relations hold if the sign types are replaced by the
so—called intervals of type w4 and type m_ (Proposition 2.18, Theorem 2.22).

Making an additional assumption on A and D and using a minimal rep-
resenting operator for an N,—function we determine a minimal representing
operator for —7T~! such that this operator is unitarily equivalent to M, if
M is minimal (Theorem 2.17, Proposition 2.18). Here unitary equivalence
is understood with respect to the inner products of the Krein spaces. For
non-minimal M there is a local variant of this fact (Theorem 2.20).

Connections between T and M in the case where ‘H and —K are Hilbert
spaces have been studied in the articles [LMeM], [FM], [AL], [MS]. In these
articles, in the Krein space setting, it is always assumed that o(A) No(D) is
empty or a finite set and, on the other hand, that either the resolvent of A is
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compact or B is, in some sense, small with respect to A and D. In the pub-
lications mentioned above also completeness problems for the eigenfunctions
and associated functions of T were investigated. In the present thesis we do
not deal with completeness questions for 7'.

In [LMeM] T'()\) is the operator in Ly([0, 1]) corresponding to the differen-
tial expression

(0.4) Y+ Ay R

q
- A

and the boundary conditions

(0.5) y(0) =y(1) = 0.

Here ¢ and u belong to L. ([0, 1]) and ess sup g < 0. Then

e[ £

V=T

in G := L5([0,1]) x Lo([0,1]) is of the form (0.3) and satisfies (0.2) (here G
is considered as a Krein space with fundamental symmetry J = (é _2)). In
[LMeM] it is proved that M is a definitizable selfadjoint operator and that,
if u is a step function, the eigenvectors and associated vectors of M form a
Riesz basis.

In Chapter 3 we apply the results of Chapter 2 to Sturm-Liouville ope-
rators which are similar to (0.4). In Chapter 3 the relations between the sign
types of T and M considered in Chapter 2 play an essential role.

In Section 3.1 we consider the case that T'(\) is the operator in Lo([—1,1])
corresponding to the differential expression

(0.6) py" + Ay + Z +

with A € C, on the interval I := [—1, 1] with boundary conditions

(0.7) y(—1) =y(1) =0.

The function p is identically equal to 1 or a simple indefinite weight. The
functions q , ui are real valued measurable functions, qJr >0,5=1,...,n4,
q; <0,j=1,...,n_, a.e. such that g; (1 + \u Nteli(I),j=1,...,n4.

Let D be the dlagonal matrix multiplication operator

— ino(n T + - -
D = diag(ui,...,u, ,uy,...,u, ),

ny’ n
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in I := Lyo(I)™ x Lo(I)"~, where K is considered as a Krein space with
fundamental symmetry J = (é _?). Then the operator M arises from

(—pj—;) x D by a relatively compact perturbation in form sense and sat-
isfies (0.2)(for a definition of M see page 59). It is a consequence of Section
2.3 that a point A € p(D) belongs to the resolvent set (point spectrum, spec-
trum of positive type, spectrum of negative type) of 7" if and only if it belongs
to the resolvent set (point spectrum, spectrum of positive type, spectrum of
negative type) of M.

Under some additional assumptions on the functions uji, 7 =1,...,n4
(which, in essence, imply that D is a definitizable selfadjoint operator in IC
such that D has no finite critical points), it follows that M is a definitiz-
able selfadjoint operator and T'(A\)~! is a definitizable operator function. In
addition we prove a simple criterion for the minimality of M with respect
to —T~! (cf. Theorem 3.3). If M is minimal with respect to —7~!, then,
by the considerations of Section 2.5, an open subset of IR is of positive type
(negative type, type 7, type m_) with respect to M if and only if it is of the
same type with respect to —7'~!. Finally, if we assume that all the functions
u;:, j=1,...,n4, are step functions, we can show that there exists a Riesz
basis consisting of eigenvectors and associated vectors of M.

In Section 3.2 T'()\) is again the operator corresponding to the expression
(0.6). Now we assume that p = 1 and I = [0, 00). Instead of (0.7) we consider
the boundary condition

y(0) = 0.

In this case we obtain the same relations between the various kinds of spectra
of T'and M as in Section 3.1. Moreover, under some additional assumptions
on the functions uf, j=1,...,n4, the operator M is a definitizable operator
and, again, T'(\)~! is a definitizable operator function. In Proposition 3.7
we give an example for a situation where results on the absence of positive
eigenvalues for Sturm—Liouville operators can be used, in combination with
the relations between the spectra of T and M, to exclude critical points of
M on the positive half-axis.

In Section 3.3 T'(A)y is given by (0.4) on the interval I = [—1, 1] with the
boundary condition (0.7). In contrast to [LMeM], we allow ¢ to change its
sign. For simplicity, we assume that ¢ is a real valued piecewise continuous
function and that w is a real valued measurable function. Now, roughly
speaking, ¢(u—\) ! can be considered as a sum of two quotients ¢ (uy —\)~*
and ¢_(u_ — \)~!, where the first one is defined on A, = {x € I : q(z) >
0}, the second one on A_ := {z € [ : ¢(x) < 0}, and ¢+ and uy are

the restrictions of ¢ and u to Ax. Then M arises from (—j—;) X Uy X U_
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by a compact perturbation (in the resolvent sense). It follows that M is
definitizable over the set

C\ ({oc} Uoe(ug)) Noe(u-)).

If the functions ¢ and u belong to C'(I) such that v’ > 0 and ¢ has finitely
many zeros, we are able to prove that M is a definitizable operator in the
Space LQ(I) X LQ(A_I_) X LQ(A_)

Finally, we consider the case of the half-axis, where T'(\) is given by (0.4)
with boundary condition y(0) = 0 (cf. Section 3.4). Then the operator M is
definitizable over € \ {([0, 00] U oe(uy)) Noe(u_)} and, if ¢ and u fulfil some
further conditions, M is a definitizable operator. Moreover, the absence of
eigenvalues of T' can be used to locate the position of critical points of M.






1. Riggings and Perturbations of Selfadjoint Operators
in Krein Spaces

1.1. The Scale of Spaces Associated with a Selfadjoint Operator
in a Hilbert Space

We recall some well-known facts on the scale of spaces associated with a self-
adjoint operator H in a Hilbert space (H, (-, -)). We equip Hs(H) := D(|H|®),
s € [0, 00), with the Hilbert space scalar product

(1.1) (z,y)s := (1 + H*)2z,(1+ H?)2y), x,y € Hs(H).

1
Put ||z||s := (z,2)2, x € Hs(H). By H_s(H), s € [0,00), we denote the
completion of H with respect to the quadratic norm || - ||_s defined by

lzl|l—s = [I(1 + H*)"2z||, =€ H.

Evidently,

||| —s = sup{|(z,y)| : y € H(H), [Jy|ls < 1}.
The extension by continuity of the form (-,-) to Hs(H) x H_s(H), s € IR,
is also denoted by (-,-). The mapping = — ¢g,, * € H_s(H), 9. € Hs(H),

s € [0,00), defined by

(y7x> = (yagm)& yE HS(H)7

is an isometry of H_ (H ) onto Hs(H ). For arbitrary z € € the operator H—z

can be extended by continuity to a continuous linear operator (H — z)"~ from
Ha(H) into H_1(H). (H — z)~ is an isomorphism of H, (H) onto H_1(H)

if and only if z € p(H). In this case we have ((H — 2)~)~' = R(z, H)
where R(z,H) is the extension by continuity of R(z, H) := (H — 2)~! to
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a continuous linear operator of H_1(H) onto Hi(H). The operator H is
(-, -)-symmetric, i. e.

(He,y) = (v, Hy), @,y € Hy(H),

1.2. The Scale of Spaces Associated with a Selfadjoint Operator
in a Krein Space

Assume now that (H, [, ]) is a Krein space and J is a fundamental sym-
metry of H, (x,y) := [Jz,y], x,y € H. Let A be a selfadjoint operator in the
Krein space H with p(A) # (). We consider the selfadjoint operators

9

H=JA, K:=AJ

in (H, (+,-)). By the relation HJ = JK the operator J maps Hs(H) (Hs(K))
isometrically onto Hs(K) (Hs(H), resp.), s € [0,00). Therefore, J can be
extended by continuity to an isometric operator of H_4(H) (H_s(K)) onto
H_s(K) (H_s(H), resp.), s € [0,00). Both of these extensions will be de-

noted by J. We set

z,y] = (Jo,y) = (2, Jy), [y.2]=[2,y], =€ H(H),y € H_s(K).

We define a scale of Hilbert spaces by
Hs(A,J) :=Hs(H), H_s(A,J):=H_s(K), s€]0,00).

It is easy to see that the spaces Hs(A, J), s € R, regarded as (Hilbertable) lin-
ear topological spaces, and the duality [-, -] between H4(A, J) and H_s(A, J)
do not depend on the choice of J. For simplicity of notation we write H, or
Hs(A) instead of H4(A, J) when no confusion can arise.

The operator A may be extended by continuity to a continuous operator A
from Hi(H) to H_, (K). We have A = JH (see Section 1.1). It will cause

no confusion if we denote the adjoint with respect to the |-, |- duahty in the
same way as the usual Krein space adjoint, by “*”. We have (A)Jr = A i.e.
A is |-, -]-symmetric,

Az, y) = [z, Ay], z,y € Hi(A,J).
From p(A) # () we conclude that

(1.2) A=Al{zeH1(AJ): Av e H}.
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The identity on H1(A,J) regarded as an operator into H_1(A,J) will be
denoted by E.

Lemma 1.1. The range R(A —z) of A— z, z € C, is closed if and only
if R(A — zE) is closed. If this holds, then A — z and A — zE have the same
nullity and deficiency:

~ ~

(1.3) nul(A — z) = nul(A — zF), def(A —z) =def(A — zE).
In particular, we have z € p(A) if and only if A—zE is an isomorphism.

Proof. 1. We first prove the last assertion. If z € p(A) then Z € p(A) and
A —Z considered as operator from H; (A, J) into H is an isomorphism. Then
the same is true for its adjoint (A —2)*" € L(H, H_1(A, J)) with respect to
the [-, -]-duality. (A —Z)" is an extension by continuity of A — z. Hence, by
interpolation, A—zFis an isomorphism. If A—zFis an isomorphism, then
evidently z € p(A).

2. Assume that R(A — zE) is closed. Let (z,) be a sequence from D(A) such
that ((A— z)z,) converges in H to some y € ‘H. Then (A — zF)x,, converges

in H_1(A,J) toy. Hence there exists an « € H1 (A, J) with (A—zE)z =y.

Then, by (1.2), z € D(A) and (A — z)z = y. R(A — z) is closed.
3. Assume now that R(A—z) is closed. Let (z7,) be a sequence from H (4, J)

such that lim,_.o(A — zE)z!, =: y exists in H_1(A,J). For A € p(A),
(A — AE)~! is an isomorphism and we have

lim (A —AE) YA —zE)z!, = lim (A—2)(A—\)"'2!, = (A= \E) ly.
Hence (A—AE) 1y € R(A—z), i.e. there exists an #’ € D(A) with (A—z)a’ =
(A — XE)~1y. It follows that

(A—z2E)(A—2)a' = (A—2E)(A— \E) 'y =
—y+A—2) A= AE) 'y =y+ (A —2)(A—2)2'

and, hence, y € R(A — zE).
4. The first relation of (1.3) is a consequence of (1.2). The second relation of
(1.3) follows from the first by duality. 0

We remark that if z € p(A) then (A — 2E)~! € L(H_1 (A, J), Hi(A,J))

coincides with the extension R(z; A) by continuity of R(z; A) := (A — 2)~L.

_1
2
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For brevity we set £L(4) := L(H1(A,J),H_1(A,J)). If H" and H" are Hilbert
spaces, S (H',’H") denotes the linear space of compact operators of H’ in
H'. We set Gop 1= Goo(H, H) and &% := Soo(H1 (A, J), H_1(A,J)). The

following lemma will be needed below.

Lemma 1.2. Let p(A) # (. The following assertions are equivalent:

(1) (A — 2)~1 is compact for some (and hence for all) z € p(A).

(2

) (H — 2)~1 is compact for some (and hence for all) z € p(H).
(3) The natural embedding of H1(H) = H1(A, J) into H is compact.
)

(4) For every si,s82 € [0,00) with s1 > so the natural embedding of
Hs, (A, J) into Hs, (A, J) is compact.

(5) For every si,82 € [0,00) with s1 > sg the natural embedding of
H_s,(A, J) into H_s, (A, J) is compact.

Proof. For z € p(A) N p(JA) we have

(A— ,z)_1 —(JA - z)_l = (A - z)_l(l — J)JA(JA — z)—l —
= (JA—2)"Y(J-1DAA -2~

Hence the assertions (1) and (2) are equivalent. For non-real z, the nat-
ural embedding of H;(H) into H is the composition of H — z regarded as
an operator from Hi(H) into H, which is an isomorphism, and (H — z)~!
regarded as an operator in H. Therefore, the statements (2) and (3) are
equivalent. Similarly, (3) is equivalent to (1 + H2)"2 € G4. This is equiv-
alent to (1 + H?)™3 € G for all s > 0. Similarly to the reasoning above,
one shows that (1 + H?)~3 € &, for all s > 0 is equivalent to (4). That (4)
and (5) are equivalent is a consequence of the duality of the scales. O

In the rest of Section 1.2 we recall the definition of sign types of spectral
points of selfadjoint operators in Krein spaces (see [LMaM1]). With the help
of the scale considered above we give a characterization of the sign types
which will be needed in Chapter 2. First we recall that a point A\ € C
is said to belong to the approximative point spectrum of a densely defined
closed operator C, Ao € 0,,(C), if there exists a sequence (z,,) C D(C) with
|lznll =1, n=1,2,..., and ||(C — Ag)zn|| — 0 if n — oc.

Definition 1.3. For a selfadjoint operator C in a Krein space H with
p(C) # 0, a point \yg € o(C) is called a spectral point of positive (negative)
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type of C if Ao € 04,(C) and for each sequence (x,,) C D(C) with ||z,| =1
and ||[(C'— \g)z,|| — 0 for n — oo we have
liminf [x,, 2,] >0 (resp. limsup [z, x,] < 0).

We denote the set of all spectral points of positive (negative) type of C' by
04+(C) (resp. o__(C)). We shall say that an open subset A of R is of
positive type (negative type) with respect to C' if A\ {oo} C p(C)U o4 (O)
(resp. A\ {oo} C p(C)Uo__(C)). An open set A of IR is called of definite
type if A is of positive or negative type with respect to C.

The sets 044 (C) and o__(C) are contained in IR. Indeed, for A € o4 (C)
and for (z,) as above we have —(Im \) [z, z,] = Im [(C — N)xy,, x,] — 0 for
n — Q.

For operators which are, in a sense, subordinated to a scale as above (see
Section 1.3 below) the spectra of positive and negative type can be charac-
terized as follows.

Lemma 1.4. Let H, J, A be as above and let C be a selfadjoint operator

in H, p(C) # 0, with D(C) C H1(A,J) such that C' can be extended by
continuity to a mapping Ce L(H% (A, J),H_1(A,J)) and, for some z € C,
C'—zE is an isomorphism. If || - || and || - || _1 denote the norms of H1 (A, J)
and H_%(A, J), the following assertions are equivalent.

(1) Ao € 044(C) (Ao € 0-—(C)).
(2) Ao € 04p(C) and for each sequence (x,) C H1(A,J) with ||z,|lr =1

and ||(C — A E)an| _1 — 0 for n — oo, we have

_1
2

liminf [x,,z,] >0 (resp. limsup [z, z,] < 0).

Proof. For z € D(C) we have [|(C' = AE)z|_1 < |(C — ME)z| and
||| < ||l]|1. Hence assertion (2) implies assertion (1).
Assume that (1) holds. Let (z,,) C H1(A,J) be a sequence with

(1.4) lznlly =1, [(C = AoE)zn| 1 — 0 for n — oc.
Evidently, we have z € p(C). Let y, := —(2z — X\o)(C — 2)"!x,. Then

lim [z — yally = lim [[(C —2E)"N(C ~ AoE)z, |y =0.
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Hence, by (1.4),

lim fyalls =1, lim (6~ AE)ya|_y = 0.

n—oo
Then, making use of the fact that (6 — 2E)~! is an isomorphism we obtain

L= T gy = |z = do| lim (0~ 2) e,y <

n—oo

< Mliminf ||z,]|_1 = M liminf ||yn||_1 < M liminf [jy,].
n— 00 2 n— 00 2 n— 00

for some constant M, and
Jim [[(C = Ao)ynl| = [z = Ao| Tim [(C'—=20)(C' — 2) | =
— |z — Xo| lim ||(C = 2E)"YC — M E)z,| = 0.

Therefore, by condition (1)

0 < liminf [y, y,] = liminf [z, x,].

Hence (2) holds and the lemma is proved. O

1.3. A Class of Perturbations of Selfadjoint Operators in Krein
Spaces

Let H, J, A, be as in Section 1.2. We consider the following class of
perturbations of A (see e.g. [JL2], [J3]). These perturbations can also be
defined with the help of sesquilinear forms.

Definition 1.5. Assume that the operator Z € £(4) can be written as a
sum 4 = 241+ 4o, Z1,49 € L) such that the following holds:

(i) There exists a 2o € € such that A — z9F + Z; is an isomorphism of
H1(A,J) onto H_1(A,J).

1
2

(ii) The range R(Z2) of Zs is contained in H and Z3 can be extended by
continuity to a bounded operator in H.

Then the restriction of A + Z to

D(ALZ):={x e H:1(A,J): (A+ Z)x € H}
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regarded as an operator in H is denoted by AL Z (cf. [KY]).

Evidently, AX Z; is densely defined and closed, and we have zy € p(AL Z1).
Therefore, AT Z is a densely defined closed operator. If for some z € C the
operator A + Z — zE is an isomorphism, then we have z € p(ALX Z). If

Z = Z7 and for some z € C the operator A+ Z —2F is an isomorphism,
then AT Z is a selfadjoint operator with nonempty resolvent set.

Lemma 1.6. ([J3]) Let V € &Y. Then ATV is defined. If, additionally,
V =V, then ATV is selfadjoint.

Lemma 1.7. Let V € 65 and assume that p(A) N p(ALV) £ (. Then
(1.5) R\ — RINMATZV) €6, Aep(A)Np(ALV).

For any z € € the range R(ATV —2) is closed if and only if R(E—I—V—zE)
s closed. In this case

nul(ALV — 2) =nul(A + V — 2E), def(ALV —z) =def(A+V — zE).

In particular, we have z € p(ATV) if and only ifﬁ—l— V — zFE is an isomor-
phism.

Proof. Relation (1.5) was proved in [J3]. Assume that R(A + V — zE) is
closed. Then the closedness of R(ATV — z) can be proved as in part 2 of
the proof of Lemma 1.1.

To prove the converse we first claim that for A € p(A) N p(ALV) the
operator A+V —\E is an isomorphism. Indeed, by Lemma 1.1, A—)\E is an
isomorphism and, since V' € 65{3 ), AV—H/—)\]NE is a Fredholm operator of index
zero. Thus, by A € p(AZLV), the operator A+ V — AE is an isomorphism. If
R(ALV — 2) is closed then by a reasoning similar to part 3 of the proof of

Lemma 1.1 we find that R(Z+ V — zE) is closed.
The remaining assertions of Lemma 1.7 are proved as in Lemma 1.1. O

We define the essential spectrum o.ss(C) of a densely defined closed oper-
ator C' to be the complement of its Fredholm domain.

If then A and V fulfil the assumptions of Lemma 1.7 it follows from (1.5)
that
(1.6) Oess(A) = 0ess(ALV).



20 1. Riggings and Perturbations of Selfadjoint Operators in Krein Spaces

1.4. Definitizable Operators

For any subspace H’ of the Krein space (H,[-,]) the supremum (< 0o) of
the dimensions of the subspaces £ of H’ such that [-, -] is positive (negative)
definite on £ is denoted by x4 (H') (resp. k_(H')).

Let A be a definitizable selfadjoint operator in H, i.e. p(A) # () and
there exists a rational function p # 0 having poles only in p(A) such that
[p(A)z,x] > 0 for all z € H. Then the spectrum of A is real or its non—
real part consists of a finite number of points. Moreover, A has a spectral
function E(-; A) defined on the ring generated by all connected subsets of IR
whose endpoints do not coincide with the points of some finite set which is
contained in {t € R : p(t) = 0} U {oc} (see [L3]).

In the remainder of Section 1.4 we assume, unless otherwise stated, that A
is the direct orthogonal sum of two definitizable operators A; and As in H;
and Hs, respectively, H = Hi[+] Hz. This situation will occur in Chapter 2
below. Let E(-) denote the direct sum of the spectral functions of A; and
As. We do not exclude the case Ho = {0}.

The classification of spectral points in Definition 1.3 was originally intro-
duced with the help of the spectral function. For the convenience of the
reader, we will give a proof for the known equivalence of these two descrip-
tions of sign types under our assumptions on A.

Lemma 1.8. A point A € o(A) N IR belongs to 044 (A) (6-_(A)) if and
only if there exists an open interval § of R, A € §, for which E(0) is defined,
with k_(E(0)H) =0 (resp. ko (E(6)H) =0).

Proof. It is sufficient to prove the lemma for o, (A). A similar reasoning
applies for o__(A).

Let A € 0(A) NIR and let A be a bounded open interval, A € A, such
that E(A) is nonnegative. If (z,,) is a sequence in D(A) with ||z,|| =1, n =
1,2,...,and ||(A—=N)z,|| — 0 for n — oo, then |[(A—A)(1 — E(A))x,| — 0.
This implies ||[(1 — E(A))z,|| — 0 and, hence, lim,, .o [|[E(A)z,|| = 1. Since
(E(A)YH, |-, ]) is a Hilbert space we obtain

liminf [x,, z,] = liminf [E(A)z,, E(A)x,] > 0.
Assume now that there does not exist an open subset § with the properties
mentioned in the lemma. Let Ay be a bounded open interval, A € Ay, such
that E(Ag) is defined, and let Ay := A|E(Ao)H. E(Ap) is not nonnegative.
Then by [L2] there exists a maximal nonpositive Agp-invariant subspace M _
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of E(Ag)H. Tt is easy to see that o(Ag|M_) C Ag. We claim that
(1.7) A€ o(ApIM2).

If (1.7) holds, let (y,,) be a sequence in M _ with ||y,|| =1, n=1,2,..., and
lim,, o ||[(Ao — A)yn|| = 0. We have [y, yn] < 0 and liminf, o [¥n, yn] < 0.

It remains to prove (1.7). Suppose A ¢ o(Ayg|M_). Let A be an open inter-
val such that E(A) is defined, with A € A C Ag and ANo(Ag|M_) = (). We
have E(A)M_ C M_ and E(A)M_ C E(A)H. Then o(Ay|E(A)M_) C
o(ApglM_) and o(Ag|E(A)M_) C o(Ag|E(AYH) C A. This shows that
E(A)M_ = {0}. Since E(A)M_ is a maximal nonpositive subspace of
E(A)YH, E(A) is nonnegative, a contradiction to our assumption on A\. Hence
(1.7) holds, which completes the proof. O

Hence, by Lemma 1.8, an open subset A of IR is of positive type (negative
type) with respect to A if and only if k_(E(0)H) = 0 (resp. ko (E(0)H) = 0)
for every (in IR) connected subset § of A with § C A.

We shall say that an open subset A of R is of type m, (type m_) with
respect to A if k_(E(§)H) < oo (resp. k4 (E(6)H) < oo) for every (in IR)
connected subset § of A with § C A such that F(6) is defined. The open set
A is called of type m if A is of type w4 or type m_ with respect to A. We
remark that for an interval (a,b), a,b € p(A), of type 7 the space E((a,b))H
is a Pontryagin space.

Let o.(A) be the extended spectrum of A, i.e. 0.(A) = o(A) if A is bounded
and o.(A) = o(A) U {oo} otherwise, let p.(A) = C \ o.(A). We denote
by e (A) (Ge,—(A)) the set of all X € 0.(4) N IR such that for every
open connected subset § of IR, A € 4, for which E(§) is defined, we have
Ky (E(0)H) = oo (resp. k_(E(d)H) = 00). The sets . +(A) and ., _(A) are
closed in IR.

A point t € IR is called a critical point (an essential critical point) of A if
there is no open subset A of definite type (resp. type 7) with ¢t € A. The set
of critical (essential critical) points of A is denoted by c(A) (resp. coo(A4)).
We have

s A\ {00} = o(A)\ (04 (4) Vo (A),
co(A) = 0e4+(A)Noe_(A).

In Chapter 2 and Chapter 3 we will make use of the fact that a critical
point which is not an essential critical point is an eigenvalue. A critical point
t is called regular if there exists an open deleted neighbourhood §y of ¢ such
that the set of the projections E(J) where § runs through all intervals ¢
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with 0 C &y is bounded. The set of regular critical points of A is denoted
by ¢.(A). The elements of cs(A) := ¢(A) \ ¢,-(A) are called singular critical
points. The spectral function E can be extended by continuity to all intervals
whose endpoints do not belong to c(A).

We assume now, in addition, that E(IR)H is not a Pontryagin space (i.e.
ki (ER)H) = k_(E(IR)H) = o) and either coo(A) = 0 or coo(A) = {o0}
holds, and that there exist intervals of the form (u4,00) and (—oo, pu—) of
definite type with respect to A. In the following lemma we shall make use
of the system of all those open connected components I of R\ (g, +(A) U
0e,—(A)) such that if both endpoints of I are finite then one of them belongs
to 0¢ +(A) and the other to g, _(A). By the second relation of (1.8) and our
additional assumption c.(A) C {oo} this system is finite. We shall denote
it by

(al,bl),(ag,bg),...,(al,bl), ZZ 1,

with
by <ags <by<agz <---<b_1<aq if [ >1.

By definition the spectrum of A is discrete in each interval (a;,b;), j =
1,...,1.

Lemma 1.9. Assume that E(IR)H is not a Pontryagin space and either
Coo(A) = 0 or coo(A) = {0} holds. Then A is definitizable if and only if
there exist intervals of the form (ju4,00) and (—oo, u—) of definite type with
respect to A.

Moreover, if such points p,p— exist, and if s; € p(A) N (a;,b;), 7 =
1,...,1, then the following holds.

(1) We have
R ){M(E((%Sl))H)} <ooor sup ){’%—(E((Vasl))H)} < oo,
(2) We have

sup {r+(E((s1,v))H)} < oo or sup {x—_(E((s1,v))H)} < oo.

vE(s;,00) ve(sy,00)

(3) If 1l > 1 then E((sj-1,5;))H, j =2,...,1, are Pontryagin spaces.

(4) If oo ¢ cs(A) then E((—o0,s1))H and E((s;,00))H are Pontryagin
spaces.
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Proof. It is well known that if A is definitizable then py and p_ as in the
lemma exist.

Assume now that g4 and p— with the above properties exist. The spectrum
of the restriction Ag := A|(1— E(IR))H consists of a finite set of poles of the
resolvent. It is easy to see that there is a rational function gy which has no

zeros in IR such that ¢(Ag) = 0 for ¢(2) := qo(2)qo(Z). If we find a definitizing
rational function r for A|E(IR)H, then rq is definitizing for A. Therefore to
prove that A is definitizable we may restrict ourselves to the case 0(A) C IR.
Since H is not a Pontryagin space, we have o, +(A) # 0 and 7. _(A) # 0.
We will prove next that A satisfies (1)—(4).

Suppose the two suprema in (1) are equal to infinity and (—oo, u_) is of
positive type with respect to A. If (—oo, u—) is of negative type a similar
reasoning applies. We have x_(E(6)H) = 0 for each compact subset § of
(—o0, pu—). We choose an € > 0 such that x_(E((u— —¢€,$1)))H) = oo holds.
This implies o, (A)N[p——¢, s1] # 0 and, hence, that min g, _(A) is the right
endpoint of one of the intervals (a;, b;) which contradicts the choice of s;. A
similar proof holds for (2). Assertions (3) and (4) are simple consequences
from the definition of s;, j =1,...,[, and (1) and (2).

Now, we choose a rational function 7 having poles only in p(A4) \ IR with
the following properties.

(1) r(c0) =0, r has real zeros only in sq,...,s;.

(2) If I > 1, r is positive (negative) on (s;_1,s;), 7 =2,...,1, if (s;-1,5;)
is of type w1 (resp. not of type m) with respect to A.

(3) The function r is positive on the interval (—oo,s;) if we have that
SUD, ¢ (—o0,s1) 1A~ (E((v, 81))H)} < 0o and negative otherwise. Similarly
for (—oo, s1) replaced by (s;,00).

With the help of the spectral function it is easy to see that [r(A)-, -] is positive
semidefinite or has a finite number of negative squares. Then by [L3] A is
definitizable. O

1.5. Perturbations of Definitizable Operators

Now we consider perturbations of definitizable operators. The following
lemma shows, in particular, that for a definitizable operator A and (a not
necessarily symmetric) V € & the assumption p(A) N p(ALV) £ O of
Lemma 1.7 is fulfilled.
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Here and in the following we denote, for a closed and densely defined op-
erator A, by 0pnorm(A) the set of all A € € which are isolated points of
o(A) and normal eigenvalues of A, that is, the corresponding Riesz-Dunford
projection is of finite rank.

Lemma 1.10. Let A be a definitizable selfadjoint operator in H and let

V e &), Then there exists an ny > 0 such that i € p(ALZV) for |nl > no.
Further, we have

a(A)\ Up,norm(A) =

(19) = O'ess(A) = O'ess(Aj—/V) - U(Aj_/V) \O-p’norm<A:tV)'

Proof. The first assertion of Lemma 1.10 is a consequence of [J3, Propo-
sition 3.1]. By (1.6) we have to prove only the first and the last equality of
(1.9). As A is definitizable, p(A) is dense in C, hence, for A ¢ o.55(A4) =
0ess(ATV), the index of the operator A — X is zero, and, by Lemmas 1.1
and 1.7 the same holds for A replaced by AT V. As the open set € \ 0css(A)
(= €\ 0ess(ALV)) consists of at most two connected open components each
of which contains points of p(A) and of p(ATV), it follows that C \ gess(A4) C
IO(A) Uo-p,norm (A) and @ \Oess (A:tV) - p(Aj—/V) Uap,norm (Aj:V) hold and
(1.9) is proved. O

In the proof of Theorem 1.12 below we will use the subsequent theorem
which is a special case of [J3, Theorem 3.6]. We remark that in the Theorems
3.6 and 3.10 of [J3] in all places where unbounded intervals of type 7, (7_)
occur, it has to be added that k_(E(A)H) (resp. k(E(A)H)) is zero for all
compact subintervals A in some neighbourhood of co.

Theorem 1.11. Let A be a definitizable selfadjoint operator in H such
that o(A) \ IR C 0pnorm(A). Let V. =VT € &Y. Purther, assume that
there exist points t1,ta € IR, t; < to, t1,ts € p(A) N p(ALV) such that

sup  {r4(E((v,t1))H)} <oo and sup {r_(E((t2,v))H)} < oo,
ve(—oo,t1) VE(tg,00)
where E denotes the spectral function of A.
Then no point of R\ (t1,t2) is an accumulation point of the non—real spec-
trum of AL V. Further, if P’ is the Riesz—Dunford-Taylor projection corre-
sponding to R\ (t1,t2) and ALV, AZV|P'H is a definitizable selfadjoint
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operator with

sup {k+(E'((v,t1))H)} < oo and sup {k_(E'((t2,v))H)} < oo,

ve(—oo,t1) vE(ta,00)

where E' denotes the spectral function of ATV |P'"H. Moreover, co € cy(A)
if and only if oo € c,(ALV).

A similar theorem holds with x4 and x_ interchanged.

Theorem 1.12. Let A be a definitizable selfadjoint operator in 'H such
that coo(A) = 0 or coo(A) = {00} and assume that o(A) \ R C 0p norm(A).
Let V = VT e (‘5&?). Then ATV is a definitizable selfadjoint operator in
H such that coo(ALV) = 0 or coo(ALV) = {00}; in particular, all finite
critical points of ATV belong to O'p(A:tV). Moreover, the following holds.

1) c(AZV)\ R C 0pnorm(ALV).

(ii) Ge4(A) =Ge s (ALV), 5c_(A) = _(ALV). Hence any open inter-
val is of type w1 (w_) with respect to A if and only if it is of type 7,
(m_, resp.) with respect to ATV .

(iii) If, for some m € R, (m,0) is of positive (negative) type with respect
to A, then there ezists an m’ € (m, 00) such that (m’, 00) is of positive
(resp. negative) type with respect to ATV, A similar statement holds
for intervals of the form (—oco,m).

(iv) oo ¢ cs(A) if and only if co & c,(ALV).

Proof. 1. Relation (i) is a consequence of Lemma 1.10. Let E be the spec-
tral function of A. If E(IR)H is a Pontryagin space then, by the assumption
d(A)\ R C 0pnorm(A), H is a Pontryagin space and all assertions of the
theorem are valid. Assume for the rest of the proof that E(IR)H is not a
Pontryagin space.

2. We shall assume that the system {(a;,b;) : 7 = 1,...,l} considered in
Lemma 1.9 consists of at least two intervals. If that system consists of only
one interval, a similar reasoning applies but some of the following consider-
ations are irrelevant in this case. By the definition of the intervals (aj, b;)
and Lemma 1.10 we may choose some points s; € (aj,b;) N p(A)Np(ALV),
j=1,...,1. Let G; be the open disc with center on IR such that s;,s;11 €
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0Gj,j=1,...,1—1, and let Gy be the open disc with center on IR such that
s1, 8, € 0Gy. It is no restriction to assume that

0GoUOG1U...UIG;_1 C p(A) N ,O(Aj:V)

Let E; (Ej’), 7 =20,1,...,1—1, be the Riesz-Dunford projection corresponding
to G, and A (resp. ALV). Then Lemma 1.7 implies

B~ Ej€6Gu, j=01,....01—1.

As E;, 7 =0,1,...,1—1, is a selfadjoint projection in H there exists a funda-
mental symmetry of H which commutes with £;. On account of [J1, Theorem
3.1], we have o¢ 1 (Ej) = 0c +(E), 0c,(Ej) = e, (E)), j = 1,...,1 = 1.
Consequently, since E;H is a Pontryagin space (see Lemma 1.9 (3)), also
EH is a Pontryagin space and x4 (E;H) < oo (k- (E;H) < co) if and only
if ki (E;H) < oo (resp. k_(E;H) < 00). Since for a selfadjoint operator B
in a Pontryagin space with finite negative (positive) index, g, +(B) (resp.
Oe,—(B)) coincides with o.(B) \ 0p norm(B), we have

(1.10) Ger(A)NG; =6, +(AZV)NG,, j=1,...,1—1.

3. Assume that (1 — Ep)H is a Pontryagin space. Then by E| — Ey € G,
(1 — E))H is a Pontryagin space as well. Hence ALV is the direct sum of
selfadjoint operators in Pontryagin space with pairwise disjoint spectra such
that at most one of the operators is unbounded. Therefore, by a reasoning
similar to that in the proof of Lemma 1.9, ATV is definitizable. Again as
above we find

Ge+(A)N(R\ Gp) =5, +(ALV) N (R\ Gy),

which along with (1.10) implies (ii). In this case the assertions (iii) and (iv)
are evident.

4. Assume now that (1 — Fy)H is not a Pontryagin space. This implies, in
view of

(1 — Eg)E(R)H = closp {(1 — Eg)E((—n,n))x:n € N,z € H}

and Lemma 1.9, (1) and (2), that oo is an accumulation point of o(A)N (0, c0)
and of o(A) N (—o00,0) and, on the other hand, that either

(1.11) sup {rk+(E((v,s1))H)} <oo and sup {xk_(E((s;,v))H)} < oo.

ve(—o00,s1) ve(s,00)
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or similar relation with x, and k_ interchanged hold. It follows that oo is a
critical point. We assume that (1.11) holds. This is no restriction.

Then, as a consequence of Theorem 1.11, A;"/V\P’ H, where P’ is as in The-
orem 1.11, is a definitizable selfadjoint operator. As the non-real spectrum
of ATV consists only of finitely many points belonging to ap,norm(Aij)
(Lemma 1.10, Theorem 1.11 and relation (i)), also ALV|(I — E))H is a

definitizable selfadjoint operator. This implies, as above, that AtV is defini-
tizable. Assertions (iii) and (iv) are consequences of Theorem 1.11.

In order to prove (ii) observe that for sufficiently large v the projections
E((s;,v)) and E((s;,v); ALV) are defined and their ranges are Pontryagin
spaces. Therefore, by the same reasoning as in the proof of (1.10),

(1.12) Ge (A)N (81,0) = Ge + (ALV) N (51, V).
Similarly, for sufficiently small v,
(1.13) Ge_ (AN (v, 81) = G, (ALV) N (v, 51).

These relations along with (1.10) imply the assertion (ii) and Theorem 1.12
is proved. O

1.6. Locally Definitizable Operators

By C* we denote the open upper half plane and by €~ the open lower
half plane.

Let Ap be a selfadjoint operator in the Krein space (H,[-,]) and let A be
an open subset of R such that no point of A is an accumulation point of the
non-real spectrum o(Ag) \ IR of Ag. We shall say that A, belongs to the
class S*°(A), if for every closed subset A’ of A there exists m > 1, M > 0
and an open neighbourhood U of A’ in C such that

1(A0 = N) 7 < M(JA]+ 1)*™Im A =™

holds for all A € U \ IR.

Definition 1.13. Let Q be a domain in € which is symmetric with respect
to IR such that QNIR # ) and QNC ™+ and QNC ~ are simply connected. Let
A be a selfadjoint operator in the Krein space (H, [+, -]) such that o(Ag)N(Q2\
IR) consists of isolated points which are poles of the resolvent of Ag, and no
point of QNR is an accumulation point of the non-real spectrum o(Ag) \ IR
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of Ag. The operator Ay is called definitizable over Q, if Ag € S*®(Q2NIR) and
every point A € Q N IR has an open connected neighbourhood I, in IR such
that both components of I\ {\} are of definite type (cf. Definition 1.3) with
respect to Ag.

We remark that Ag is definitizable (cf. Section 1.4) if and only if A is defini-
tizable over C ([J6]).

In the following we will introduce for an operator which is definitizable over
() the notions of critical points and open sets of type 7 in a way similar to
Section 1.4.

Assume that Ag is definitizable over . A point t € QNIR is called a critical
point of Ay if there is no open subset A of QN IR of definite type with ¢ € A.
The set of critical points of Ay is denoted by ¢(Ap). For the properties of
the spectral function E(-; Ag) of Ay we refer to [J6] and [J1]. We mention
only that for every connected subset §, § C QN IR, whose endpoints are not
critical points of Ay, E(J; Ap) is defined and this projection is selfadjoint in
(Ha ['7 ])

Furthermore, by [J6, Theorem 2.13], an open subset A of QNIR is of positive
type (negative type) with respect to Ag if and only if k_(FE(d; Ag)H) = 0
(resp. k4 (E(5; Ag)H) = 0) for every (in IR) connected subset § of A with
6 C A.

We shall say that an open subset A of Q N 1IR is of type 7, (type m_) with
respect to Ag if k_(E(d; Ag)H) < oo (resp. ki (E(; Ag)H) < oo) for every
(in IR) connected subset 6 of A with § C A such that E(§; Ag) is defined.
The open set A C QN1IR is called of type m with respect to Ag, if A is of type
w4 or of type w_ with respect to Ayp.

1.7. Perturbations of Fundamentally Reducible Operators

Let Ap be a selfadjoint operator in the Krein space (H, |-, -]) with p(Ag) # 0.
The operator Ag is called fundamentally reducible if there exists a funda-
mental symmetry .J of H which commutes with the resolvent of Ay, i.e.
(Ag—N)"1J = J(Ag—\) ! for some A € p(Ap). In this case Ay is a selfadjoint
operator in the Hilbert space (H, [J-,]). We set Py := (I £.J) and Hy :=
PLH. Then we have PLD(Ag) = (Ag—i) " 'Hx C D(Ap). Denote by Ag + the
operators in Hy defined by Ay +o := Agx for x € PLD(Ap) =: D(Ap +). It is
easy to see that Ay 4 is a selfadjoint operator in the Hilbert space (H, [+, -])
and Ap _ is a selfadjoint operator in the Hilbert space (H_, —[,]). Further,

O'(A()) = O'(A07_|_) U O'(AO’_)



1.7. Perturbations of Fundamentally Reducible Operators 29

holds. For a densely defined closed operator C' we denote by o, .ss(C) the
extended essential spectrum, i.e. g, cs5(C) = 0ess(C) (see Section 1.3) if C
is bounded and ¢ ¢s5(C) = 0es5(C) U {00} otherwise. It is easy to see that
the following lemma holds. We omit the simple proof.

Lemma 1.14. Let Ag be a fundamentally reducible operator in the Krein
space (H,[-,-]). Then

(1.14) 044 (Ag) = 0(Ao,+) \ 0(Ao,—) and o—_(Ag) = (Ao,~) \ o(Ao,+)
hold and the operator Ag is definitizable over

@\ {06,658<A0,+) N Ue,ess(AO,—)}-
An open connected set A of R\{0¢ css(Ao 1+ )N0e ess(Ag )} is of type my (7_)

with respect to Ao if and only if A C IR\ 0e,ess(Ao,—) (A CR\ 0cess(Ao 1),
resp.) holds.

If, in particular, o.(Ao+) N oe(Ao,—) consists of at most finitely many
points, then Aqg is a definitizable operator in (H,[-]) and coo(Ag) =

Oc.ess(A0.+) N 0Oeess(Ao,—) and cs(Ag) = {0} hold.

With the help of (1.14) it is easily seen that o(Ap ) and o(Ap,—) do not
depend on the choice of the fundamental symmetry .J, which commutes with
the resolvent of Ag.

Let H and K be Hilbert spaces. In the sequel we denote by &,(H,K), p €
[1,00), the linear space of all operators T € &, (H, K) such that Z;i1 s? <

oo, where s;, j = 1,2, ..., are the eigenvalues of vT*T' (taking multiplicities
into account). We set &, :== &,(H, H).

In [J1] perturbations of fundamentally reducible definitizable operators are
considered. In the following theorem we consider perturbations of funda-
mentally reducible operators, in particular we do not assume that the unper-
turbed operator is definitizable. For the case that the unperturbed operator
is a bounded fundamentally reducible operator similar results are obtained
in [L1] and [LMaM1]. For the convenience of the reader we will give a proof
of the following theorem although parts of the proof are similar to [J1, proof
of Theorem 3.1].

Theorem 1.15. Let A;, j = 0,1, be a selfadjoint operator in (H,|[-,-])
with i € p(A;). Assume, further, that Ao is fundamentally reducible and that
there exists p € [1,00) such that

(Ag+i)~ ' — (A +40) 7t € &,
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Then the following holds.
(1) The operator Ay is definitizable over € \ {0¢ css(Ao 1) N e ess(Ao— )}

(2) An open connected subset A of R, A C R\{0¢ ess(Ao,+)N0e ess( Ao, )},
is of type w4 (w_) with respect to Ag if and only if it is of type w4 (m_,
resp.) with respect to Ay

Proof. 1. Weset D:={2€C : |2/ <1}, D°:=C\Dand T:={z€ C :
|z| = 1}.
Let J be a fundamental symmetry of H commuting with the resolvent of
Ap. By 19 we denote the linear fractional transformation defined by
z—1
If Uj, 7 = 0,1, denotes the Cayley transform ¢(A;) of A;, then
I+ U (I T)=UTxNHUg(I£J)+ (T E£J) (U —Up)(I£J).

From this it follows that

(1.15) P,ULP_ € G, P_U Py € G,
(1.16) P.U P, — PLUyP; € Goo, P.UP_ —P_UyP_ € G,
where Py = (I £ J). This implies 0(U1) \ T C 0p norm(U1) (see e.g. [K2,
Theorem 12]). By a well-known result ([K2, Theorem 13|, [B, Theorem
VIII.3.1]) there exists an U;—invariant maximal nonnegative (nonpositive)
subspace M (resp. M_) of H such that o(U|[My)\T = o(U;) N D (resp.
o(U|IM_)\T = o(U;)ND®) and all root spaces corresponding to eigenvalues
of Uy in D (resp. in D) are contained in M4 (M_, resp.).

2. We will prove o.ss(Ur|My) = 0ess(Ug| PrH). Let Ky € L(PyH, P_-H)
be the angular operator (see [K2]|) corresponding to My, M, = {z : z =
x4 + Kixy,xy € PyH}. We consider the following extended angular oper-

ator
— 0 O
R 20)
with respect to the decomposition H = P’ H + P_'H. Let v, € P.’H. Then
(I+ Ky)zy e My and (Uy — NI + Ky)zy € M4 for A € C. We have
(Ul - )\)(I"‘ K+)LE+ =
= (P_|_U1P_|_ + P_|_U1P_K+ — )\P+)ﬂ§'_|_ +
+(P_U1Py + P.UP_-Ky — AP_K,)xy =
e (I—|— K+)(P+U1P+ —|— P+U1P_K+ — )\P+).§U+.
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The operator I + K considered as an operator acting from P, H onto M
is an isomorphism, therefore it follows

ess(U1| M) = 0ess(PLUL P, + PLUP_K, |PH).

In view of (1.15) and (1.16) we have

O'ess(Ul‘M+) = O'eSS(P+U1P+|P+H) —
= Oess(PrULPL) \ {0} = 0ess(PLUgPL) \ {0} = 0ess(Up| Py H).

By a similar reasoning the following holds

(1.17)

(118) O—ess(Ul‘M—) :O'ess(U()’P_H).

3. Let A be a connected open subset of IR such that A C_IE_{\{JMSS(AO,JF)O
Oe.ess(Ao,—)}. Let t1 and t2 be the endpoints of A (in R). Assume that t;

is an accumulation point of o(A7) \ IR. Then there exists sequences (A7) C
CtNo(Ay) and (\;) C €~ No(Ay) such that A — ¢; for n — oo. Therefore

b(Ay) € o(Ur|My) and ¢(\,) € o(Ui|M-), n €N,
and relations (1.17) and (1.18) imply

775(751) S 0633(U1|M+) N UeSS(Ul‘M—) =
— O'ess(UO‘P—I—H) N O-ess(UO‘P—H) - ¢(O-e,ess(AO,+)) N w(o-e,ess(AO,—))-
But this is a contradiction to t; € A, hence t; and ts are no accumulation

points of o(A1) \IR. As a consequence of [J2] assertions (1) and (2) hold and
Theorem 1.15 is proved. O






2. A Class of Analytic Operator Functions and Their
Linearizations

2.1. Definition of a Class of Analytic Operator Functions 7. Jor-
dan Chains of T

Let again (H, [, :]) be a Krein space and Jy a fundamental symmetry of H.
Throughout Chapter 2 we assume that A is a definitizable selfadjoint operator
in H. For the scale corresponding to A we simply write H, := Hs(A, Jp).
The case that (H, [-,]) is a Hilbert space, i.e. Jy = 1, and A is an arbitrary
selfadjoint operator in this Hilbert space is not excluded.

We first define a class of holomorphic operator functions the values of which
may be unbounded operators in ‘H with domains depending on the variable.
Let G be a locally holomorphic operator function with values in 6&? ) on
an open set O C € symmetric with respect to the real axis. Moreover, we
assume that

GA\)=G\N)T, XeO.
Then the operator function
(2.1) T\ :=X—(ATG(N), Xe€O,

is defined (see Lemma 1.6). For every A € O, T'()) is a densely defined closed
operator in the Krein space H. By definition we have

(2.2) D(T(\) ={x € H, : T(\)z € H},
where

(2.3) T\ :=XE—A—G(\), \e€O,
and

T(A) =T\ | D(T(N).
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~

The domain of T'(A) may depend on A. From the relation T(\)* = T(X),
A € O, we easily conclude that

TNt =T), Me€O.

The following simple lemma shows that the function 7" is holomorphic on O
in the sense of [Ka, Theorem VII.1.3].

Lemma 2.1. For every Ag € O there exists a zg € C, \g+20 € p(A), and a
neighbourhood U(Ag) of Ao in O such that the following equivalent assertions
are true.

(i) For every A € U(Xo) the operator T(\) — 20 E is an isomorphism.

(i) For every A € U(Ng), T(X) — 20 has a bounded inverse (T'(\) — z9) "1 €
L(H).

If (i) or (ii) holds for some zy € C and some neighbourhood U(A\g) of Ao,
then the L(H)-valued function X\ — (T'(X) — z9) 1 is holomorphic in U(X\o).

Proof. The selfadjoint operator Re \g — A is definitizable in H. Then, by
Lemma 1.10, for sufficiently large n > 0, we have

—in —iIm Xy € p((Re Ao — A) (=G (X)) N p(Re Ao — A).
Hence the assumptions of Lemma 1.7 are fulfilled, and by that lemma
(in + Xo)E — A — G(X) = T(N\o) + inE

is an isomorphism. Then there exists a neighbourhood U(\g) of Ay such that
(i) holds with zg = —in.

That (i) and (ii) are equivalent is a consequence of Lemma 1.7. The holo-
morphy assertion follows from the holomorphy of T in O. O

Remark 2.2. To establish Lemma 2.1 we made use of the assumption
that A is definitizable. We mention that Lemma 2.1 and all other results of
Sections 2.1-2.3 remain valid if A is the orthogonal direct sum of a definitiz-
able selfadjoint operator and a bounded selfadjoint operator. For simplicity
we restrict ourselves to the case of a definitizable selfadjoint operator A.

We define the resolvent set p(T) of T to be the set of all A € O such that
0 € p(T(N)). The spectrum of T is by definition

o(T):=0\ p(T).
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It may happen that p(T') is empty. The set p(7T) coincides with the set of
all A € O such that f()\) is an isomorphism. If p(T) # 0, the functions
A — T(A)™! and A — T(A)~! are locally holomorphic in p(T). A point
A € O is called an eigenvalue of T if there exists a nonzero x € D(T'(\)) such
that T'(A\)z = 0. Then x is called an eigenelement of T" corresponding to .

The set of all eigenvalues of T" is denoted by o,(T"). If for some z € ‘H 1 we

have T(\)z = 0 then, by definition of T, z € D(T()\)) and T(\)z = 0. If
Ao € 0p(T), then xg,...,zym—1 € H is called a Jordan chain of T at Ay if,
for some zg € C, zp # 0, and some neighbourhood U(\y) of A\g such that
statement (i) or (ii) of Lemma 2.1 holds, xq, ..., ;-1 € H is a Jordan chain
of the operator function X — (T'(\) —z9) "' 425 at A, which is holomorphic
in U(Np). Recall that for an L£(H)-valued function S holomorphic in some
domain U C C the vectors zg,...,2m—1 € H, xg # 0, are called a Jordan
chain of S at A\g € 0,,(9) if >0 _o (k) "LSH® (Ng)z;_r =0,7=0,1,...,m—1,
holds.
If z; has the same properties as zg, we find

(T(No) —21) 42t =
= 2027 (1= (20 — 21)(T(Xo) — 21) (T (Xo) = 20) " + 25 ).

Hence the above definition does not depend on the choice of zj.

(2.4)

Lemma 2.3. The elements xg,...,xm—1 € H are a Jordan chain of T at
Ao € o,(T) if and only if xg, ..., xm—1 € H%, xo # 0, and

J
1 ~ - ~
(25) > ~T®N)zjp =0, j=0,1,....m—1, T :=T.

Proof. For all A in a neighbourhood of the point \g, we define Q(\) :=
(T(N\) — z0)~*. Let xg,...,xm—1 € H be a Jordan chain of T" at A\g. Then
we have Zi:o %Q(k)(/\o)wj_k = —25'z;,j=0,...,m— 1, and, since Q(\)
is a restriction of Q(\) := (T(\) — zE) ! € [,(H_% , H1), the same relation
holds with @ replaced by CNQ Hence xg,...,2m_1 € H%.

Let now xg,...,x,,—1 be arbitrary elements of H% and set x(\) := zo +
A= X)z1 + ...+ (A= X)) g, Evidently, (T(\) — 2z0)™' + 251 =
Q(\) + z5 " maps H 1 into itself and its restriction to H, coincides with
25 (T(N) — 20E) T (X\). Then X — (Q(\) + z5 H)x()) has a zero of order m
at Ao if and only if A\ — 25 (T(\) — 20E) T (A)z(\) has a zero of order m
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at Ao which is equivalent to the fact that T(\)z()\) has a zero of order m at
Ao- The latter is true if and only if (2.5) holds, which proves Lemma 2.3. O

2.2. Spectral Points of Positive and Negative Type of T

Let T be defined as in (2.1), let A\g € O and let zp, 290 # 0, be chosen
as in Lemma 2.1. We recall that a point Ay € O is said to belong to the
approzimative point spectrum of T', X\g € 04,(T), if there exists a sequence
() C D(T(N)) with ||z, =1, n=1,2,...,and || T'(Ag)xn| — 0 if n — oo.

It is easy to see that we have \g € 0, (1) if and only if A\g € 0,4, (Fp), i.e.
0 € 04p(Fo(No)), where

Fo(A) := =25((T(N) = 20) " + 25 1) = —20T(A\)(T(N) — 20) ™"

Definition 2.4. A point Ay € o(T) N 1R is said to be a spectral point of
positive (negative) type of T', and we write A\g € o4 (T) (resp. Ao € o__(T)),
if Ao € 04(T) and for each sequence (z,) C H with ||z,| = 1, and
| Eo(No)xn|| — 0 for n — oo we have

liminf Re [F{(Xo)Zn, xn] >0 (resp. limsup Re [F}(\o)xn, z,] < 0).

n—oo n—oo

We remark that if Ao, (x,,) are as in Definition 2.4 then Im [F{(Ao)xn, 4]
tends to zero for n — oo.

Definition 2.4 does not depend on the choice of zy. Indeed, let z; € C,
z1 # 0, satisfy the same conditions as zp (see Lemma 2.1). We set Fy(\) :=
—22((T(\) = 21)~" + 271). Relation (2.4) holds and we have

2021 2021

FI(\) <1 A FO(A)> - (1 N — Fl()\)) F(\).

Let (z,,) and Ag be as in Definition 2.4. It follows that

20 — 21

[F{(Ao)zm Tp] — [F{(AO)FO(AO)xm Tp] =

2071

20 — %
= [F§ 0}, a] + 2L R (o), = (T (00) = 20) 7 + 2]

As |[Fy(Mo)znll — 0 and, by (2.4), || = 22(T(Ao) —21) ™" + 27 au| — 0
the second terms on both sides of the preceding relation converge to zero if
n — o0o. This shows that Definition 2.4 does not depend on the choice of z.
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In the case of operator functions with values in £(H) this definition of
spectral points of positive (negative) type coincides with the usual one (cf.
[LMaM?2]). This is a consequence of the following Proposition 2.5.

Proposition 2.5. Let Ao € 04,(T) NIR. The following assertions are
equivalent:

(1) Ao € 044 (T) (X € o—_(T)).

(2) For each sequence (x,) C Hy with Hxn”% =1 and Hf()\o)an_% — 0
for n — oo we have

liminf [T"(Ao)&n, ©n] >0 (resp. limsup [T"(Ao)an, 2] < 0).

n—oo n— 00

(3) For each sequence (x,) C D(T(Xo)) with ||z,|| =1 and ||T'(Ao)xn| — O
for n — oo we have

~

lim inf [T"(Ao)n, Tn] >0 (resp. limsup [T"(Ao)an, 2] < 0).

n—oo n—oo
Proof. For z € H1 we have
2

(2.6)  [Fy(Xo)z,z] = [20T" (M) (T(Xo) — 20) "'z, Z0(T(No) — Zo) '],

We consider only the case of a spectral point of positive type. For a spectral
point of negative type a similar reasoning applies. Assume that (1) holds.

Let (z,) C Hi be a sequence with [lz,[|s =1 and Hf()\@)xn”—% — 0 for

n — oo0. The operator T (Mo) — 20F is an isomorphism, therefore it follows
lim infy, o0 [|(T'(Ao) —20E)an| -1 > 0. Hence, we have lim inf,, oo ||| 1 >
0, which implies liminf,, o ||z, || > 0. Further, we have

1Fo(Mo)znll < [125((T(Ao) = 20) ™" + 25 Daalls =
(2.7) = [|20(T (o) — ZOE)_lf()\O)an% <

< |20l [T (No) = 20 E) HIIT(ho)wn | -

Therefore, || Fo(Ao)xy|| tends to zero for n — co. By the second inequality in
(2.7) and a similar inequality for zg replaced by Zy we find

lim HZ()(T()\()) — Zo)_lxn + .CUnH% = nle ||§0(T()\0) — Eo)_lxn + an% =0.

n—oo o0
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Then (1) and (2.6) imply

0 < liminf Re [F{(Xo)Zn, 2] =

— liminf Re [T"(Xo)Zn, 2] = iminf [T" (Ao, T2,

hence (2) holds.
It is easy to see that (2) implies (3). Assume that (3) holds. Let (z,) C H
be a sequence with ||z, || = 1 and ||Fo(No)xn| — 0 for n — oco. We will

prove that liminf,, o Re[F{(Ao)xn,zn] > 0 holds. For this we set y,, :=
—20(T(Xo) — 20) " 'op,. Then

(2.8) Tim [l = yall = Tim |25 {I1Fo(Ao)nll = 0.
Hence, we have

(29)  lim [y =1 lim [To)yall = lim [Fo(ao)za| =0

and, by (3), N
(2.10) lim inf [T"(Xo)Yn, yn] > 0.
We have

125 ym + (T(N0) = 20) " 'ynll1 =
= |20| (T (No) = 20) " (T(Xo) = 20 + 20)ynll1 <
< J20l (T (ho) = 20B) M T (Ao)yn - 1

and a similar relation with 2z replaced by Zzy. Then making use of the second
relation in (2.9) we find

Tim 25y +(T00) —20) "l = lim (125 9+ (T00) ~30) "yl = 0.
Then by (2.10) and (2.8)

0 < liminf Re [T'(Xo)20(T (o) = 20) ™ tn: Z0(T(Ao) — Z0) ™' yn] =

n—oo

= liminf Re [F{)(Ao)Yn, yn] = liminf Re [F)(Ao)zn, Tn),
and (1) holds. O

Remark 2.6. Every real eigenvalue A\ of T" belonging to o (T)Uo__(T)
is semisimple, that is, all Jordan chains of T" at Ay consist of one element only.
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Indeed, assume xg, x; is a Jordan chain of T" at A\g. Then we have, by (2.5),
T()\())LIZO = O, T’(Ao)xo + T()\o)a?l = 0.

Hence B B B
0 = [T"(Ao)wo, wo] + [T'(Ao)x1, 20] = [T"(Ao)wo, To),

which contradicts A\g € o4 (T)Uo__(T).

2.3. An Operator Matrix M Connected with 7. Relations be-
tween the Spectra of 7' and M.

We assume now, in addition, that the operator function G has a special
form. Let K be one more Krein space. We denote its inner product in
the same way as the inner product of H by [-,:]. Let Jx be a fundamental
symmetry of (I, [-,-]). In the following D denotes a selfadjoint operator in
K with p(D) # ). For the scale K4(D, Ji) we simply write K. Let, further,
B be a compact operator of H% in K_ 1. Then BT is a compact operator of
K 1 in H_ 1

(b) BE@OO(H%,/C_%), B+€6OO(/C%,H_%).

In the special case of an operator A with compact resolvent and a bounded
operator B from H to K, the restriction of B to 'H 1 regarded as an operator
into K_1 is compact (Lemma 1.2), i.e. (b) holds.

We set B

G(\) := —BY(D - AE)'B, X< p(D).

This operator function G satisfies the conditions of Section 2.1 and we define
T and T as in (2.1), (2.3), i.e.

T(\) =X —{AL(-B"(D - \E)"'B)},

(2.11) ~ N N )
T(\) =AE — A+ B (D—\E)"'B, e p(D).

Let G denote the Krein space H x K. We consider on G the fundamental
symmetry Jy X Jic. The operator L := A x D is selfadjoint in G and we have
p(L) # (. The scale Gs := G4(L, Jy x J) corresponding to L is Hs x Ks.
We define an operator B € £(g%,g_ ) by

1
2

(2.12) B = [ g BO+ ]
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with respect to the decompositions g% = H% X IC% and Q_% = H_% X IC_%.
By the assumptions on B, B € cL (cf. Section 1.2). We set

— = A Bt A 0 0 Bt
TR Y P T T

with respect to the same decompositions. N
Let A € p(D). We apply the Frobenius-Schur factorization to M — AE:

- B 1 F(\) —T(\) 0 N 1 0]
M-—AE = [o 1 ] 0 D — \E [(F(X))Jr 1]_
(2.13) . N 0 -
where

F(\) = BY(D - AE)"', U= [ (1) F(lk) ] .
This relation and Lemma 1.7 imply (2.14) below.

Proposition 2.7. We have
(2.14) o(T) = p(M) 1 p(D).
Moreover, for X € p(T) we have

(M —AE)"! =
(2.15) —T(\)~! TT'F()

pr— ~ ~ ~

FO)TTA)™Y —FO)TT(A)F(\) + (D — AE)~*
and -
D(M) = (M — \E)~'G.
Denote by I; the embedding of H in G:

I1:H9xl—><g>6(]

and by P; the orthogonal projection on ‘H in G regarded as an operator of G in
H. We have I;” = P;. Then by Proposition 2.7, for A € p(T) = p(M)Np(D),
we have

(2.16) T\t =P (M -\,
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The following proposition on the point spectra of the operator function T
and the operator M (compare [LMeM, Proposition 1.2], [AL, Lemma 3.2])
can be verified by a simple calculation.

Proposition 2.8. We have
op(T) = a,(M) 1 p(D).
Moreover, the following holds.

(1) If xg,...,Tm—1 € H% 1s a Jordan chain of T corresponding to a point
Ao € 0,(T), then the elements

Zo
Xg = ~ e

0 —(D=XE)'Bxg )

(2.17)
Tm—1
Xm_ = m— ~ i

1 ( =7 (D = ME) T B )
form a Jordan chain of M corresponding to Ag.  Conversely, if
X0, .-, Xm—1 18 a Jordan chain of M corresponding to a point Ay €

op(M)Np(D), then this Jordan chain is of the form (2.17) and the first
components of the vectors in (2.17) form a Jordan chain of T corre-
sponding to Ag.

(2) If 2o and xq are as in (1) then [T (Xo)o, zo] = [xo, Xo] holds.

The following theorem shows that, for every A € p(D) N IR, the sign types
of \ with respect to T" and M coincide.

Theorem 2.9. Assume that p(M) # 0 holds. Then
(2.18) ap(T)NIR = 04,(M) N p(D) NIR,
and we have
(219) 0,1 (T) = 00 s (M) (D), 0 (T) =0 (M) p(D).

Proof. Let A\g € 04,(T) NIR. We recall that 7" is only defined on p(D),
hence \g € p(D). According to Proposition 2.7 Ay belongs to (M) NIR. The
selfadjointness of M implies Ao € 04,(M). Conversely, let A\g € 04,(IM) N
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p(D)NIR. Then Proposition 2.7 implies A\g € o(7") NIR. The operator T'(A\o)
is selfadjoint, therefore Ao belongs to o,,(7) N IR and (2.18) is proved.

Let Ao € 044+ (T). Relation (2.18) implies A\g € 04p(M) N p(D) NIR. Let
(xn) = ((Z:)) C G, xp € Hi, yn € K1, be a sequence with ||Xan% =1

and ||(M — ME)xnllg , — 0 for n — oo. From (2.13) and the fact that
U(N\g) € L(G_1) is invertible we deduce

(2.20)  |(T(Ao)znl , — 0 and |Bz, + (D — XoE)yallx , — 0

N|=
N|—

for n — oco. We claim that liminf, . ||#y|%, > 0 holds. Suppose that
2

there exists a subsequence (zn,) of (z,) which tends to zero in H1. Then

Bz, tends to zero in IC_% and relation (2.20) implies (15 — X E)yn, — 0 for

k — oo in IC_%. Since, by Lemma 1.1, D — \gFE is an isomorphism we find
|Yyn,llic, — 0 and [|x,,||lg, — O for k — oo, a contradiction.
2 2

Proposition 2.5 now leads to

~

0 < liminf [T'(No)Zpn, Tn] =

n—aoo

= liminf ([, 2n] + [(D — N E) "' By, (D — Mo E) "' B,)).

From (2.20) it follows that (D — Ao E) !By, + 1y, tends to zero in K1, hence

~

0 < liminf [T'(No)Zn, ©,]) = iminf ([zn, Tn] + [Yn, yn]) = liminf [x,,, x,,].

n—oo n—oo n—oo

By Lemma 1.4 Ao belongs to o4 (M). Similarly, for A € o__ (7).
Conversely, let A\g € o1+ (M) N p(D). By (2.18) we have \g € 0,,(T) NIR.

Let (zn) C H1 be a sequence with ||z, [, =1 and IT(Ao)zn |7 , — O for
2 -2

n — oo. Set y, := —(15 — M FE)"!Bx,. Then y, belongs to IC% and for x,,,

X, 1= (35") € g%, we have

Yn

Ixnllg, =1 and [|(M = AoE)xnllg_, = [T(Xo)2nlln_, — 0.

D=
M=

for n — oo. Lemma 1.4 implies

0 < liminf [x,,, x,] = liminf ([z,, 2] + [Yn, yn]) =

n—oo n—oo

= liminf ([, 2] + [(D — N E) "' By, (D — N E) ' Bx,)) =

n—oo

= lim inf [T (Ao )Zn, Z).

n—oo
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Hence, by Proposition 2.5, A\g € o4 (7). Similarly, for A\g € o__(M)Np(D).
(]

Observe that Theorem 2.9 implies, in the case p(M) # 0, that for

Mo € 041 (T) N0y (T) = 04 (M) N 0, (M) 1 p(D)
(o € 0——(T) N0, (T) = o (M) N o, (M) (1 p(D))

and for each eigenelement xq of 1" corresponding to Ag and each eigenvector
xg of M corresponding to \g we have [T"(\g)zo, xo] > 0 and [xg, Xo] > 0 (resp.
[T"(X\o)zo, zo] < 0 and [x0,%0] < 0). Further, o is a semisimple eigenvalue
of T'and M (see Remark 2.6).

Now we shortly consider some special assumptions on the operator B and
their consequences.

Lemma 2.10. Assume that the following condition (3) is fulfilled.

(6): Relation (b) holds, and B can be extended by continuity to an operator
belonging to L(H, IC_%).

Then, for A € p(D), D(T(X)) = D(A) holds and (5) belongs to D(M) if and
only if z € D(A) and, for some X € p(T), (D — AE)" Bz +y € D(D) holds.
Furthermore, all Jordan chains of T corresponding to points X\ € p(D) belong

to D(T(N)).

Proof. For A € p(D) the range of BY(D — AE)"'B is contained in H and
this operator can be extended by continuity to an operator belonging to L(H),
hence D(T'()\)) = D(A). The description of D(M) is an easy consequence of
(2.15) and the fact that BT can be considered as an operator belonging to
L(Ky,H). The last assertion follows from (2.5). O

Remark 2.11. The case that M arises from L by an L—compact pertur-
bation of the special form (2.12) is contained in our general setting. Indeed,
= 0 Bl

let B = [ B, 0
sume that B; is a D—compact operator from K into H, and that By is an
A-compact operator from H into K, in particular, we have D(L) C D(B) and
B is L—compact. The restrictions B1|K; and Bs|H; belong to 6 (Kq,H)
and &, (H1, K) respectively (cf. [Ka, Remark IV.1.12]). By the symmetry

of B, (By|K1)T is an extension of By|H,.

] be a symmetric operator in the Krein space G and as-
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Let B denote the interpolated operator corresponding to the middle point
of the scale between Bo|H; and (B1|K1)". Then B satisfies condition (b).
In this case we have

D(T(\)) =D(A), T(\)=X— A+ (B1|K1)(D— X" (Ba|H1), A€ p(D).

Indeed, since by assumption (B1|K1)(D — X\)"H(Bz|H1) € G (H1, H), X €
p(D), the operator S(A\) :== X\ — A + (B1|K1)(D — \) "1 (Ba|H1), D(S(\)) =
D(A), is closed. Evidently, T'(\) is an extension of S(\) or equal to S(\).
For fixed A € p(D) there exists an M > 0 such that [Imu| > M implies
€ p(JS(A)) (see e.g. [Ka, V.4.3]). This implies T'(\) = S(A). Similarly,
we find D(M) = D(A) x D(D) and

A0 0 B1|Ky
M‘[o D]+[B2|H1 0

In this case all Jordan chains of T" belong to D(T'(\)) = D(A).

2.4. The Case of a Definitizable Operator Matrix M

In this section we assume, in addition to the preceding section, that the
following condition (ad) is fulfilled.

(ad) A and D are definitizable selfadjoint operators and the following holds.

(21) Coo(A) =0 or coo(A) = {0}, (a2) 0(A)\IR C 0pnorm(4),

(d1) coo(D) =0 or coo (D) = {0}, (d2) o(D)\IR C 0p norm (D).

(ad;) The intersections o, y(A) N oe (D) and c.,_(A) N o (D) are
empty or equal to the one point set {oc}.

(ad2) There exists a real interval of the form (b4, co) which is of positive
type with respect to A and D or of negative type with respect to A
and D. The same is true for some interval of the form (—oo,b_).

Theorem 2.12. Assume that the definitizable selfadjoint operators A and
D and the operator B fulfil conditions (ad) and (b). Then L and M are
definitizable selfadjoint operators in G,

(2.21) L)\ R C opnorm(L), o(M)\ IR C 0p norm(M),

and L and M have no finite essential critical points. Moreover, the state-
ments (ii) - (iv) of Theorem 1.12 hold with A and ALV replaced by L and
M, respectively.
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Proof. If G is a Pontryagin space, it is easy to see that the theorem is
true. Assume that G is not a Pontryagin space. The first relation of (2.21)
is a direct consequence of (ag) and (ds). Let E denote the product of the
spectral functions of A and D. By o(L) \ R C 0pnorm (L), E(IR)G is not
a Pontryagin space. It follows from (a;), (di) and (ad;) that coo(L) = () or
Co(L) = {o0}. Then by (adsz) and by Lemma 1.9 L is definitizable. The rest
of the theorem is a consequence of Theorem 1.12. O

Since by Theorem 2.9 the sign types of spectral points of T" and M coincide
and, on the other hand, by Proposition 2.8 the point spectra in p(D) of T
and M coincide, the definitizability of M and the fact that M has no finite
essential critical point have immediate consequences for T

Corollary 2.13. Assume that (ad) and (b) are fulfilled. Then the following
holds.

(i) All points of o(T) N IR with the possible exception of a finite number
of points belong to o, (T) U o__(T). FEvery real eigenvalue \ of T
belonging to o4, (T)Uo__(T) is semisimple (see Remark 2.6).

The points of (c(T)NIR)\ (044+(T)Uo__(T)) are eigenvalues of T'. If
A€ (ao(TYNIR)\ (644 (T)Uo__(T)) the kernel of T(X\) has finite defect
in the linear space spanned by all Jordan chains of T' corresponding to

A.

(ii) Fvery point X € o(T) N IR belonging to an open interval of type .
(m_ ) with respect to A or, equivalently, with respect to M such that
A& o (T) (resp. X & o__(T)) is an eigenvalue of T'. If Ny is the
kernel of T'(X), then k_(Ny) < 0o (resp. k4 (Ny) < 0).

In the rest of this section we consider the operator function 7~ ! defined in
p(T) (C p(D)) with values in £(H), which is connected with the definitizable
operator M by (2.15). The function 7! is meromorphic on € \ R and
IR—symmetric
(2.22) (TN HT =T\, Aep(D).

We shall consider 7'(A\)~! not only for A € p(T) but also for all points A\g € C
such that T'(A\)~! has a unique analytic continuation to some neighbourhood
of A\g. The set of these points Ay will be denoted by p.(T). Evidently,
pe(M) C pe(T). We set oo(T) :=C \ p(T).

Some aspects of IR-symmetric meromorphic operator functions on € \ IR
were studied in [J4]. In [J4] the IR-symmetry was understood with respect to
a Hilbert scalar product; but it can be replaced in all definitions and results of
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that paper by the IR—symmetry with respect to a Krein space inner product
(see [J4, Introduction]). In this thesis we consider IR—symmetric operator
functions with respect to a Krein space adjoint as, for example, (2.22).

We recall that, if H is a Krein space, an IR-symmetric £(H)-valued func-
tion N meromorphic on C \ IR is said to belong to the Krein—Langer class
N.(L(H)) if for arbitrary n € IN, elements zi,...,x, € H and points
A1, ..., Ay of holomorphy of N the n X n matrix

([N()\;\Z :% ), xj] >;1

has at most x negative eigenvalues and for at least one choice of n, z1,...,z,
and A1, ..., )\, it has exactly k negative eigenvalues. Ny is the class of Nevan-
linna functions, i.e. the class Ny coincides with the class of all IR—symmetric
L(H)—valued functions N holomorphic in € \ IR such that for every A with
ImA > 0 and every x € H, Im [N(\)x, z] > 0 holds.

An IR-symmetric L(H)-valued function G meromorphic on € \ R is called
definitizable ([J4, Definition 3.1]) if there exists a scalar rational function r,
r(A) = 7()\), a Nevanlinna function N and an £(H)-valued meromorphic
function n in € the poles of which are points of holomorphy of G such that

r(A)G(A) = N(A) + n(A)

for all points A € C \ IR of holomorphy of rG.

In [J4] there were introduced the so-called intervals of positive and negative
type (see also [J6]), and of type w1 and type m_ with respect to a definitizable
operator function. In Theorem 2.14, (ii), below we will use the notations of
[J4].

In Theorem 2.14, (iii), and in Section 2.5 we will make use of decompositions
of the spectrum of M similar to those considered in Lemma 1.9 and Theorem
1.12. Assume, additionally, as in Theorem 2.14, (iii), below, that G is not
a Pontryagin space and that oo ¢ cs(A) U cs(D). Then, by Theorem 2.12
(Theorem 1.12), oo ¢ cs(M). Let aj,bj,s5, 7 =1,...,1,1 > 1, be defined as
in Lemma 1.9 with A replaced by M, in particular, s; € (a;,b;) N p(M), and
consider the intervals

(2.23) (—00, s1), (81,82),...,(s1,00).

Put sg := —00, ;41 := 00. We define
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Ay = H(sj-1.85) 6o (BE((sj-1,5;); M)G) < 00,1 < j <1+1},
A= J{(sj-1085) s ko (B((s5-1,5); M)G) = 00,1 < j <1+ 1},

Then k_(E(A+;M)G) < oo and ky(F(A_;M)G) < oo. The system of
intervals (2.23) will be denoted by X.

Theorem 2.14. Assume that (ad) and (b) are fulfilled. Then =T~ is a
definitizable operator function. Moreover, the following holds.

(i)

(i)

(iii)

If q is a scalar rational function, q(\) = q(\), the poles of which are
contained in pe.(M) such that the form [¢q(M) -, -] on G has k negative
squares, then —qT ' can be written in the form

—aN)T(N) " =N +n(N),

where N € No/(L(H)), 0 < &' < K, and n is a meromorphic operator
function in C which is holomorphic at all points where q is holomorphic,

If an open subset A of R (not necessarily contained in p(D)NIR) is of
positive type (negative type, type wy, type w_ ) with respect to M, then
it is of positive type (resp. negative type, type w4, type w_ ) with respect
to —T~1 (see [J4, §3.1]).

Assume, in addition, that G is not a Pontryagin space and that oo ¢
cs(A) U cs(D), then for every system Y (see (2.23) and (2.24)) —T 1
can be written in the form

T = Sp(A) + S1(\) — Sz ().

Here Sy is a finitely meromorphic operator function in C, So(\) =
So(N) T, whose (finitely many) poles belong to € \ R. The operator
functions Sy and Sy belong to the Krein-Langer classes N, (L(H)) and
Ny, (L(H)), respectively, for some nonnegative k1, ko. The functions
Sy and Sy are holomorphic in € \ IR, Sy is locally holomorphic on A_
and Sy is locally holomorphic on A (closures in R). Moreover, it
holds w-lim, .o = 1S;(in) =0, j = 1,2.

By the properties mentioned above each of the functions Sy, S1 and Ss
18 uniquely determined up to addition of a selfadjoint operator.

Proof. 1. Let ¢ be as in the theorem. Set g(z, \) := (q(2) —q(\))(z —\) L.
Then the operator function A\ — ¢(M, \) is holomorphic in every point of
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holomorphy of ¢q. We have, for A\ € p(M) N p(D),
ST = Pug() (M~ A) "' = Pug(M)(M — \) " Iy — Pig(M, ),

(see (2.16)). Making use of the above definition of the Krein-Langer classes
N (L(H)) we easily verify that the fact that [¢(M) -, -] has k negative squares
implies that the function P;q(M)(M —\X)~11; belongs to N, (L(H)) for some
k' < k. This proves (i). If we choose ¢ so that [¢(M)x,z] > 0 for all x € G,
then Pig(M)(M — \)~1I; is a Nevanlinna function. Therefore the function
—T~1 is definitizable.

2. For every ¢ > 0, cA, ¢B, and cD satisfy the conditions (ad) and (b), and the
operator function corresponding to these operators is ¢I'(c!)). Therefore,
it is no restriction to assume that

i € p(D)Np(M) = p(T).
If we do this, then
TN t= P(M—-XN"'I =P (M+i) MM —4)"'I; +
+PL M+ A+ W+ DM - A" M —4) ' =
= S@O T @) +
P (M +4) A+ (W2 + 1D)(M = A) "M —4) ",

(2.25)

and (ii) follows from (2.25) and [J4].

3. Let the assumptions of (iii) be fulfilled. If Fy is the Riesz-Dunford projec-
tion corresponding to the non—real spectrum of the operator M, then Sy(\) :=
P1Eo(M — \)~1I; has the required properties. We have oo ¢ c4(L) and, by
Theorem 2.12, co ¢ c¢s(M). If E is the spectral function of M, then the func-
tions Sl(A) = PlE(A+)(M — A)_lll and SQ()\) = —PlE(A_)(M — )\)_1]1
(see 2.24) have the required properties. It is easy to verify the uniqueness
statement. O

2.5. Minimality Properties of M and Their Consequences

In this section we assume as in Section 2.4 that conditions (ad) and (b) are
fulfilled. In addition, we assume that G is not a Pontryagin space and that
00 & cs(A) Ucs(D). Let, moreover, i, —i € p(D) N p(M) = p(T). This is no
restriction, see part 2 of the proof of Theorem 2.14.

For a bounded operator U in a Krein space we denote the operator %(U +
U™) briefly by Re™U.



2.5. Minimality Properties of M and Their Consequences 49

Let F' be an IR-symmetric meromorphic function in € \ IR with values
in L(H). Assume that ¢ and —i are points of holomorphy of F. If His a
Krein space, M a selfadjoint operator in H with i, —i € p(M ) whose non-real
spectrum consists of poles of the resolvent, if I' € L(H, H) and

—~

(2.26) F(\) = Re" F(i) + T*(A+ (A2 + 1)(M — \)"HI, X € p(M),

holds, M is called a representing operator for . The operator M consid-
ered above is a representing operator for —T~! with ' = (M — i)~ 113, see
(2.25). We recall the definition of minimality and local minimality of repre-
senting operators. In the definition we restrict ourselves to the special class
of operators M which will be considered in this section.

Definition 2.15. Assume that (2.26) holds with a definitizable selfadjoint

operator M in ‘H and let oo ¢ cs(M ) Then the representing operator M is
called minimal (with respect to F) if

closp {(M — 2) Tz : z € p(M),z € H} = H.

If  is an open subset of C symmetric with respect to R, @NnR # 0,
and Ej o is the Riesz-Dunford projection corresponding to M and the set

(U(M) \ R) N, then M is called minimal in (with respect to F) if

closp {(M — 2) Y (E(A; M) + Eg )Tz : 2z € p(M),AC QNIR,z € H} =
= closp {E(A; M)ﬁ ACONR} + EO’Qﬁ.

Here A runs through all closed connected subsets of QNIR for which F(A; M )
is defined.

Remark 2.16. Let F and M be as in Definition 2.15 and let s be a closed
subset of IR such that s has no more than a finite number of accumulation
points and that s N o,(M) = (. Then the minimality of M in Q := C \ s
implies the minimality of M. This follows from the fact that there exists a
sequence of closed subsets 6, n = 1,2,..., of IR with §,, C C \ s such that

U, E(6,)H = E(IR; M)H.

n=1

We recall that if S is an £(H)-valued function belonging to some class
N.(L(H)) and the weak limit w—lim, o~ 1S(in) is zero, then with the
help of the well-known e-method one can construct a Pontryagin space Ilg
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with k_(Ilg) = k and a minimal representing operator Mg for S in I1g ([KL]).
For functions S’, S” € N,(L(H)) which differ only by a selfadjoint operator
we have Mg = Mgn». In essence, Ilg is a space of vector-valued functions
and Mg is the operator of multiplication by the independent variable in this
space. Every minimal representing operator for S is unitarily equivalent to
Mg with respect to the indefinite inner products.

In the following theorem we find, with the help of Theorem 2.14, a minimal
representing operator for —T~1. If H' = (H', [, ]) is a Krein space we denote
by —H' the Krein space (H', —[-,]).

Theorem 2.17. If Y and Sy, S1,S2 are as in Theorem 2.14, the selfadjoint
operator
ME = MSO X Msl X MS2

in Iy =g, x g, x (=Ilg,) is definitizable, coo(Myx) C {00}, 00 & cs(Myx),
and My, is a minimal representing operator for —T~'. We have o.(My) =
o.(T) (see Section 2.4 for the definition).

Moreover, every minimal representing operator M for =T~ for which oo ¢
cs(M) holds is unitarily equivalent to My, with respect to the Krein space
mner products.

Proof. By the definition of the operators Mg, the following minimal rep-
resentations hold:

Sj(A) =Re™S; (i) + TF (A + (XN +1)(Mg, —A) "Iy, j=0,1,2,

If weset I' = (I I'y TI'%)", where I'}, is the operator I'y considered as an
operator belonging to L(H, (—1lg,)), then

(227) —T(\) " '=—-Re™T@) ' +TT A+ (A2 +1)(Mg — \) 1T

By the definition of S; a point A belongs to p.(7') if and only if A is a point
of holomorphy of each of the functions S;, j = 0,1,2. This is equivalent
to A € pe(Ms;), j = 0,1,2, since the set of all points of holomorphy of
an N,—function coincides with the extended resolvent set of every minimal
representing operator (see [KL, Satz 4.4]). Hence o.(Myx) = 0.(T). It is easy
to see that coo (Ms) = oo (Mg, X Mg, ) X Mg,) C {oo}. Then it follows from
Lemma 1.9 that My is definitizable. Since oo cannot be a singular critical
point of a selfadjoint operator in a Pontryagin space, we have co ¢ cs(My).

It remains to prove that the representation (2.27) is minimal. Let F; and
E5 denote the spectral functions of Mg, and Mg, , respectively. Let y; € Ilg,,
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7 =1,2. Then

lim |[|Ej([=m,m])y; — y;llus, =0, j=1,2.
m— 00

Therefore, in order to prove the minimality of My, it is sufficient to verify

that for every sufficiently large m > 0 every vector

Y= (Yo, y1,42)" € sy X Ex([=m,m])ILs, x Es([—m, m])ls,

can be approximated by linear combinations of elements having the form
(Ms, — \)71T'z, x € ‘H. Furthermore, by the minimality of Mg,, Mg, and
Mg, it remains to prove that every vector y” := (yg,vY,y5)" belonging to
IIg, x E1([-m,m])lg, x Eo([—m,m])Ils, with

n

Yo = Z(MSO — Xok) ' Tozok,
k=1
n

yi =Y (Ms; = Nji)  Ey([=m,m))Cyasn, j=1,2,
k=1

where n € IN, z;, € H, \jr € p(Ms), j = 0,1,2, can be approximated by
linear combinations of elements of the form (Mysx — \)~!I'z. We have

where Fj is the Riesz-Dunford projection corresponding to the operator My
and o(Myx) \ R,

0 0 0 0 0 0
Fl = 0 El(A+ N [—m,m]) 0 s F2 = 0 O 0
0 0 0 0 0 Ey(A_n[—m,m))

Since F} (F5) is the spectral projection corresponding to My and the set
Ay N [—=m,m| (resp. A_ N [—m,m]) F} and F, can be written as strong
limits of linear combinations of resolvents of Ms. The same holds for Fj.
This proves the minimality of My,. The last assertion is a consequence of [J4,
Section 2]. O

The representation of —T'(\)™! by M,

TN ' =—Re™T(H) '+ P (M+9) " A+ N2+ 1) (M=)~ H(M—i)~ 11y,
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(see (2.25)) may not satisfy the minimality condition. If minimality holds
one can always obtain a non-minimal representing operator by replacing the
operator D by a direct product of D with another suitably chosen operator.

For minimal M results from [J4] (cf. Theorem 2.14, (ii)) imply the following
proposition.

Proposition 2.18. Let M be a minimal representing operator for —T 1.
Then M 1s unitarily equivalent to My, with respect to the Krein space inner
products. An open subset A of IR is of positive type (negative type, type 7.,
type m_ ) with respect to M if and only if it is of the same type with respect
to —T~1.

It turns out that the minimality of M with respect to —7" 1
to the “minimality of D with respect to T”:

is equivalent

Lemma 2.19. M is a minimal representing operator for —T ' if and only
if
(2.28) closp {(D — 2E) " 'R(B) : z € p(D)} = K.

Proof. Since p(M) is dense in C, in (2.28) p(D) can be replaced by p(M)N
p(D). If (2.28) does not hold, then by (2.15) the set

{M—=XN)""I'H : A€ p(M)Np(D)} =

(2.29) _ { ( b /\_L;,’T)(—);)l:f%)—lm ) rx € H A€ p(M)N p(D)}

cannot be total in G, and M is not minimal.
Assume that (2.28) holds. In view of
—inT(in)~" = Prin(M —in)"'I;, >0,
and the fact that oo ¢ cs(M) we have
(2.30) s—lim —inT(in) "' = —1.

1n—00
We claim that, for every x € H,
(2.31) lim ||in(D — inE) "' BT (in) " z|| = 0.
n—00
If (2.31) holds, we have, by (2.29) and (2.30),
H x {0} Cclosp{(M —\) "'z : X € p(M),z € H},
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and this relation along with (2.28) implies
closp {(M -\ "'Iiz: A€ p(M),z € H} =G,

and M is minimal.
It remains to prove (2.31). From oo ¢ c4(D) it follows that, for every
T EIC_%, we have
lim |(D —inE) z|x, = 0.
2

—00

In view of B € Goc(H1,K_1) we obtain

2

(2.32) Jim [[(D —inE) ™' Bllen, ky) = 0.
Similarly, ~
(2.33) Jim [[(inE = A) 7 BT e, my) = 0.

By (2.32) and (2.33), for x € H and sufficiently large n > 0,

=

. - - —1 ~
n2T(in) 'z = (1 + (inE — A)"'BT(D — inE)_1B> nz(inkE — A) "',

and the first inverse on the right hand side of this relation is uniformly
bounded for in in some neighbourhood of co. From oo ¢ c¢4(A) it follows
that

lim |[nZ(in — A) 'z|jp, =0, z€H,
nN—00 2

and we obtain

(2.34) nll)ngo HnéT(in)_leH% =0, ze€H.

By oo ¢ ¢5(D),

(2.35) lim sup [n? (D = inB) " lleqe_y ) < oo

Then (2.34) and (2.35) imply (2.31), and Lemma 2.19 is proved. O

The following theorem shows that we always have local minimality of M
in p.(D) and that the operator My (see Theorem 2.17) can locally be used
as a model for M.

Theorem 2.20. The representing operator M (for —T~1) is manimal in
pe(D). If ¥ is as in Theorem 2.17 and A is a connected subset of RN pe(D)
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such that E(A; My) is defined, then E(A; M) is defined and M|E(A; M)G
is unitarily equivalent to My|E(A; Mx)1s.

Proof. Let Ey be the Riesz-Dunford projection corresponding to M and
o(M)\ (IRUo.(D)). In order to prove that M is minimal in p.(D) it is
sufficient to prove that for any bounded closed interval [a,b] contained in
pe(D)NIR and any y € G

(2.36) (E([a,b]; M) + Eo)y

can be approximated by elements of the form

/

Zai(M — X)) HE([a,b]; M) + Ey) (32)1>, zy € H,a; € C, N\ € p(M),

where the sum is finite.

Assume first that a and b are no eigenvalues of M. Let C(a,b;€), € > 0,
be the oriented curve consisting of the straight line connecting b + ie and
a + i€ oriented in the direction of decreasing real part and the straight line
connecting a — i€ and b — ie oriented in the direction of increasing real part.
Let G be a smooth bounded domain whose closure is contained in the open
upper half plane such that G C p.(D) and (o(M) \ R) N p.(D) is contained
in GUG*, G* :={Z: z € G}. Then the element (2.36) can be written as

1 1
2.37 —— 1 M- )\)"yd\— — M A) Ty dA

where C denotes the boundary of G. If y = (i;), xr1 € H, o € K, we have,
by Proposition 2.7,

(M-~
(2.38) ( =T\ (a — BHD N a) ) . ( 0 )
(D — AE)"'BT(\) Y (z1 — BY(D — \)"la) (D—=X)"tag )

If we substitute (2.38) into (2.37) the last term in (2.38) gives no contribution.
Hence approximating the integrals in (2.37) by Riemann sums we see that
(2.37) is the limit of elements of the form

Do ~T(W) (a1 = BE(D = X))
"\ (D= MNE)'BT(\) (a1 — BT(D — X)) tas) )
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where the sum is finite and a; € C, A\; € p(M). Since every element x; —
BT(D — X\;)"!xy is the limit in H_ 1 of elements of H, we may approximate
(2.37) by elements of the form

1
2

(5000 B + o) 3 (M- ().

If a or b is an eigenvalue of M, one has to replace a and b in (2.37) by
a — = and b+ +, respectively. Then (2.36) coincides with the limit of that
expression for n — oo and the same reasoning applies. This proves the first
assertion. The second assertion is a consequence of [J5]. O

Remark 2.21. If 0.(D) has only a finite number of accumulation points
and o(D) No,(M) = ) then, in view of Remark 2.16, M is minimal and,
hence, the conclusions of Proposition 2.18 hold.

In the followirg theorem we summarize the relations of sign properties of
open subsets of IR N p.(D) with respect to T', =T~ and M.

Theorem 2.22. Let A be an open connected subset of R N po(D). Then
the following assertions are equivalent.

() A Cory(T)Up(T) (ACo (T)UT)).
(ii) A is of positive (resp. negative) type with respect to —T 1.
(iii) A is of positive (resp. negative) type with respect to M.
Moreover, the following assertions are equivalent.
(ii’) A is of type w4 (type w_ ) with respect to —T 1.
(iii") A is of type my (resp. type m_ ) with respect to M.
(iv") A is of type my (resp. type w_ ) with respect to A.
Proof. The equivalence of (i) and (iii) was proved in Theorem 2.9. The

equivalences of (ii) and (iii), and of (ii’) and (iii’) follow from Theorem 2.20
and a result of [J5].
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A is of type 74 (type m_) with respect to A if and only if it is of type
71 (resp. type m_) with respect to L. By Theorem 2.12 this is equivalent to
(iii/). 0

Remark 2.23. The equivalence of (ii’) and (iv’) can be viewed as an
operator function variant of Theorem 1.12, (ii). Indeed, if, in T'(\), we replace
the term —BT(D — AE)"'B e SIS by an operator V = VT € &% we get
A — (AZLV). For that case the equivalence mentioned above was proved in
1.12, (ii).



3. A Sturm-Liouville Equation Depending Rationally
upon the Eigenvalue Parameter

3.1. The Case of a Bounded Interval

In this section we will apply the results of Chapter 2 to an eigenvalue
problem of the form

(3.1) (signz)’y" (z) + \y(z) —l—iﬂ (x) -I-i:ﬂ (x) =0
1) (sign )’y y 2 uj(a:)—)\y o) A :
d=0,1, A € C, on the interval I := [—1, 1] with boundary conditions
(3.2) y(=1) =y(1) =0,
and its connections to an eigenvalue problem for some systems of differential

equations. Here the functions qj-c, uji are real valued measurable functions,

qj"'(:v) >0,7=1,...,n4,¢q; () <0,5=1,...,n_, for almost all z € I and
satisfy the condition (I) below. We do not exclude that one of the sums in
(3.1) is missing. In this case we set n, = 0 or n_ = 0, respectively. It is
always assumed that ny +n_ > 1. Let in Section 3.1 the following condition
be fulfilled:

+
a; .
I L e L.1(1), =1,...,n4.
) g Tl :
The functions qji, qu are not assumed to be integrable. To simplify notation

we will use the same letter for the functions q;.c, ut

j

multiplication by these functions in Ly (]).
Now we write the left hand side of (3.1) with the help of an operator
function of the form (2.11). Let H = Ly(I) and let D denote the set of all

and the operators of
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absolutely continuous functions y € H which have an absolutely continuous
derivative y" with (y)" € H, and which satisfy the boundary conditions (3.2).
If 6 =0 we set

(3.3) (Ay)(z) == —y"(z), ye€D.
A is a uniformly positive selfadjoint operator in H.
For § = 1 we introduce in H an indefinite inner product [-, ],

L, 9l = /I(Signw)f(x)g(x)d:c.

Then (H, [, ]3) is a Krein space and the operator of multiplication by sign x
in H, denoted by Jy, is a fundamental symmetry of (H, [-,-]7). In this case
let A be the positive selfadjoint operator in (H, [-, -] ) defined by

(Ay)(z) := —(signz)y"(z), ye€D.

We have ¢(A) = coo(A) = {0} and 0(A) C IR\ {0}. It is well known (see e.g.
[CL]) that oo ¢ cs(A) and A is similar to a selfadjoint operator in a Hilbert
space.

In both cases § = 0 and § = 1 the conditions on A of Chapter 2 are fulfilled.
For the scales H(A) (0 = 0, cf. Section 1.1) and H4(A, Jx) (6 = 1, cf. Section
1.2) we simply write Hg. It is well known that H 1 coincides (up to equivalent
scalar products) with the Sobolev space H}(I) of all absolutely continuous
functions f on I with f(—1) = f(1) = 0 such that f’' € Ly(I) ([K1, §6, 9°]).

We introduce the Hilbert space

(3.4) K = (La(1))"* x (Lo(I))"~ .
Then the operator D,

(3.5) D := diag(uir,...,uL,ul_,...,u;_),
defined on the set D(D) := D(u]) x --- x D(u; ) is selfadjoint in K.
In the following we consider on K the indefinite inner product [-, -]x defined

by
(3.6) K?), (91)] = (f1,91) Lo+ — (f2,92) (Lo (1))~
2 K

g2
for f1,91 € (La(1))™*, f2,92 € (La(I))™. Then (K, [, ) is a Krein space
and Ji = (5 _2) is the corresponding fundamental symmetry. As D com-

mutes with Ji, D is a selfadjoint operator in (I,[-,]x). For the scale
Ks(D, Jx) we simply write KCs (cf. Section 1.2).
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Let ¢, u be any of the pairs q;.r, u;“ or ¢; , u; . Since the embedding of
Hy = H}(I) into C(I) is compact (see e.g. [A, V1.6.2]) and (I) holds, the

operator of multiplication by |¢z|(1 + |u|)~2 regarded as an operator from
HX(I) into Lo([I) is compact. Therefore,

Bi= ()b, (af) b lar B e 1] € Sa(ry Ky,

and BT € 6OO(IC%,'H_%).
In the Krein space

(3.7) G:=HxK

we consider the operator L := A x D which is selfadjoint in G. Gs = Hs X K4
is the scale corresponding to L. Then B,

(3.8) B::[g BJ],

belongs to GOO(Q%,Q_%). We define T, T, M, M as in Section 2.3. Then the

expression on the left hand side of (3.1) defined for all those y € HJ(I) (in
distribution sense) for which this expression belongs to Lo (1), coincides with
T(N)y. Then Lemmas 2.1, 2.3, Propositions 2.5, 2.7, 2.8 and Remark 2.6
hold, in particular we have

p(T') = p(M) N p(D) and o, (T) = 0,(M) N p(D).

By Proposition 2.8, for A € p(D), a function y € H% is a solution of the

equation (3.1) if and only if y := (y,yf,...,yL,yf,...,y;ﬁ)T, for some
y;L,y,; €Ls(l),j=1,...,ny, k=1,...,n_, is a solution of
- . 2 1 19 .
—(signa)’ 7z — A (¢))? ~lg,_|2 y
+1 +_ +
(M= Ny = (q1)2 uy — A Y1 —0
I g5 |2 Uy = A ] LY

Lemma 3.1. Assume that condition (1) is fulfilled. Then p(M) # (.
Moreover, we have

(3.9) Tess(M) = 0(M) \ 0p norm (M) = a(D).
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Proof. The operators A and D are similar to selfadjoint operators in
Hilbert space. This implies as in the proof of Lemma 2.19 (see (2.32), (2.33)
and the following relation) that for sufficiently large n > 0 we have in € p(T).
Then, by Proposition 2.7, p(M) # 0.

We have 0.s5(M) = 0ess(L) (see (1.6)). As A has a compact resol-
vent, gess(L) = 0ess(D). Since D is the direct product of the operators
of multiplication by the functions u;-—L, we have o.55(D) = o(D). Therefore,
Tess(M) = a(D).

As p(M) # () each A € C \IR C p(D) = C \ 0.ss(M) belongs to p(M) U
0p norm(M). Hence 0(M) \ 0p norm (M) and oess(IM) are subsets of the real
axis and p(M) is dense in C. Therefore each real point ¢ belongs to the
Fredholm domain of M if and only if ¢ € p(M) U 0} norm(M). This proves
Lemma 3.1. O

From p(M) # () it follows that Theorem 2.9 holds, in particular we have
04+ (T) = 04 (M) 1 p(D) and o__(T) = o__ (M) 1 p(D).

We mention that if one replaces in (I) Li(I) by Lo (I) then condition (3)
in Lemma 2.10 is fulfilled.

More information about the spectrum of M is given by the following lemma.
In the proof we shall rely on the proof of [LMeM, Lemma 1.3]. In the case
ny +n_ =1 Lemma 3.2 is contained in [LMeM, Lemma 1.3|. Let p denote
the Lebesgue measure on IR. Let f be a function defined on I and let A € C.
We set

FEVO) = {geI: (&)=}

Lemma 3.2. Assume that condition (1) is fulfilled and that qj-c(t) # 0,
1 <7 <ng, for almost allt € I. Let A be an isolated eigenvalue of D. Then
the following holds.

(1) If, for all functions vi,va, v1 # V2, V1,V € {u;“,u,; 1< < ng, 1<
k < n_} we have ,u(vg_l)(/\) N vé_l)()\)) = 0, then X is no eigenvalue
of M, A ¢ 0,(M).

(2) If there exist at least two functions vi,ve, V1 # Vo, V1,Vs € {uj,u,; :
1 <j<nyg,1<k<n_} such that u(vﬁ_l)()\) N Ué_l)(A)) > 0 holds,
then X € 0,(M) and X has infinite geometric multiplicity. Moreover
every etgenvector h of M corresponding to A has the form

(3.10) h= (o,hj,...,iﬁ hoy h )T

n4? » ¥ n_
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where h;r(t) =0,1<j <ng, for almost all t € I\ (u;r)(_l)()\) and
hi(t)=0,1<j<n_, foralmost allt € I\(uj_)(_”()\). In particular,
if X € p(u;) for all j =1,...,n_, then h is a positive vector and if
A€ p(u;r) forallj =1,...,ny, then h is a negative vector in the Krein
space G.

Proof. We set

20 = J )0 u ) ),

By assumption the point A is an isolated eigenvalue of at least one u;r or u;

hence €2(\) has positive measure. Let V' be the set of those £ € (—1,1) for
which there is an € > 0 such that

n(QA) N (§ — €, +e)) =0.

From Lindel6f’s covering theorem we infer that p(2(A) N'V) = 0. Thus, by
changing the values of ui, j=1,...,n4, on the set Q(A\)NV, we may assume
that Q(A) NV = 0, which implies p(Q2(A) N (£ —€,§+€)) > 0 for all £ € Q(N)
and € > 0. Now we consider an element h € D(M),

T

h = (fagf—w"’g:,—_i_agl_a"'ag;_)7

such that (M — A\)h = 0 or, equivalently, (IVI — AE)h = 0. By the definition
of A, B and D the latter relation holds if and only if

n4 n_
BAA=NF+) (g2 =D lajl7g; = 0,

J=1 j=1
(3.12) (@) f+(uf =Ngf = 0 for 1<j<ny,
(3.13) g7 12 f + (uy —N)g; = 0 for 1<j<n_.

The multiplication operators in these relations are regarded as the corre-
sponding extended operators considered above. For each j, 1 < 7 < n4, equa-
tions (3.12) and (3.13) imply f(£) = 0 a.e. on Q(A). Thus for every &, € Q()\)
and every € > 0 there are infinitely many points & in Q(A) N (g — €,&o + €)
for which f(§) = 0 holds. Equation (3.11), the fact that h belongs to
G1 ="H, x Ky and assumption (I) imply f"” € Li(I), hence f’ is continuous
and f(&) = f'(&) = 0 holds. By the continuity of f and f’ we obtain that
f(&) =0and f(§) =0 for all £ € Q(N).
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We claim that f = 0 on I. Indeed, let I; be a component of (—1,1)\ Q(\).
Since €2(\) has positive measure, at least one boundary point &; of I; belongs
to Q(A). Hence f(&1) = f(&1) = 0, and on the interval I the function f
satisfies the differential equation

N4 + n— -
s +AF D +) — 0.
(sign )" f / o u;r—A o uj_—)\ /

By the assumption that A is an isolated eigenvalue of D, the coefficients of
this equation belong to Lj(I1). Then the uniqueness theorem yields f = 0
on Iy, hence f =0 on I. From equation (3.12) we deduce g;-L(t) =0,1<5<
n, for almost all t € T\ (u;“)(_l)(k) and from equation (3.13) we deduce
g; (1) =0,1<j <n_, for almost all £ € I\ (uj_)(_l)()\). This proves that
each eigenvector h of M in A has the form (3.10). If the assumption of (2)
holds, it is easy to find an infinite system of linearly independent eigenvectors
corresponding to A of the form (3.10). The rest of assertion (2) is evident.
Let the assumption of (1) be fulfilled. Suppose that A is an eigenvalue of M.
Then there exists a nonzero eigenvector of the form (3.10). The component
hi of h is zero for almost all t € I\ (u])"V(\). If the component hd of h
were not zero on (u]")(=Y () we would have z((u) D (NN (ud )Y (N)) £ 0,
a contradiction. Hence all components of h different from h are zero a.e.
on (uf)=Y(N\). Then (3.11) gives hi (t) = 0 for almost all t € I. In a
similar way we find that all components of h are zero, i.e. h = 0. This proves
assertion (1). O

Now we impose, in addition, the following assumption.

(I) The set ;2 a(uj) is bounded from below, the set Jj—; o(u; ) is
bounded from above and these two sets are disjoint.

Conditions (I) and (II) imply that the operators A, B and D fulfil conditions
(ad) and (b) from Chapter 2, hence, by Theorem 2.12, the operators L and
M are definitizable selfadjoint operators in G and the statements of Theorem
2.12 and Corollary 2.13 hold. Further, T~! is a definitizable operator function
(cf. Theorem 2.14). As mentioned above, we have co ¢ cs(A). Since D is
fundamentally reducible (cf. Section 1.7), co ¢ cs(D) and, therefore, oo ¢
¢s(L). Then Theorem 1.12 gives

0o & cs(M).

Hence, also the third part of Theorem 2.14 holds.



3.1. The Case of a Bounded Interval 63

By Theorem 2.20 the operator M is minimal in p. (D) with respect to —7" 1
and Theorem 2.22 holds. For the minimality of M with respect to —T ! (cf.
Section 2.5) we obtain the following characterization.

Theorem 3.3. Assume that the conditions (1) and (II) are fulfilled. The
operator M is minimal with respect to =T~ if and only if the following two
conditions hold.

(1) For 1 <j<mny, 1<k<n_ and almost allt € I we have q;.“(t) #£0
and q,, (t) # 0.

(2) For1<j <k <mni we have u;r(t) £ ul (t) and for 1 < j <k <n_
we have u; (t) # uy (t) for almost allt € I.

Proof. 1. Let F be the spectral function of D and let F(,u;r), j =
L,...,nyg, (F(-5u,), k =1,...,n_) be the spectral function of u;r (resp.
u, ). Assume that (1) and (2) hold. We first show that if for some y :=
(v, .. Y YL Yy )T € K we have BYF(A)y = 0 for all bounded in-
tervals A, then y = 0. Observe that by condition (I) R(B™) is contained in
Ly(I) regarded as a linear subspace of H_1.

Let M, be the measurable set of all x+ € I such that for every pair
vy, v € {uf, .. Ut U, Uy}, U1 7 U2, the Telation vy (7) —va(7)] > 1
n € IN, holds. By assumption pu(M,) — u(l) = 2 for n — oo. Let N,
be a measurable subset of I such that p(/ \ N,) < - and all functions

ul,. .., u;:,ul_, ...,u, are continuous on N,. Evidently we have
(3.14) u(M, N N,) — p(l) for n — oco.

Let © € M, NN, and A, ,, := (uf (z) — 55, uf (z) + 55). Then there exists
an interval 65, = (T — Mg n, T + Nz n) such that

{uf(t) it €6en N M, NN} C Apin

+

and, if v is one of the functions ug , .. .,u;ﬁ,ul—, PN T

{v(t):t €0y N M, NN, }NA,, =0.
Then F(A, n;ui) is the operator of multiplication by an indicator function
which is equal to one in all points of 05, N M, N N,,. F(Ag,;v) (v as above)

is the operator of multiplication by an indicator function which is equal to
zero in all points of §, , N M,, N N,,. Then, since F(A) is a diagonal operator,

F(Ay ) =diag{F(Ag n; uf), F(Agp; u;), N VA X |
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in view of BYF(A, ,,)y = 0, we find ¢; (z)y; (z) = 0 for all z € M,,NN,,. By
(3.14) we obtain ¢; (z)y] (x) = 0 for almost all z € I. By the assumptions on
the functions q7, ..., Gy sy 5> G, we find yi () = 0 for almost all z € I,
and in a similar way y = 0.

2. Assume now that for some y € K we have BT (D — z)~ly = 0 for all
non-real z. Let A be a bounded interval. As F(A)y = (D — 2z¢) 1 F(A)x
holds for some x € I and some zo € p(D) it is easy to see that F'(A)y can be
written as the limit in &y of sums of the form > " | a;(D — z;) "'y, 2z # Zi,
a; € C. We obtain BTF(A)y = 0 for all bounded intervals. By the first
part of the proof it follows y = 0. Thus we have shown that if conditions (1)
and (2) hold then B¥(D — z)~ly = 0 for all non-real z implies y = 0. It
follows from Lemma 2.19 that M is minimal with respect to —7 1.

3. For the converse assume first that there exists a measurable set A, A C I,
w(A) > 0, and a jo, 1 < jog < ny, such that q;f) (t) = 0 for all t € A.
Denote by y;; the function which equals 1 on A and 0 elsewhere. Then for
y = (0,...,0,y;:),0,...,0)T e IC, for all x € H and z € p(D), we have

[Y7 (D - ZE)_lB:C] =0,

hence, by Lemma 2.19, M is not minimal with respect to —7'~!. Now assume
that there exists a measurable set A, A C I, u(A) > 0, such that uj (t) =
uj (t) for all t € A. Then there is a measurable set Ag, Ag C A, u(Ag) >0
such that ¢ and g5 are bounded functions on Ag. Let g be the indicator
function of Ag. Then fory := ((q;)%g, —(qf’)%g, 0,...,0)" e K, forallx € H
and z € p(D), we have

~

[y, (D — 2E)"'Bx] =0,

hence, by Lemma 2.19, M is not minimal with respect to —7'~!. Similarly,

for uf, u; replaced by any other pair of the functions u1+, e u;l or of the
functions uy ,...,u, . O

Let the conditions (I) and (II) be fulfilled and assume, moreover, that (1)
and (2) in Theorem 3.3 hold. Then, by Lemma 3.2, an isolated eigenvalue of
D does not belong to 0,(M). Observe that under the same assumptions the
operator M is unitarily equivalent to the operator My defined in Theorem
2.17 (with respect to the Krein space inner products) and Proposition 2.18
holds.

Next, we consider the case of simple functions u
following holds.

+

j and assume that the
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(ITI) The spectrum of u;[, 1 < 7 < n4, has no finite accumulation points,
and qji(x) # 0 for almost all z € I, 1 < j < n4.

If, e.g. for each u;'[, 1 < 5 < n4, there exists a finite decomposition of I

into measurable sets such that u?c is constant a.e. on each of these sets, then
condition (III) is fulfilled.

Then with the help of Lemma 3.2, which holds now for every A € o(D), we
get the following proposition. For the notion of Riesz basis, see [GK].

Proposition 3.4. Assume that conditions (1)-(I11) are fulfilled. Then there
erists a Riesz basis of G consisting of eigenvectors and associated vectors of

M.

Proof. By Lemma 3.1 o(M) is discrete with the possible exception of the
points of o(D). Let A € 0(D) = 0ess(M). Assume that A € U2 o(u)).
Then, in view of condition (II), \ ¢ U?;la(uj_), and A\ is contained in some
open interval A of type my with respect to L. Then by Theorem 2.12 A
is of type m with respect to M. Hence, if A is no eigenvalue of M, then
A € o4 (M). If X is an eigenvalue of M, then, by Lemma 3.2, all eigenvectors
of M corresponding to A\ are positive. It is a well known fact that this implies
A € o, (M). A similar reasoning applies for U?;rla(u;“) and U?;la(uj_)
interchanged. Therefore, all finite accumulation points of o(IM) are no critical
points. Moreover, we have oo ¢ cs(M). Then it is easy to find a Riesz basis

of G with the required properties. O

3.2. The Case of the Semiaxis

In this section we will consider the equation

315) ¥/ )+ Yy e

(@) - 2 (2) A
on the interval I := [0, 00) with boundary condition
(3.16) y(0) = 0.

Again, the functions qjt, u;t are real valued measurable functions, q;L(:E) >0,

J=1,...,n4, ¢ (x) <0,j=1,...,n_, for almost all z € I and satisfy the
condition (I) from Section 3.1. As above, we do not exclude that one of the



66 3. A Equation Depending Rationally upon the Eigenvalue Parameter

sums in (3.15) is missing. In this case we set n. = 0 or n_ = 0, respectively.
It is always assumed that ny +n_ > 1.

Now we write the left hand side of (3.15) with the help of an operator
function of the form (2.11). Let H = Ly(I) and let A be the usual selfad-
joint operator associated with —dd—; and the boundary condition (3.16). As
in Section 3.1 we introduce the spaces K and G (see (3.4) and (3.7)), the in-
definite inner product [-,-]x (cf. (3.6)) and the operators D and B (see (3.5)
and (3.8)). Again, D is a selfadjoint operator in (K, [+, ]c). In this case H1
coincides (up to equivalent scalar products) with the Sobolev space H2(I) of
all locally absolutely continuous functions f € Lo(I) with f(0) = 0 such that
e La().

In the following lemma we use, as before, the same symbol h for a function
h € Lo(I) and the operator of multiplication by h in Lo(1).

Lemma 3.5. Let h € Ly(I). Then the operator h(1 + A%)~4 is Hilbert—
Schmidt. In particular, B € 62(H%,’C_%).

Proof. Denote by F the Fourier transform acting from Ly (IR) onto Ly (IR).
Further, we denote by Iy the embedding operator acting from Ls(IR) into
Ly (I>7

Iof:=flI, fe L(R).
Set g(&) := (1 +|£|)~L. Then for f € L2(IR) and z € I we have

(W) (9f) () = % /m ke, €) F(€)de,

where k(z,&) = h(z)e™$(1 + |€|])~!. The function k belongs to Lo(I x IR).
Therefore the operator hlypF~'g is a Hilbert-Schmidt operator acting from
LQ(IR) into L2 (I)

The operator (1 + A2)_% is a bounded operator acting from Ly(I) onto
Hi. Then I5(1+ A2)=3 maps Ly (I) continuously into H*(IR), i.e. the space
of all locally absolutely continuous functions f € Ly(IR) with f' € Ly(IR).
Hence, the operator g~ ' FI(1 4 A%)~1 is a bounded operator from Lo (1)
into L2 (IR) and, finally, it follows that

=
=

h(l+A%) "1 = hIgF tgg ' FI; (1 + A?*)”

is a Hilbert—Schmidt operator.
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To prove the second assertion it is sufficient to prove that the operator
1 1
(1+ D?)~1B(1+ A?)™1 belongs to &2(H, K). This is equivalent to

(Qj )? ! 1
T ) (14 4% 71 e6, for1<j<ns.
<1+(uf)2 A S

1
+£,\2 4
Condition (I) implies (15:1(' ) )2) € Ly(I), 1 < j < ng, hence, by the first

part of Lemma 3.5, B € G2(H1,K_1). O

As a consequence of Lemma 3.5 the operator B belongs to GQ(Q%, g_%),
that is, condition (b) of Section 2.3 is fulfilled.

We define T, T, M, M as in Section 2.3. Then T(\)y coincides with the left
hand side of (3.15) defined for all y € HE(I) for which it belongs to La(I).
Again Lemmas 2.1, 2.3, Propositions 2.5, 2.7, 2.8 and Remark 2.6 hold, in
particular we have

p(T) = p(M) N p(D) and o,(T) = ,(M) 1 p(D).

Since 0 € p(T(in)) for sufficiently large n > 0, we have p(M) # () and
Theorem 2.9 holds.
Assume, in addition, that the following condition (II') is fulfilled.

(I') The set U2, o(u ;r) is bounded from below, the set |J;—; o(u; ) is a
subset of ( 00, 0) and these two sets are disjoint.

Conditions (I) and (II') imply that the operators A and D satisfy condition
(ad) from Section 2.4, hence M is a definitizable selfadjoint operator in G
and the statements of Theorem 2.12 and Corollary 2.13 hold. Therefore, as
00 & cs(A)Ucs(D), we have 0o ¢ cs(M) and 0ess(M) = 0ess(A) Uoess(D) =
[0, 00)Uc (D) (see (1.6)). Further, T~ is a definitizable operator function and
Theorem 2.14 holds. By Theorem 2.20 the operator M is minimal in p.(D)
with respect to —7'~! and Theorem 2.22 holds. Lemma 3.2 and Theorem 3.3
remain valid for I = [0, 00), without difficulty the proofs can be extended to
this case.

In the following theorem we recall some results on the absence of posi-
tive (nonnegative) eigenvalues for Sturm-Liouville operators (e.g. [Knl] and
[Kn2]). These results and the relation between the spectra of 7" and M can
be used to exclude critical points of M on the positive (resp. nonnegative)
half-axis. For the convenience of the reader we will give a proof of the first
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part of the following theorem although it is a special case of [Knl, Theorem
3.2].

Theorem 3.6. Let V' be a real valued function belonging to L1(I) and let
D denote the set of all functions f in Ha(I) such that —f" + V f belongs to
Lo(I). Then, for A > 0, the equation

(3.17) —y" +(V-=XNy=0

has no nontrivial solution y € D.
Assume, in addition, that there exists xo > 0 such that |V (z)| < 25 for all
x € (xg,00). Then the equation

—y" +Vy=0
has no nontrivial solution y € D.

Proof. Assume that there exists a nontrivial solution y € D of (3.17).
Then 7 is another solution of (3.17). Therefore, we assume y to be a real
valued solution of (3.17). We define

E(z) := (y'(2))* + \y(z)?, zel.
Then E € Ly(I) and the uniqueness theorem implies E(x) > 0 for x € I. It

follows that
E(z)| _ [V(z)]
E@) |~ VA

Hence, by integrating from 0 to some ¢ > 0, we conclude

for almost all x € I.

E(t) > E(O)e_’\_% Wilzi o > 0,

This is a contradiction to ' € L1(I). The second assertion is a consequence
of [Kn2, Corollary 3.3]. O

Proposition 3.7. Assume that the conditions (1), (II'), (II1) and condition
(2) from Theorem 3.3 are satisfied. Then

0(M) 1 ((0,00) U (D)) = 0

and
c¢(M) C ((—00,0) N op norm(M)) U {0, 0o}

Assume, in addition, that one of the following conditions is satisfied.
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(i) The point O belongs to o(D).
(ii)) 0 € p(D) and there exist an xo > 0 such that

q; ()

uj (x)

n_

2

J=1

n4

2.

j=1

3
— 42

q; (@)

uj ()

for all z € (xg,0).

Then
op(M) N ([0,00)Uo(D)) =0, (M) C ((=00,0) N p,norm(M)) U{oc},
and M is a spectral operator in the sense of Dunford.

Proof. By Lemma 3.2 (1) we have 0,(M) No(D) = . Let A\g € (0,00) \
o(D). Then A\g — T'(\g) is the operator defined by the differential expression

d2 jhes qj(:c) — q; (z)
(3.18) —@JF;)\O_—WJF;M——W

restricted to all those functions from H}(I) which are mapped by (3.18) into
Lo(I). Let q := q;-r, U= u;L for some j € {1,...ny} (resp. ¢ := QG U= uy
for some j € {1,...n_}). Then we have d := ess inf(|\g —u|) > 0. Forx € T
it follows

‘ q(z) 1+ Ao+ |u(x)] ()]
Ao —u(z)| — Ao —u(z)] 14 X+ |u(x)| =
(3-19) 4(2)]
< (1+3)\0)max{d_1,)\51}1+)\0+ (@)’

ie. s € Li(I). By Theorem 3.6 A\g — T'(Ao) has no positive eigenvalue.
Hence Ay ¢ o0,(Aog — T'(No)), that is A\g ¢ o0,(T) and, by Proposition 2.8,
Xo & o0p(M). It follows that o,(M) N (0,00) = 0. As M has no finite
essential critical points (cf. Theorem 2.12), each finite critical point g of M
belongs to o,(M); hence, if £y # 0, we have ty € (—o00,0) \ o(D). Moreover,
by the same reasoning as in the proof of Lemma 3.1, we have g.ss(M) =
(M) \ 0p norm (M) and, by relation (1.6), it follows ty € (—00,0)\ 0ess(M) =
(—00,0) N op norm(M).

The additional assumption of the second part of Proposition 3.7 implies
that A\g — T'(\g) has no eigenvalue in [0,00) (see Theorem 3.6). Then the

second part of Proposition 3.7 follows as above. O
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3.2. A Case where the Numerator Coefficient of the Floating Sin-
gularity Changes Sign

In this section we consider an eigenvalue problem of the form

2 " \ ﬂ —
(3.20) y' () + Ay(z) + w(z) - yyl@) =0
on the interval I := [—1, 1] with boundary conditions
(3.21) y(~1) = y(1) = 0.

We now assume that the function ¢ is a real valued piecewise continuous
function on the interval I, i.e. there exist finitely many closed intervals [a;, b;],

j=1,...,N, N > 0, such that Ué\le[aj,bj] = I, ¢ is continuous on each
open interval (a;,b;), j = 1,..., N, and the one-sided limits lim,,; ¢(x)
and limg1p, (), 7 = 1,..., N, exist. We assume that the function u is real

valued and measurable. Then the functions ¢ and u satisfy condition (I) from
Section 3.1.
We set

(3.22) Ay :={zel:qlx)>0}, A_:={xel:q(x)<0}
and
K= LQ(A+) X LQ(A_)

Moreover, we assume that p(Ay) > 0 and p(A_) > 0 hold. The case
u(A;) =0 (resp. u(A_) = 0) is contained in the considerations of Section
3.1.

We will write the left hand side of (3.20) with the help of an operator
function of the form (2.11). Let H = Ly(I) and let A be the operator defined
by (3.3). In the following we consider the embedding operators I, and I_
acting from H into Lo(AL) and Lo(A_), respectively,

Lif:=flAy, I-f:=flA_, feH.
We introduce the following abbreviations

ugy = ulAy, u- =ulA,
0+ = qlAy, g =qlA_.

Then the operator D
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defined on the set D(D) := D(uy) X D(u_) is selfadjoint in L. We consider
on K the indefinite inner product [-, -] defined by

Kg)’ <§;>]K = (/1,90 12a1) — (f2,92) La(a ),

where f1,q1 € La(A4) and fa,92 € La(A_). Then (K, [, ]x) is a Krein
space and Jx := (01 _?) is the corresponding fundamental symmetry. D is a
selfadjoint operator in (K, [, |xc).
The operator B from H into IC, defined by
B := qi{*’ ,
lg-|21-

is a bounded operator. Then condition (b) from Section 2.3 holds. Again,
we denote by Hs and ICg the scales Hg(A) and Ks(D, Jx) (cf. Sections 1.1
and 1.2).

We define the Krein space G, the operator L, the scales G, and the operator
B as in Section 3.1 (cf. (3.7) and (3.8)).

We define T, T, M, M as in Section 2.3. Then, by the boundedness of the
operator B, for A € p(D) it follows

D(T(\)) = D(A) and D(M) = D(L) = D(A) x D(D).

The expression on the left hand side of (3.20), defined for all y € D(A),
coincides with T'(A)y. Then Lemmas 2.1, 2.3 and Propositions 2.5, 2.7, 2.8
and Remark 2.6 hold, in particular we have

p(T) = p(M) N p(D) and o,(T) = ,(M) N p(D).

By Proposition 2.8, for A € p(D) a function y € D(A) is a solution of
equation (3.20) if and only if y := (y,y.,y_)", for some y, € D(uy),y_ €
D(u_) is a solution of

d? « 3 * 1
_d—xlz - A I+Q+ _I—|Q—‘2 Yy
(M= MNy = 21 up— A 0 y+ | =0.
lg_|21_ 0 u_ — A Y-

Using the same reasoning as in the proof of Lemma 3.1 it is easily seen that
p(M) # () and

Ocss(M) = 0(M) \ 0 norm (M) = o(D).
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hold. It follows that Theorem 2.9 holds, that is, in particular,

044 (T) =044 (M) N p(D) and o _(T) = o (M) N p(D).

Theorem 3.8. The operator M s definitizable over

C\ ({0} Uoe(ug)) Noe(u-)).

Let A be an open connected subset of R\ (({oo} Uoe(uy)) Noe(u_)). Then
the following assertions are equivalent.

(i) A is of type w4 (type m_) with respect to M.

(ii) A is of type my (resp. type w_) with respect to L.
(iii) A CR\ oe(u_) (resp. A C IR\ o(uy)).

Proof. In G = Lo(I) X La(Ay) X Lo

~

A_) we consider the operator

0
0

1
J=120
0 —1

S = O

Then J is a fundamental symmetry in the Krein space G which commutes
with the resolvent of L, i.e. L is fundamentally reducible (cf. Section 1.7). Set
Py = %(Ii J) and denote by L the operator in P+G defined by L1x := Lx
for x € PyD(L). Then we have

Ocess(Lt) = {oo} Uoe(uyg) and o, ess(L) = oe(u_).

By Lemma 1.14, L is definitizable over C \ (({oo} U oe(us)) Noe(u_)) and
assertions (ii) and (iii) are equivalent.

For X € p(L) N p(M) we have (A —\)~! € &1, where &; denotes the trace
class (cf. Section 1.7). By Proposition 2.7, A belongs to the resolvent set of
T and it follows

TN ' =(-I+A-N"'BT D -N"'B)(A-)N""1ecs,.
Relation (2.15) implies
L-MN'1-M-)N"'es&;.
Then, as a consequence of Theorem 1.15, (i) and (ii) are equivalent. O

The following lemma can be proved by a reasoning similar to the proof of
Lemma 3.2.
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Lemma 3.9. Assume that q(t) # 0 for almost all t € I. Let X\ be an
1solated eigenvalue of D. Then the following holds.

(1) If V) N uTY(N) = 0, then A ¢ o,(M).

(2) If u(uﬁr_l)()\) N u(__l)()\)) > 0, then X\ € 0,(M) and X\ has infinite
geometric multiplicity.

Assume, in addition, that the following condition (A) is fulfilled.

(A) The functions ¢ and u belong to C1(I), u/(z) > 0 for all x € I and the
function ¢ has at most finitely many zeros in the interval I.

From condition (A) it follows that the set o(uy) N o(u_) consists of at
most finitely many points, i.e. o(uy) No(u—) = {u(&),...,u(&,)} for some
§1,..,&n € I, n € IN, and each {;, j = 1,...,n, is a zero of the function
q. We mention that u(§), & € I, belongs to o(uy) No(u—) if and only if
¢ € (—1,1), ¢(§) = 0 and ¢ changes its sign in £&. Then by Theorem 3.8,
M is definitizable over C \ {u(&1),. .., u(&,)}. This will be improved by the
following theorem.

Theorem 3.10. Assume that condition (A) is fulfilled. Then the operator
M is definitizable and we have coo (M) = {u(&), ..., u(&n)}-

Proof. Let & € {{1,...,&,}. We will show that M is definitizable over an
open neighbourhood of ¢ and that u(&) € coo (M).
1. Condition (A) implies

q'(x)

0 < M :=max W (2)

xel

< max
xel

< Q.

q(z) ‘
u(z) — u(§)
Denote by P the orthogonal projection in H onto the linear span of the

eigenvectors of A corresponding to the eigenvalues A with A\ < M +u(1). We
define for A € p(D)

Ag:= (I —P)A+ (M +u(1))P, To(\):=X—Ag+BT(D—-\"'B,

0 D B D

with D(A4p) = D(To(N)) = D(A) and D(Ly) = D(My) = D(A) x K. Then
Ayg > M +u(l) and A— Ay is of finite rank. Moreover, u(&) ¢ o,(Lo)Uo,(D)
and the operators (Lo —u(£))™! and (D —u(€))~! are selfadjoint operators in

_|_
(3.23) Lo ::[AO 0 Ao B ]

|
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G and K, respectively. We denote by K. and G’ the scales K ((D —u(¢))™1)
and G4((Lo — u(§))™1), respectively (see Section 1.1). The real number u(§)
belongs to p(Ap), therefore we have G, = H x K.

The operator (D —u(€))™! (Lo —u(£))™1) can be extended to a continuous
linear operator ((D—u(£))~)1 (resp. ((Lo—u(£))™) 1) acting from X', into

2

K" 1 (resp. from G’ into G’ ;). Then, by condition (A), the operator B is
a bounded operator from H into K, and the operator BT ((D —u(£))~) 1B

is a bounded operator in H, ||BT((D —u(£))~)"!B|| < M, therefore we can
define
To(u(€)) == u(§) — Ao+ BT((D —u(€))™)™'B
with D(To(u(€))) = D(A). Tt follows from Ag > M+wu(1) that To(u()) << 0,
hence Ty(u(£)) is boundedly invertible.
2. As a consequence of

To(u(€)) ™" = —(I—(Ao—u(§) "' BT (D—u(§)™) "' B) " (Ao—u(§)) ™" € &4,

it follows that the operator V :=

—To(u(€) ™" = (Ao —u(§)) ™" To(u(€)) "' BT R(u(€), D)

~

R(u(€), D)BTy(u(¢))™"  —R(u(€), D)BTy(u(§)) "' B¥ R(u(¢), D) |
where R(u(€), D) = (D — u(€))™), belongs to & ( ’%,Q’_%).
3. We claim that u(§) ¢ 0,(Mp). Assume that there exists y € D(My),

y #0,y = (4, y+,y-)" withy € D(A), y4 € L2(A) and y— € L2(A_) such
that (M — u(&))y = 0 holds, i.e.

(3.24) (Ao —w(©)y + Iiaiys — I"lq_|Fy_ = 0,
(3.25) G Loy + (ugp —u(©)ys = 0,
(3.26) P Ty+ (u- —u(©))y- = 0.

Then by condition (A) it follows y # 0. Moreover, by equation (3.25), we
1

have ﬁ]w = —q}y4 and, by equation (3.26), u_|q_;|(£)l_y = —|q_|%y_.
Then equation (3.24) implies Ty(u(€))y = 0, which contradicts the invertibil-

ity of To(u(§))-
4. The operator (Mg — u(§))~! is a selfadjoint operator in G and we have

D((Mo — u(€))~1) = R((My — u(€))) € G} Let y = (Mo — u(¢))x for some
x € D(Mj). A straightforward calculation gives

(Lo —u(@)") ™ +V)y =x,
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that is,
(Mo —u(€)) ™" C (Lo —u() 'LV

The operators (Mg—u(¢)) ™! and (Lo—u(¢)) "LV are selfadjoint (cf. Lemma
1.6), hence, we have

(Mo —u(€)™" = (Lo — (€)' V.

Condition (A) and Lemma 1.14 imply that the operator (Lo — u(£))~! is
definitizable. As a consequence of [J3, Theorem 3.10] there exist real points
t1, ta, t1 < to, such that (Mg —u(£))™! is definitizable over a neighbourhood
of (t3,00) U {oo} U (—o0,t1). Hence, there exists an open interval § with
u(&) € ¢ such that My is definitizable over a neighbourhood of §.

The reasoning above holds for each &;, j = 1,...,n, hence, the operator
M is definitizable over C, i.e. My is a definitizable operator (cf. [J6]).

5. We will show that coo(Mg) = {u(&1),...,u(&,)}. Condition (A) and
Lemma 1.14 imply that oo is a regular critical point of (Lg—u(£)) ! belonging
to Coo (Lo — u(€))™1). Then, as a consequence of [J3], co is a regular critical
point of (Mg —u(£)) ™! belonging to coo (Mg —u(£))™1). Using this argument
foreach &, j = 1,...,n, we conclude that each u(¢;), j = 1,...,n, isaregular
critical point of My and we have {u(z1),...,u(&,)} C coo(Mp). Theorem 3.8
implies

{u(&1),. .-, u(én)} = coo(Mp).

6. From the definition of My it follows that M — M, is of finite rank.
Then, by [JL1], the operator M is definitizable and co(M) = coo(Mp) =
{u(&1),...,u(&,)} holds, which completes the proof. O

Corollary 3.11. Assume that condition (A) is satisfied and that

Then the operator M is definitizable, coo (M) = {u(&1),...,u(&n)} and each
w(;), j=1,...,n, is a regular critical point of M with u(§;) ¢ op(M).

Proof. By Theorem 3.10 it remains to show {u(&1), ..., u(&,) }Nes(M) = 0.

This follows from the fact that o(A) C [%2, 00), hence M = M (where My
is defined as in (3.23)). O

Remark 3.12. Assume that ¢q,u € C'(I), v/(x) > 0 for all z € I and
that ¢ has infinitely many zeros. Denote by Z the set of all £ € I with
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u(§) € o(ug)No(u—) such that u(€) is not an isolated point in o(u4)No(u—).
Then, by a reasoning similar to the proof of Theorem 3.10, the operator M
is definitizable over C \ E.

3.4. Sign Changes of the Numerator Coefficient in the Semiaxis
Case

In this section we consider equation (3.20) on the interval I := [0, c0) with
the boundary condition

y(0) =0.

Again we assume that the function u is real valued and measurable and that
the function ¢ is a real valued piecewise continuous function on the interval
I, i.e. for each interval [0,[], I > 0, there exist finitely many closed intervals
la;,bj],j=1,...,N, N >0, such that ijzl[aj, b;] = [0,1], g is continuous on
each open interval (a;,b;),j = 1,..., N, and the one-sided limits lim, |, ¢(x)
and limg1p, (z), j = 1,..., N, exist. We assume that the functions ¢ and u
satisfy condition (I) from Section 3.1 and that u(Ay) > 0 and pu(A_) > 0
hold, where A; and A_ are defined as in Section 3.3. The case u(A;) =0
(resp. (A _) = 0) is contained in the considerations in Section 3.2.

We define H, A as in Section 3.2 and I+, uy, q+, (K, [, ]x), D and the
scales Hs, s as in Section 3.3. Further, we define the Krein space G, the
operator L and the scales G, as in Section 3.3. The operator B,

B := L
lg-[21-

1
Qi1 ] |

is a bounded operator from H 1 into K_ 1. It follows from Lemma 3.5 and

condition (I) that the operator 1% (14+u2 )4 |qs|2 I+ (1+A2)"4 is an element
of Gy, hence B € GQ(H%,K_%). Therefore the operator B, where B is
defined as in (3.8), belongs to G2(G1,G_1), that is condition (b) of Section

1
B
2.3 is fulfilled. We define T', T, M, M as in Section 2.3.
Then T'(A\)y coincides with the expression on the left hand side of (3.20)
defined for all y € H}(I) for which it belongs to Ly(I). Then Lemmas 2.1,

2.3 and Propositions 2.5, 2.7, 2.8 and Remark 2.6 hold, in particular we have
p(T) = p(M) N p(D) and o, (T) = o,,(M) 1 p(D).

Since 0 € p(T(in)) for sufficiently large n > 0 we have p(M) # () and
Theorem 2.9 holds.
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For all A € p(M) N p(L) we have (cf. [J3, Lemma 2.3])
L-XN""1tT-M-)N"!e@,.

The operator L is fundamentally reducible (cf. proof of Theorem 3.8) and,
as a consequence of Lemma 1.14 and Theorem 1.15, the following theorem
holds.

Theorem 3.13. The operator M is definitizable over

C\ (([0,00] U ge(us)) Noe(u-)).

Let A be an open connected subset of R\ (([0,00] Uoe(uy))Noe(u_)). Then
the following assertions are equivalent.

(i) A is of type 4 (type m_) with respect to M.
(ii) A is of type w1 (resp. type w_) with respect to L.
(iii) A C IR\ oc(u_) (resp. A C R\ ([0,00) U (uy))).

Lemma 3.9 remains valid for I = [0, 00), without difficulty the proof can
be extended to this case.

Proposition 3.14. Let A\ € (0,00) \ o(D). Then \g ¢ 0,(M), i.e.
op(M) C (—00,0]Uc(D).

Assume, in addition, that 0 € p(D) and that there exist an xo > 0 such that
lq(@)u(x) ™| < 25 for all x € (xg,00) hold. Then

op(M) C (—00,0) Ua(D).

Proof. Let A\g € (0,00) \ o(D). Then A\g — T'(\g) is the operator defined
by the differential expression
d’ q(x)

a2 Ao — u(x)

(3.27)

restricted to all those functions from H}(I) which are mapped by (3.27) into
Lo(I). The function 1~ belongs to Li(I) (cf. (3.19)). By Theorem 3.6
Ao —T'(Ao) has no positive eigenvalue. Hence A\ ¢ 0,(7") and, by Proposition
2.8, )\0 ¢ Up(M).

The additional assumption of the second part of Proposition 3.14 implies
that 0 ¢ 0,(T") (see Theorem 3.6) and, by Proposition 2.8, 0 ¢ 0,(M). O

Assume, in addition, that the following condition (A’) is fulfilled.
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(A’) The functions ¢ and u belong to C*(I), u/(x) > 0 for all z € I and the
function ¢ has at most finitely many zeros in the interval I. Moreover,
q and u are bounded functions on the interval I and there exists a real
number v < 0 such that u(z) <~ for all z € I.

From conditions (I) and (A’) it follows that ¢ belongs to L;([) and that
the operator B is a bounded operator from H into K. Then, for A € p(D),
we have

D(T()\)) = D(A) and D(M) = D(L) = D(A) x K.

Moreover, the set o(uy)No(u_) consists of at most finitely many points, i.e.
o(uy)No(u—) ={u(&1),...,u(&,)} for some &, ...,&, € I, n € IN, and each
&, J =1,...,n,is a zero of the function ¢g. From Theorem 3.13 it follows
that M is definitizable over

This will improved by the following theorem.

Theorem 3.15. Assume that condition (A’) is fulfilled. Then the operator
M is definitizable and we have coo(M) = {u(&1),...,u(&n)}. Furthermore,

we have
,(M) N (0,00) =0 and ¢(M) \ coo(M) C 0,(M) N (—00,0].

q(z)

Assume, in addition, that there exist xo > 0 such that < % for all

x € (xg,00). Then
op,(M)N[0,00) =0 and ¢(M) \ ¢oo(M) C 0,(M) N (—00,0).

Proof. 1. Set I1 :=[0,&, + 1]. Let Dy denote the set of all absolutely con-
tinuous functions y € Lo (1) which have an absolutely continuous derivative
y" with (y')" € Lo(I1), and which satisfy y(0) = y(§, +1) = 0. For y € D,

we define
12

Ay = —y".
We set
Ayrg:={zel;:q(x) >0}, A_i;:={xel:q(x) <0}

and we introduce the following abbreviations

ugp=ulAy g, u_gi=ulA_ g,
G+1:=qlAr 1, -1 :=q|A_1.
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We denote by I 1 (I_ ;) the embedding operator acting from Ly(I;) into
Lo(Ay 1) (La(A_ 1), respectively), i.e.

Liaf = flAyq, I-af:=flA_1, f€La(fh).

On Gy := Lao(I1) x La(A4,1) X La(A_ 1) we consider the indefinite inner
product [-,]g, defined by

J1 g1
fo | 92 = (f1,91) Loy + (f2:92) Locas ) — (f3:93) La(a_ 1),
f3 93 ) 1g,
where f1,91 € La(I1), f2,92 € L2(Ay 1) and f3,93 € La(A_1). Then
(G1, [, ]g,) is a Krein space.

We define an operator M; with domain D(M;) = D; x La(Ai 1) X
La(A_ 1) by

* 3 * 1
) A It qi, —I7 1lg-al2
My = qi 1141 U1 0 y, y € D(M,).
’q_71|%1—,1 0 U_1

If we replace the interval I in Section 3.3 by I; and the boundary condition
(3.21) by y(0) = y(&, +1) = 0 then we can repeat the reasoning from Section
3.3 for the operator M. Hence, Theorem 3.8 and Theorem 3.10 are valid for
M, i.e. M is a definitizable operator with coo(M1) = {u(&1), ..., u(&n)}-

2. Assume that g(z) < Ofor all z € [§,+1,00). Weset I5 := [, +1, 00) and
let Dy denote the set of all locally absolutely continuous functions y € Lo(15)
which have a locally absolutely continuous derivative y" with (y')" € La(1I2),
and which satisfy y(§, + 1) = 0. For y € Dy we define

/7

Agy = —y".
We consider on Gy := Lo(Il3) X La(I3) the indefinite inner product [-,‘]g,

defined by
[(2)’ (z;)]% = (J1,91) La(1) — (2 92) (1)

where f1, g1, fa,92 € La(I2). Then (Gs, [ ]g,) is a Krein space. We define
an operator My with domain D(Ms) := Dy x Ly(I2) by

1
As — |q|12]?

ng =
gLl |l

] y, ¥ € D(My).
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If we replace the interval I in Lemma 3.5 by Iy then it is easy to see that
g|I2]2 (1 4+ A2)~ % is a compact operator in Ly(I3), i.e. |g|I2]2 satisfies con-
dition (b) from Section 2.3. Thus, by Theorem 2.12, it follows that M is a
definitizable operator with c.(Mz) = ().

From ¢(z) < 0 for x € Iy it follows that we have Ay = Ay and A_ =
A_ 1 UIy (see (3.22)). Therefore, the operator U defined by

U(f1, f2, f3)" = ([ill1, f2, [3]A_ 1, fill2, f3]12)",

for f1 € La(I), fo € La(Ay), f3 € Lo(A_) is a unitary operator mapping
G onto G; X Gs. Denote by Dy the set of all locally absolutely continuous
functions y € Lo(I) which have a locally absolutely continuous derivative 3’
with (y')" € Lo(I), and which satisfy y(0) = y(&, + 1) = 0. Then Dy X
Lo(A4) x La(A_) is a subset of D(M) and for y € Dy X La(A4) X La(AL)

it follows
M 0
_r7—1 1
(3.28) My =U [ 0 M, ] Uy.

3. We choose an element (h,0,0)" from D(M) such that h(§, +1) = 1 holds.
Then it follows

D(M) = (Dg x La(Ay) x Lo(A_)) +sp{(h,0,0)"}.

Let y € G and A € p(M) N p(M;y) N p(Ms3). Then we have for some x €
Do x La(A4) x Lo(A_) and some o € €

y = (M — \)x + a(M — \)(h,0,0)".

Therefore, by relation (3.28), we have

-1
-1 -1 Ml_)\ 0 —
M—-X\N)"y—-U [ 0 M2_)\] Uy =
-1 h
—((MA)lUllMlo_)\ MQO_A] U)a(MA) 0],
0

i.e. the difference of the resolvents of M and U~}(M; x M3)U has a one-
dimensional range. Moreover, g¢ss(M1) N0oess(Ma) = {u(&, + 1)} holds and
there exists an open interval § C R, u(§, + 1) € J, such that ¢ is of type
m_ with respect to M (cf. Theorem 3.8) and of the same type with respect
to My (cf. Theorem 2.12). In addition, there exists an open connected set
8 C IR, oo € &, such that & is of positive type with respect to M; (cf.
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Theorem 3.8) and of positive type with respect to My (cf. Theorem 2.12).
Thus the operator M; x My is a definitizable operator in G; x G, and, by
[JL1, Theorem 1], M is a definitizable operator with

Coo(M) = oo (M1 X Ma) = {u(&1), ..., u(&n)}-

Assume that ¢(x) > 0 for all x € I5. Then a similar reasoning applies.
4. As each finite critical point of M belongs to ,(M) U cs(M), the re-
maining assertions of Theorem 3.15 follows from Proposition 3.14. O

Theorem 3.16. Assume that condition (A’) is fulfilled. For some §; €
{&,...,&}, 1 < j <mn, assume that there exists a < 0 with

. q(z) N
(3.29) u(&;) + w(@) — u(E) <

forallz € I. Then u(§;) is a reqular critical point of M with w(&;) ¢ o,(M).

Proof. Condition (A’) implies 0,(L) = (). We denote by K/ and G. the
scales Ks((D—u(&;)) ™) and Gs(L—u(&;)) 1), respectively (see Section 1.1).
The operator (D—u(&;)) " ((L—u(&;))~!) can be extended to a continuous
linear operator ((D—wu(&;))~) ! (resp. (L—u(&;))~) 1) acting from IC1 into

K" . (resp. from G| into G’ ;). Then the operator B is a bounded operator
2 2 2
from H into K, and the operator BT ((D—u(&;))~) !B is a bounded operator

in H. Therefoie we can define

T(u()) = u(&) — A+ BT (D —u())™) ' B

with D(T(u(§;))) = D(A). Relation (3.29) implies T'(u(§;)) < «, hence
T(u(&;)) is boundedly invertible. We set

K = (A-u(g) BT (D —u(g)”) "B
Then I — K = —(A —u(&;)) 1T (u(;)) is boundedly invertible and we have

~T(u(g)) ™" = (A—u(&)) ™" =
(A—wE)I - K) ™ = (A—u(&)) " =
(I —K) 7 =D(A-u(g) ™ =0 - K) T K(A-u(g)) "

Moreover, condition (A’) and Lemma 3.5 imply

(3.30)

2 4
% 4+ 2\—1
I 2 T (1+ A%~ 1
i(‘-’”wi—u(@))?) (14477 € G,



82 3. A Equation Depending Rationally upon the Eigenvalue Parameter

hence B belongs to &2(H 1, K ). Then, by (3.30), it follows that the differ-

ence —T'(u(&;))™ ! — (A —u(&)) ! belongs to G,. By a reasoning similar to
the proof of Theorem 3.10 one can show that u(;) ¢ 0,(M) and that there
exists an operator V € G5(G1,G" ;) such that

2 2

M —u(&) " = (L—u(E) ' TV

holds. Condition (A’) and Lemma 1.14 imply that the operator (L—u(&;))™?
is definitizable and that the point oo is a regular critical point of (L—u(&;)) ™!,

As a consequence of [J3, Theorem 3.10] the point oo is a regular critical point
of (M — (&))" and Theorem 3.16 is proved. O

Remark 3.17. Assume that condition (A’) is fulfilled and that

/
q'(x)
sup u(x) + sup
zel ( ) zel u’(x)

<0.

Then for each §;, 1 < j < n, relation (3.29) is fulfilled, hence each u(¢;),
1 < j <mn, is a regular critical point of M with u(;) ¢ o,(M).



Symbols

IN  the natural numbers
IR the real numbers

C  the complex numbers
i the Lebesgue measure

For a linear operator A we denote by

p(A)
ag(A)
op(4)
R(A)
def(A)
nul(A)

Hs(A)
((A=2)")"
Hs (A, J)

K, K—
type 74, type m_
c(A)

O-p,norm (A)
5%(A)

S,(H,K)

p(T)

op(T)

Oap(T)

oc(T)

Re™

the resolvent set,

the spectrum,

the point spectrum,

the range,

the codimension of R(A),
the dimension of the kernel of A.

13
13
14

16
16 (Definition 1.3)
18
20
21
21
24
27
29
34
35
36
45
48

o4+(T), 0——(T)
pe(T)

Ni.(L(H))
Hj(I)

13
13
16

16
16
19
21
21
21
27
29
29
34
36
45
46
58, 66

83
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