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Overview

In this thesis, the classical aeroelastic panel flutter problem, where a compressible fluid flows over
a thin elastic plate, is investigated in detail. A non-linear modeling is necessary when flutter is
analyzed in the transonic flow regime and here inviscid as well as turbulent viscous air flows are
considered. For these purposes, a consistent unified coupling approach is developed based on
an energetic variational formulation, where the structural as well as the fluid subsystem are de-
scribed by Hamilton’s principle. With this procedure, the classical direct two-field approach and
a novel indirect three-field approach can be employed. By discretization of the entire coupled
system consistently with finite elements, the fluid subsystem can be treated with the characteristic
based split (CBS) scheme independently of a classical structural discretization. In this context,
the established continuous Galerkin form of the CBS scheme is advanced and a discontinuous
version is proposed, which is an attractive approach due to its local element edge flux conserva-
tion. The Spalart-Allmaras turbulence model in conjunction with the CBS scheme and unsteady
Reynolds-averaged Navier-Stokes equations is considered within this topic. With the separated
discretization of the fluid and structural subsystem, a data transfer scheme over the non-matched
interface grids is mandatory and based on the variational formulation, several energy and load
conservative transmission schemes are employed.

These methods and further coupling aspects, in particular time integration and equilibrium
iteration as well as the fluid grid deformation, are assessed with the aid of several examples and
the panel flutter problem at transonic flow conditions. Especially, the three-field approach yields
an attractive smooth transfer of the interface values with being load and energy conservative at
the same time, which results in a more accurate and improved fluid flow solution. Consequently,
the flutter phenomenon is studied in detail for sub-, super-, and transonic flows including the
evaluation of stability boundary for different parameters.



Ubersicht

In dieser Arbeit soll das klassische aeroelastische Panelflattern, bei dem ein kompressibles Fluid
iber eine diinne elastische Platte stromt, detailliert untersucht werden. Um das Flatterphdnomen
in transonischer Stromung zu analysieren, ist dazu eine nichtlineare Modellierung notwendig.
Sowohl reibungsfreie als auch turbulente, reibungsbehaftete Luftstromungen werden dabei beriick-
sichtigt. Zu diesem Zwecke wird ein konsistenter, einheitlicher Kopplungsansatz entwickelt,
welcher auf einer energetischen Variationsformulierung beruht, bei dem das strukturelle und fluid-
dynamische Teilsystem mittels dem Hamilton-Prinzip beschrieben werden. Mit diesem Vorgehen
kann die klassische, direkte Zwei-Feld- aber auch eine neuartige indirekte Drei-Feld-Formulierung
entwickelt werden. Um eine einheitliche Diskretisierung mit finiten Elementen zu erreichen, wird
das fluiddynamische Teilgebiet mit dem characteristic based split (CBS) Schema unabhiingig
von einer konventionellen Strukturdiskretisierung behandelt. In diesem Zusammenhang wird die
etablierte kontinuierliche Galerkin-Form des CBS Schemas erweitert und eine diskontinuierliche
Version erarbeitet, welche sich durch eine lokale Konservativitdt der Kantenfliisse iiber benach-
barte Elemente auszeichnet. Das Spalart-Allmaras Turbulenzmodell im Zusammenhang mit dem
CBS Schema und der instationédren, Reynolds-gemittelten Navier-Stokes Gleichungen wird eben-
falls innerhalb dieser Arbeit beriicksichtigt. Aufgrund der getrennten Diskretisierung des struk-
turellen und fluiddynamischen Teilgebietes, wird ein Datentransferverfahren iiber nicht konforme
Oberflachengitter notwendig. Mit Hilfe der Variationsformulierung konnen dazu verschiedene
energie- und lasterhaltende Transferverfahren entwickelt werden.

Diese Methoden und weitere Kopplungsaspekte, wie beispielsweise die Zeitintegration und die
Gleichgewichtsiteration aber auch die Deformation des Fluidgitters, werden anhand verschiedener
Beispiele und des Plattenflattern bei transonischer Stromung bewertet. Besonders die neuartige
Drei-Feld-Formulierung fiihrt zu einem vorteilhaften glatten Transfer der Oberflichengréfen bei
gleichzeitiger Erhaltung der Gesamtlast und -energy, welcher zu einer genaueren und verbesserten
Stromungssimulation beitriagt. Infolgedessen, wird das Flatternverhalten des Panels detailliert im
Unter-, Uber- und Transschall untersucht. Dies beinhaltet auch die Berechnung der Flatter-Stabi-
litatsgrenze fiir verschiedene Parameter.
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Nomenclature

In the nomenclature, every used symbol is named and the following conventions are generally

made:

e vectors and matrices are marked with bold characters

o discrete values, vectors and matrices are labeled with a sans-serif font (except for Greek

symbols)

e a quantity denoted with a lower character gets labeled with its upper counterpart, when
multiplied with the density

e thus, with the example of the velocity:

v is the velocity or a velocity component

v is the velocity vector

V is the velocity vector times the density, i.e. V = pv
v is the vector of nodal velocity values

Vv is a certain nodal velocity

e a calligraphic font is used for operators
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1 Introduction

1.1 Motivation

The dynamic interaction of a fluid flow with an elastic structure plays an important part in engi-
neering science. Interesting applications can also be found in biomechanical engineering, where
for example the blood flow interacting with the abdominal aorta is investigated to prevent an
aneurysm, [FVJ*06, SFO7]. In civil engineering, wind induced vibrations of bridges need to be
suppressed, [BS06]. A fluid-structure interaction (FSI) analysis, may help to find an engineering
solution for this demand. A further application of FSI in civil engineering is the computation of a
dam failure caused by a seismic excitation [RFPS08, RSFP09]. Such applications are of interest
due to the enormity of the destructive power of the water flood wave, which is released after the
failure of a dam.

In engineering science the field of aeroelasticity mainly driven by aeronautical engineering
has been developed for such FSI problems. Quoting [WCO07], “Aeroelasticity is the subject that
describes the interaction of aerodynamic, inertia and elastic forces for a flexible structure and the
phenomena that can result”. Aircraft structures in particular are subjected to massively deflect
under aerodynamic and inertia loads. Modern lightweight structures and increasing flight speeds
amplify the aeroelastic behavior. Aeroelastic problems can mainly be divided into two classes
[CDO04, Foe74, WCO07]:

1. static aeroelasticity
2. dynamic aeroelasticity

Inertia forces can be neglected for the first class and typical problems are: torsional divergence,
control reversal, static stability. Typical problems for the second class are: flutter, dynamic flight
stability, buffeting. Thereby, flutter is a critical aeroelastic problem, which can lead to the damage
of the structure. A typical flutter phenomenon is the panel flutter problem, Figure 1.1(a), which
shows - depending on the flow conditions - a limited flutter amplitude. Such limit cycle oscillation
(LCO) is caused by a non-linear structural deflection. Furthermore, simplified linear aerodynamic
models, in particular strip theory or panel method aerodynamics, are unable to predict shocks in the
flow field. Thus, the prediction of the stability in the transonic flow regime becomes inaccurate as
shown in Figure 1.1(b), where the flutter speed versus the Mach number for a typical panel flutter
problem is plotted. The flutter speed is defined as the lowest flow speed at which flutter occurs.
In the transonic flow regime, a significant reduction of this characteristic aeroelastic value can
be observed from Figure 1.1(b). Such transonic dip cannot be predicted with linear aerodynamic
models and modern fluid dynamics modeling techniques need thus to be used, which solve the
Euler or Navier-Stokes equation of fluid motion. Moreover, depending on the flow conditions
other long term system responses of the panel might be static deflection, i.e. divergence or an
undeflected panel. Thus, the panel flutter problem can serve as a significant model problem for
aeroelastic applications to study several numerical schemes, which are going to be discussed in
this thesis.
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Figure 1.1: Description of the panel flutter problem and the typical flutter behavior in a transonic
flow regime

Although several non-linear structural approaches for the panel flutter problem can be found
in literature, [Dow70, ACM99], only some attention has been paid to the non-linear fluid part of
the panel flutter problem, [DB93]. To consider shock waves in the transonic flow regime, often
the Euler equations of fluid motion are solved, [GMO00, Mas02]. In [Dow73], a simplified shear
layer fluid model is used to incorporate the effect of viscosity. A full Navier-Stokes fluid solver
was used in [GVO02] for the panel flutter problem, but the flow was assumed to be laminar at a
Reynolds number of 10° based on the panel length. Some results for the panel flutter problem
with a turbulent Navier-Stokes fluid solver can be found in [GV02, HurO1, HANO09, BS08]. That a
turbulent boundary layer affects the flutter behavior depending significantly on a supersonic Mach
number of the overflowing fluid could be shown in [HANO9].

1.2 Methodology

In the previous section, it could be shown, that aeroelasticity describes a subset of fluid-structure
interaction problems and this multidisciplinarity is an important aspect for aeronautical engineer-
ing. In this thesis, computational aeroelasticity (CA) is understood as the numerical treatment
of aeroelastic problems with accurate simulation methods [Far04, Ben04]. Several approaches
exist here. In the so-called monolithic coupling approach, one computational algorithm is devel-
oped for both - the fluid and the structural subsystem - and the governing equations are treated
simultaneously, [Blo98]. Such a method often requires a new code development and is frequently
applied only for academic problems, [Hei04]. Since the coupled physical system is treated with
one numerical scheme, the monolithic approach might show better and more robust computational
behavior, [BC10]. However, the most common method to numerically treat an aeroelastic problem
is the so-called partitioned approach, which is discussed in the next subsection.
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1.2.1 Partitioned coupling approach

Applying the partitioned coupling approach each participating subdomain is computationally sol-
ved by its own solver [FLM95, Pip97, FL00, MS03, GBD*03, vZB05, DP06, VLDV07, SMU* 10,
DSVP*10]. Thus, a framework is necessary, into which the fluid and structural solver are inte-
grated. Numerical data have to be transferred from one to the other simulation code to ensure
the computational coupling. Moreover and due to the use of separate solvers, the aerodynamic
forces and the structural deformations need to be intrinsically in an equilibrium, which requires an
iteration procedure.

Frequently, for the second demand of the equilibrium iteration, a straightforward Richardson
iteration is applied, where the coupled problem is treated as a Dirichlet-Neumann-decomposition,
i.e. the structural deformations are set as boundary conditions on the fluid and the aerodynamic
forces are imposed on the structural side. However, this simple Richardson iteration procedure
might show an unstable behavior or slow convergence rate for strong coupled problems, where a
high density fluid acts on a high flexible structure, [CGNOS5, FWRO07]. Thus, high-order iteration
schemes, like Netwon-Raphson, Newton-GMRES, etc. are applied for these kinds of applications,
which is an active research field, [vZB05, VLDVO07]. The most typical aeroelastic problems are
weakly coupled, i.e. a relative stiff structure interacts with an airflow. For those weakly coupled
applications, a simple staggered iteration procedure, where the force and deformation data trans-
mission is accomplished only once in a time step, is generally sufficient [FLOO]. The accuracy of
this simple staggered scheme can be improved by the usage of structural predictors, where the
structural deformation of the next time level is estimated based on the structural solution at the
actual time level [Pip97, FvdZGO06].

While the equilibrium iteration is extensively studied in literature, the topic of data transmis-
sion over computational meshes is often treated without significant attention. A comprehensive
overview of this essential coupling aspect can be found in [JH04, JJGLO5, dBvdSB07, Kim10].
The problem of the numerical data transfer arises due to the usage of different computational grids
for the fluid flow and the structural simulations. Thus, the interface is represented by different
surface grids which are generally non-matched, i.e. the nodes and elements are non-coincident.
Several methods exist and an appropriate transfer scheme should not only satisfy accuracy but
also load and energy conservation, i.e. neither artificial load nor energy should be generated when
transmitting data from one to the other interface grid, [dBvZB0S8, dBO8]. Furthermore, the ac-
curacy of the structural displacements transfer is frequently disregarded. In [dBOS], an example
of an unsatisfied deformation transfer and its effect on the accuracy of the solution are given by
a problem of a flexible flap coupled with an incompressible fluid. For multiphysical problems
involving a compressible fluid, an inaccurate displacement transmission can lead to unintentional
artificial shocks close to the interface when the fluid interface grid is much better resolved than the
structural counterpart [UHHO7b].

The most common transfer method is the nearest neighbour interpolation, [TBUOO], where the
datum of a node from mesh one is simply set to the nearest node of mesh two. Obviously, such a
procedure is neither load nor energy conservative. A further class of transfer schemes are projec-
tion methods like the conservative node interpolation, [FLLI8] or quadrature point interpolation,
[CL97]. A variation of the quadrature point interpolation was proposed within the field of con-
tact mechanics by Puso in [Pus04], which uses dual-Lagrange multipliers to obtain more efficient
transfer schemes. Furthermore, geometric splines are frequently used for the data transmission
across non-matching interface meshes, [SCHOO].
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1.2.2 Finite-element methodology for the fluid flow

Another difficulty of using a partitioned coupling approach arises due to the application of incon-
sistent numerical schemes to simulate aeroelastic phenomena. For example, often a finite volume
scheme for the computation of the fluid flow, [Bla06, FPO1], is utilized in conjunction with a finite
element methodology (FEM) for the structural part, [Hug00, ZTZ05, Bat96]. Due to this fact, dif-
ficulties might be encountered to design a mathematically correct transfer scheme. Therefore and
for reasons of numerical consistency, a numerical coupling scheme is employed, where the fluid
subdomain is also discretized with finite elements. In the context of the discontinuous Galerkin
method such finite element approximation becomes a key method for solving the governing fluid
equations in the near future, [BO99, ZTSP03, Coc03, BCRS05, Har06, LBL0O8, HHLP10].

The finite element method for fluid flow problems has been established in the last twenty years,
while first attempts were made by Zienkiewicz, [ZC65], Oden, [Ode72], or Chung, [CC76] with
a continuous Galerkin method. To use the standard Petrov-Galerkin form (weight functions are
equal to interpolation functions), stability terms need to be added to suppress instabilities caused
by the convective terms of the fluid equations. Such stability terms are introduced naturally by the
characteristic based split (CBS) scheme proposed by Zienkiewicz and Codina [ZC95, ZMS*95],
which uses a local Taylor expansion to design a computational effective scheme. A comprehensive
overview of this scheme is provided by Nithiarasu in [NCZ06] and nowadays the CBS scheme is
widely used to solve the compressible and incompressible fluid flows. In [Nit03, NMWMO04] in-
compressible flows are treated via an artificial compressibility method. Turbulent incompressible
flow with the aid of the CBS scheme is investigated in [NHM*08]. Inviscid compressible flows
treated with the CBS scheme is analyzed for a wide range of Mach numbers in [TNOS5].

In the context of FSI problems, the concept of artificial compressibility is advantageous, due
to the observation of the so-called added mass effect when simulating an elastic structure coupled
to a pure incompressible fluid flow, [CGNO5, FWRO07]. With an incompressible fluid, Poisson’s
equation is solved for the pressure unknown and thus a disturbance caused by the elasticity of
the structure can propagate with infinite velocity, i.e. the speed of sound is infinity. This infinite
velocity is responsible for the added mass effect, which cause numerical difficulties. Recently, it
could be proven, that this fact is responsible for the requirement of an equilibrium iteration with
slow convergence rates, [vB09]. In the same paper, it was revealed, that with a finite speed of
sound a simple staggered iteration procedure is possible and the added mass effect can be reduced
by a smaller time step. With the artificial compressibility, the infinite value for the speed of sound
is replaced by a finite numerical value and thus the CBS scheme can be used for incompressible
fluid without any restrictions. This is motivated by the findings in [FRWB10], where a stable and
robust simple staggered scheme could be designed as long as the fluid is basically modeled as a
compressible fluid.

The discontinuous Galerkin method has been developed mainly for problems in fluid mechan-
ics and combines features of the finite element and the finite volume schemes. Indeed, the finite
element method is frequently criticized to violate local conservation of the primary fluid quan-
tities, [HSBBO06]. The discontinuous Galerkin method can ensure such local conservation by a
proper treatment of the element edge flux. A good overview of this methodology can be found in
[Coc03, Li06, BCRSO05] and the references therein. One noteworthy advantage of the discontin-
uous Galerkin method is the possibility of easy parallelization of the algorithm since this method
allows an element-by-element solution procedure. However, each node belongs to several ele-
ments and therefore multiple solutions for each node need to be stored, which results in a large
memory requirement. Further, additional edge fluxes for each element have to be computed, which
makes the discontinuous methodology usually more computationally expensive than its continu-
ous Galerkin counterpart. On the other hand, solving a large system of linear algebraic equations
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necessary for the continuous Galerkin CBS scheme is needless for the explicit discontinuous ver-
sion, proposed in this thesis. In [TNBO8], the discontinuous Galerkin method to the CBS scheme
for laminar incompressible fluids was applied and the accuracy for typical testcases shown.

Finally, a consistent usage of finite elements as the spatial discretization method is motivated
by the geometric flexibility of this method and the inherent possibility to impose physical boundary
conditions, [GSE98, Loe08]. A further advantage of the FEM is the straightforward development
of higher order spatial discretizations. In this context and from the mathematical point of view, a
rigorous convergence theory is available, e.g. [Hug00, ZTZ05, Bat96]. Furthermore, in [GSE9S,
Chu02] the finite element method is seen as a generalized finite volume method, which underlines
the general character of the FEM.

1.3 Research aim

Two different points of view are considered for the research aim in this thesis.

From the numerical standpoint, consistency is an important requirement for a system’s con-
vergence, especially when a system should be analyzed as accurately as possible with modern
computational tools. Consistency of a numerical scheme is usually defined as the property, that
the discretized equations converge to the underlying differential equations if the time step as well
as the element size approach zero [Bla06]. Therefore, a unified coupling approach is developed
in this thesis, which is in its discrete form spatially as well as temporally consistent. The question
arises whether such unified coupling approach can be designed in a partitioned way so that exist-
ing and well-established algorithms can furthermore be used. Thus, a continuous energy based,
variational principle for coupled problems is employed, which serves as the fundament for the
consistent spatial discretization with finite elements. The choice of the FEM is motivated by a
long history of this scheme in structural mechanics and by recent numerous research activities of
Galerkin methods in fluid dynamics. The partitioning of the system leads to the consideration of
several coupling aspects, e.g. data transfer, fluid grid deformation, equilibrium iteration and time
integration.

With the requirement of keeping the consistency of the discrete system and with the variational
principles as the fundament, some new ideas regarding these coupling aspects are considered and
existing schemes are revisited and improved. Especially with the three-field approach, an attractive
smooth transfer of the interface values can be employed to overcome unphysical numerical effects
in the fluid flow solution. Further, the development of the CBS scheme for moving and deforming
fluid domains is a topic to be answered in this thesis. To obtain a temporal consistency of the
simulation, a classical fluid time integration scheme is adapted to the structural subdomain of
an aeroelastic system. Finally, the question arises whether with higher order finite elements, an
improvement of a simulation’s accuracy can be reached. In this context, a discontinuous Galerkin
form of the CBS scheme is required to implement, which yields a matrix-free scheme for the fluid
part of the coupled simulation.

From the aeroelastic point of view, the transonic panel flutter problem is still an interesting
and important model problem, which is characterized by structural as well as aerodynamic non-
linearities. As already mentioned, many of the simulations found in literature have been conducted
with an inviscid fluid flow model. The effect of a boundary layer is the topic to be answered in this
thesis and therefore, the panel flutter problem is investigated with a modern CFD algorithm, which
solves the fluid equations in the framework of the Reynolds-averaged Navier-Stokes model. The
proposed numerical methods (three-field approach, consistent time integration) are used to ensure
accurate simulations and a turbulence model needs further to be applied for compressible flows
in the context of the CBS scheme. Some insights into the importance of a viscous fluid boundary
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layer on the stability boundary should be provided and thus the panel’s LCO is also intensively
investigated with an inviscid flow.

1.4 Thesis outline

To draw the introduction to a close, this thesis is divided into two parts: in a first, the continuous
coupling approach and its discretization with finite elements are presented. Within the second
part numerical examples and verification are shown. More precisely, a unified coupling approach
based on a classical variational principle of stationary action is introduced in chapter 2. This
principle is known as Hamilton’s principle and it is used to consistently express the structural and
fluid subsystem by a variational principle. The fluid subsystem itself is described by Hamiltonian
fluid dynamics in an Arbitrary-Lagrangian-Eulerian frame of reference. The interaction of both
subsystems is then further expressed via a weak formulation of the interface displacement equality.

The spatial and temporal discretization of the fluid and structural subsystem as well as the
interface displacement transfer are discussed in chapters 3 and 4. Thereby, the discretization of
the fluid subsystem is dedicated to an extra chapter (chapter 3), where the characteristic based split
scheme is used to numerically treat the Navier-Stokes equation for the ALE frame of reference. A
discontinuous version of this scheme is furthermore proposed in this chapter. The discretization
of the whole coupled aeroelastic system is discussed in chapter 4, where an operational view of
the system is introduced. This operational view is used to express the equilibrium iteration and the
time integration of the coupled system. Further, data transfer methods over non-matching interface
grids as well as a constistent time integration for the structural subsystem are proposed.

Within the second part of this thesis, the fluid solver is verified for several flow problems rang-
ing from inviscid, viscous and turbulent as well as compressible and incompressible fluid flows,
chapter 5. The whole coupling environment is verified and assessed in terms of the fluid grid
deformation algorithm, the data interface approach in chapter 6 and the equilibrium iteration pro-
cedure. A smooth data transfer is proposed here, which use the three-field approach in conjunction
with a higher order spatial discretization of the interface frame.

Finally, the methods proposed in this thesis are examined for the panel flutter problem, which
shows a limit cycle oscillation at various flow conditions in chapter 7. Moreover, the panel flutter
behavior is investigated in a transonic flow regime and additionally for turbulent flows.

In chapter 8, this thesis is summarized with a conclusion and an indication of future work is
discussed. In the appendix A, some further informations are provided, where some mathematical
notations are explained and the turbulence modeling with the aid of the CBS scheme are discussed
in detail.
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2 A Unified Coupling Approach

In this thesis, coupled problems involving interaction of a fluid with a structure are derived from a
variational formulation of the physical system. Variation principles have been an important basis in
mechanics because many mechanical problems require finding an extremum (minima or maxima)
by nature and thus can be natively formulated in terms of a variational statement. Other physical
problems can only be expressed by partial differential equations, but can also be transformed to a
variational principle equivalent to the original corressponding partial differential equations. These
variational principles, naturally defined or derived from differential equations, are the basis for
obtaining approximate solutions like finite element models. Such approximations of variational
statements and their application to a broad range of physical problems were mainly investigated at
the beginning of the twentieth century by Ritz [Rit08], Rayleigh [Ray77] and Galerkin [Gall5] to
name a few. In the middle of the twentieth century new ideas in the field of variational principles
were developed by Hellinger [Hell4] and Reissner [Rei50] for structural mechanics to describe
continuum systems with mixed formulations and their approximation. With the appearance of
modern computer systems, also variational principles for fluid systems have been developed, e.g.
Seliger [SW68], Additionally, the spatial approximation with finite elements has been derived.

A more general approach to treat the dynamics of a system is Hamilton’s principle, which
uses the kinetic and potential energy as the basis for the variation [Ham34]. Hamilton’s principle
has been well established in the field of elastodynamics and dynamics of particles. In structural
mechanics, Hamilton’s principle reduces to the principle of virtual displacement for systems that
are in static equilibrium. Due to the generalization of Hamilton’s principle, in this thesis, physi-
cal phenomena involving fluid-structure interaction are formulated based on an expression of the
scalar energy functional of the coupled system utilizing this principle. For an introduction to vari-
ational principle applied to interaction problems the reader is refered to [ACD09] and the various
references therein.

2.1 System of reference

Before deriving the governing equations for the structure and fluid, a few comments on the system
of reference should be made. Two systems of reference are usually used in continuum mechanics,
distinguished in the way the kinematics are observed. Structural systems and their displacements
are most frequently described in the so-called Lagrangian frame of reference, in which each ma-
terial point is observed as it moves through the space. The coordinate system for the Lagrangian
frame of reference is denoted as X and is associated with the material points. On the other hand,
single fluid systems are commonly described in the Eulerian frame of reference, where the mo-
tion is observed from a fixed reference in space, while the fluid flow is passing. The coordinate
system for the Eulerian frame of reference is denoted as x. The Eulerian and Lagrangian frame of
reference, Figure 2.1, are related by the time derivatives, see [DHO03] for a derivation:
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Lagrangian Eulerian

df(x.1)
ot x

+[o(xe, D]V f(x, 1)

df _ 8f(X.0)

dt ot

df _ dfn
dr — 0t

X
+o(x, 1) —w(x, D] Vf(x, 1)

Figure 2.1: Frame of references used in continuousc mechanics and their substantial derivative

f= af = ofX, 1) (Lagrangian)
dt ot |x Q.11
_0f(x,0) o

= | [, D'V f(x,) (Eulerian),

where d/dt is called either the advective, convective, substantial, Lagrangian or material derivative
and is the time rate of change following a moving material particle The vector v(x,?) = X =
0x(X,1)/0t |y is the velocity of the material point given in the Eulerian frame of reference and f
is some physical property. Furthermore, in Cartesian coordinates, the vector operator V = 9/0x =
[%, %, %]T is the nabla operator in the Eulerian frame of reference.

In the context of fluid-structure interaction, the domain, where the fluid flow passes through,
needs to be time-dependent. Therefore, a third frame of reference is introduced as the arbi-
trary Lagrangian-Eulerian (ALE) frame of reference, denoted by y, Figure 2.1. The ALE frame
of reference was first introduced in the context of fluid flow for finite difference methods in
[Noh64, HAC74] and later for finite element schemes in [HLZ81, HL88]. For the ALE frame
of reference, the motion is neither observed in Lagrangian nor in the Eulerian frame of reference,
but is a mixture between the two of them, where the ALE frame of reference follows the structural
motion at the boundaries while deforming arbitrarily within it. For the ALE frame of reference
the substantial derivative can be written in a mixed form as, see [DHO3] or [Li06] for details:

. d 0f(x,t
j= Y2 DN e, e ) f )
dt oty (2.1.2)
of(x,t o
= YD) s ) V).
oty
where the w is the velocity of the ALE frame of reference in the Eulerian frame of reference:
0 t
w= 2D 2.1.3)
oty

10



2.2 Hamilton’s principle for continuum systems

and s = v — w is known as the convective velocity and is the difference between the material ve-
locity and the ALE frame velocity. Eq. (2.1.2) is often denoted as the fundamental ALE function,
[DHO3]. If y = X, clearly the velocity v and w are the same and Eq. (2.1.2) reduces to the equation
of the substantial derivative for the Lagrangian frame of reference. If on the other hand y = x,
then w = 0 and the equation of the substantial derivative for the Eulerian frame of reference is
obtained.

2.2 Hamilton’s principle for continuum systems

Hamilton’s principle states that a physical system undergoes that particular trajectory between
and #,, whose action has a stationary value (optimal path in time), see [Red02]. The system’s
action, which has the physical meaning of "energy x time’ can be described by a functional subject
to be minimized:

15} [5)

I(t,r(f) = f L(t,r(0), 1)) dt = f f Lo(t,r(f),i(t))dQdt — minimize.  (2.2.1)
o Q

3l

The quantity L is usually denoted as the Lagrangian of the system with the generalized coordinates
r and can be expressed as:
L=FEx-MI=Exg-U-P, (2.2.2)

where E is the total kinetic and IT is the total potential energy to which the strain energy U and
the potential energy P contribute. With Eq. (2.2.2) it follows that the quantity Lo is the Lagrangian
density. Minimizing the functional / is equivalent to the first variation of this functional to be
equal zero:

15} 5]

ol :6fL(t,r(t),i-(t))dt:6f(EK—H)dt=6f(EK—U—P)dt:O, (2.2.3)

f

where ¢ is the variational operator. This states, that the difference between the kinetic and potential
energies will be stationary, which is equivalent to the solution of the Euler-Lagrange equations:

—————==0. (2.24)

Before applying Hamilton’s principle to a coupled system like FSI problems, the variational
formulation for each single field needs to be investigated.
2.3 Hamiltonian structural dynamics

Using Hamilton’s formalism, the standard displacement-based action functional for a non-linear
single structural mechanical system may be written as follows, [Red02, ZTO05]:

5]

1
I(uy) = f [ f EpsilsTitsdQS— f Uo(Duy) dQ

"o * (2.3.1)
+ f ulb,dQ + f usT?SdF/SV}dt,

Q ry

11
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where ug = [u, us, ug]f is the displacement field vector, @t = du/dt is the material time deriva-
tive of the displacement field vector, p, is the density and Uy(Duy) is the strain-energy den-
sity function to model non-linear elastic material behavior from which the stress vector oy =
(011,022,033, 012,023, 031] 1 is calculated as:

oUy

S = 9 232
7 0Du ( )

in which 9 is the three-dimensional strain-displacement operator given by:

9 0 o0 L o0 4L

- ox1 p 652 p 0x3
D= 0 75 (,3) Fr @ g (2.3.3)
0 0 55 0 & an

to calculate the strain vector & = [&11, €22, €33, €12, €23, €31 ]ST by:
& =Du,. 2.3.4)

It should be noted here, that the stress and the strain are already assumed to be symmetric through-
out this thesis, i.e. o;; = 0j; and &;; = gj;. For linear elasticity, the strain-energy density function
is:

1
Uy = Es{Ess —eTEs° (2.3.5)
and the constitutive equation provided by Eq. (2.3.2) then becomes:
aUO (9U0 0
= = =E(g, —¢g), 23.6
75 0Du, e, BT (236

where E is the 6x6 material stress-strain matrix and &? are strains caused by non-displacement
sources, e.g. temperature strain.

With reference to Eq. (2.2.2) the first term in Eq. (2.3.1) represents the kinetic energy, whereas
the second term stands for the potential energy of the inner forces, which is equivalent to the strain
energy. The last two terms account for potential energy of external forces, where by = [by, bs, 133]ST
are the body forces and £, = [f1, 1, 73] are the traction or surface forces.

Now, taking the first variation of Eq. (2.3.1) with respect to u gives:

5]

U,
sl = | |- oulii,dQg — | s(Duy)’ dQ,
f[ [ paulivcao, - [ souy 0

o s (2.3.7)

+f6usTl;SdQs+f&usT?Sdl"lsv}dt:O,
Q ry

where ii is the second material time derivative of the displacement field. Integration by parts and
using Eq. (2.3.2) and (2.3.4) leads to:

5]
Sl = f f oul (—psiis + D o + by) dQy + f sul (i, -"oy) dry

Qg vy

dt=0, (238)

where Y7 contains the entries of the boundary normal vector:

ni 0 0 ny» 0 n3
YI={ 0 mn 0 ny n3s 0 |. (2.3.9)
0 0 njs 0 ny nj

12



2.4 Hamiltonian fluid dynamics

Cleary, the Euler-Lagrange equation corresponding to the double integral Eq. (2.3.1) is:
Dl oy + by = piii (2.3.10)

which is the well-known equation of (linear) momentum conservation for a structural systems.
Further, as seen from the second term of Eq. (2.3.8), the natural boundary condition - or Neumann
boundary condition - for the traction are obtained by the variation of the functional:

ty="To,=1, on TV, (2.3.11)

where I'V is called Neumann boundary subset.
Boundary conditions for displacement - the Dirichlet boundary conditions - on the Dirichlet
boundary subset I'?:
ug =iy on TP, (2.3.12)

where T2 NTY = g and T? UTY = T, holds, as well as initial conditions for transient problems:
uy (X1 =0)=a%X,) and @y X, 1=0)=a%X,) (2.3.13)

are required to be applied.

It should be noted here, that the variation of Eq. (2.3.8) is the simplest form and only requires
the displacement field to be considered. More general variational principles, including also the
constitutive equation Eq. (2.3.2) and all boundary condition, is the Hu-Washizu variational princi-
ple [Was75], which is often used for mixed formulation in structural elasticity.

2.4 Hamiltonian fluid dynamics

Hamilton’s principle can also be applied to problems in fluid mechanics. As Hamilton’s formula-
tion is based on an energy expression, two problems arise when formulating a proper Lagrangian
density Lg. First, viscous fluids are dissipative in terms of energy due to friction or heat conduc-
tion and second, the equations of choice in fluid dynamics are usually given in a Eulerian frame
of reference, where the flow quantities are expressed as a function of fixed position and time since
the fluid motion is observed from a fixed reference in space. As it was pointed out in [Mue98],
the fluid equations of motion in a Eulerian frame of reference are non-canonical, while the equa-
tions of motion in a Lagrangian frame of reference are canonical and can therefore be derived
from a Lagrangian density Ly by using Hamilton’s principle. Or as expressed in [Sal88], in the
Lagrangian frame of reference the equations of motion are coupled in the sense that the location
together with velocities of particles are governed by them. This is in contrast to the equations
in a Eulerian frame of reference, which are closed, meaning that the velocity, density and a fifth
thermodynamic variable, e.g. entropy or energy, can be solved without finding the trajectory of
the fluid particle.

In the following, the three equations describing fluid motion in the Eulerian frame of refer-
ence are derived with the aid of Hamiltonian fluid dynamics before the governing equations are
obtained in the ALE frame of reference. These are the equation of mass, momentum and energy
conservation. Without going unneccessarily into detail, good introductions on this topic can be
found in [Lee77, Sal88, Sal98, Mue98, Lyn02, Swa00, Mor06, Pal06].

2.4.1 Mass conservation

As it was pointed out in [Sal88, Lyn02, Mor(06], the equation of mass conservation is implicit
given by switching from the Lagrangian to the Eulerian frame of reference. In these references

13
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an infinitesimal fixed volume dQyx with a constant density is assumed, where the Lagrangian
coordinates are assigned in a way that:

dm = dX,dX>dX; = dQx 2.4.1)

holds. On the other hand, for the Eulerian frame of reference this infinitesimal mass can be ex-
pressed as:
dm = prdx dxadx; = pdQy, 2.4.2)

where the coordinates in the Eulerian frame of reference, xy = [x, x2, x3]JTC, are a function of the
Lagrangian coordinates and the time:

xp=xp(Xp0). (2.4.3)

Therefore, both expressions for the mass are related by the well-known Jacobian, which gives:

_ det| 2% (2.4.4)
pr =de 6Xf . A

A direct application of the substantial derivative, d/dt, to this equation and using dx¢/dt = Xy = vy
lead to (see [Sal98]):

d
% + oV 0, =0 (2.4.5)

and with the use of Eq. (2.1.1) and the product rule:
Vife)=g"Vf+fV'g. (2:4.6)

this can be rewritten to obtain the equation of mass conservation in conservative form and in the
Eulerian frame of reference as:

0
% + V7 (ppp) =0, 2.4.7)
where: of of
| = ZL 2.4.8
otly Ot ( )

is used as an abbreviation. Nevertheless, the mass conservation equation for the fluid flow can also
be derived from the condition, that the Lagrangian density is constant over the time, [Pal06]:

dL() . 6pf T
T 0 = ot + V (pyrvy) (2.4.9)

2.4.2 Hamilton’s canonical equations

To derive now the equations of momentum and energy conservation, it is first convenient to use
Hamilton’s canonical equations, which introduce a new variable p = dL/0i- and define a new
function by a Legendre transformation. The Hamiltonian of the system is then be written as:

H=H(r pt) = prfdQ - L= prxfdQ -L= prvfdQ -L, (2.4.10)
Q Q Q
which forms the second order differential equations of Eq. (2.2.4) to a first order differential equa-

tions.

14



2.4 Hamiltonian fluid dynamics

With a Lagrangian density Ly = pyrlp, the action functional for a fluid can be expressed as:

15 15}
If:ff(pva—Ho)dedtzffpf(pgvf—ho)dgfdt, (2.4.11)

o Qp o Qp
where [y is the specific Lagrangian, Hy and hg are the Hamiltonian density and the specific Hamil-
tonian, respectively, and the variable py is defined as py = 0ly/0F = 0ly/0vy. The equation of
momentum conservation is now obtained by taking the first variation of this action functional
while the equation of energy conservation is derived from the assumption, that the Hamiltonian
density will not change with time, thus dH,/dt = 0. A distinction for the different fluid model is
required, which is discussed further in the following subsections.

2.4.3 Inviscid fluid

For an inviscid fluid, the Lagrangian density Ly and the specific Lagrangian /[y can be expressed
as:

1
Lo = Lo(x1,05,p1:1) = 5p005 = prer(py) = pry(xy) (24.12)

1
= o =loGpvppr.1) = S070r = €rlpp) = ¢, (2.4.13)

where %p fva ¢ is the kinetic energy density, pref(py) is the potential energy density with e(ps)
being the specific internal energy of the fluid and (ﬂ(x ) 18 a given gravitational potential, which
depends on the position in such a way that: ‘

i

by=-V¢)=-—1

(2.4.14)

where b r is the external body force per unit mass caused for example by gravitation. The Hamil-
tonian density Hy as well as the specific Hamiltonian /g can therefore be obtained as:

1
Ho = Ho(xy,05,p5,1) = EpvaTfo +prer(pp) + prdy(xs) (2.4.15)

1
= hy= ho(x‘f, Vi, Of 1 = EU;l)f + éf(pf) + ¢?(xf) s (2.4.16)

where it is easy to verify, that py = vy holds. The action functional for an inviscid fluid can then
be written as:
5]

Ip(xf 05, 00,1) = f [ f pr@oy —ho)dQy + f Xty dry] dt, (2.4.17)

o Qf N
1 i l"f

where analogue to Eq. (2.3.1) the surface traction integral is added.

2.4.3.1 Momentum conservation

According to [Pal06], the first variation of the action functional, Eq. (2.4.17), results in:

15
d Sho Bho
—-(prp0) = prpo Vv — py v (p2 )} dQyy

2
5l = oxT — - —
! f{f xf (9xf fapf
Q

Ry (2.4.18)

A oh
T 2 0 N —
+ fé'xf [tf - (pf—apf)n] drf}dl‘ =0,

N
Ff
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where n is the outward normal vector. This equation is only valid, if the volume and the surface
integral vanishes. With the pressure definition for a perfect fluid:

Jer ., Jer
a1jpp) " apy

and with the given specific Hamiltonian of Eq. (2.4.16), the equation of momentum conservation
in the Eulerian frame of reference for an inviscid fluid is obtained from the integrand of the volume
integral as:

pr= (2.4.19)

0(prvr) A
éfz L 9 (o0 = ~Vpy +prby, (2.4.20)

where the definition of the Eq. (2.4.14), the product rule Eq. (2.4.6) and the definition of the
Eq. (2.1.1) are used. The Neumann boundary conditions are obtained directly from the surface
integral as:

" ohg n
ty— (p;@)n =0 = tr=prn on Fy. 2.4.21)

Further, the initial condition for the velocity field needs to be prescribed:
vf(xp,1=0) = )(xy) (2.4.22)
as well as the boundary conditions for inviscid fluid flow on the Dirichlet boundary subset l"? :
vp=d; on I?, (2.4.23)
including the slip boundary condition on walls:
v;n = ﬁ;n on 1"? , (2.4.24)

D N _ D N _
whereFf ﬁFf —Q)andrf UFf =I's holds.

2.4.3.2 Energy conservation

The equation of energy conservation is, like the equation of mass conservation, automatically
fulfilled by the action functional. According to [Pal06], the energy equation is obtained from the
specific Hamiltonian by generating its total derivative with respect to the time, dhg/dt, which leads

to:
W + Hy \% vy + \% (pf@vf =0. (2425)

With the Hamiltonian density and specific Hamiltonian of the inviscid fluid provided by Eq. (2.4.15)
and Eq. (2.4.16), the equation of energy conservation can be obtained as:

0 (1

ot (E'Ofv;"f - pfff) +Vv! +Vi(prop) =0, (2.4.26)

1
(Epvachf +pr€r +pf¢?) Uy

where the definition of the fluid pressure, Eq. (2.4.19), and of the substantial derivative, Eq. (2.1.1),
as well as the product rule, Eq. (2.4.6), are utilized. Introducing the specific total energy:

ef = € + 50107, (2.4.27)
the equation of energy conservation for an inviscid fluid in a Eulerian frame of reference can be

rewritten as:
dprey)

ks Vi (presur) = =V (pyop) +psbloy. (2.4.28)

16



2.4 Hamiltonian fluid dynamics

2.4.3.3 Closure of the conservation equations

To summarize, the only fluid governing equation obtained directly by a variational principle is the
equation of momentum conservation, Eq. (2.4.20), together with the Neumann boundary condi-
tions. The equation of mass and energy conservation, Eq. (2.4.7) and Eq. (2.4.28), are derived
from conditions, which are valid for the general form of the action functional. These conditions
can be seen as constraints for the equation of momentum conservation, which has to be considered
when solving it. In order to close the set of equations, the equation of state for a perfect fluid:

Pr=psRTy (2.4.29)

and the thermodynamic relation:
er =c,Ty (2.4.30)

are additionally needed as well as proper boundary conditions for the density and temperature:
pr=ps on F’; and T;=T; on T%L, (2.4.31)

where R and ¢, are the specific gas constant and the specific heat at constant volume, respectively.
Further, initial conditions for equation of mass and energy conservation need to be applied:

prxp,t=0)=pxp) and es(xp,i=0)=2&)(xy). (2.4.32)

2.4.4 Viscous fluid

To describe the viscous fluid by Hamiltonian fluid dynamics, the dissipative processes need to
be taken into account. Two sources of dissipative processes arise in viscous fluids. The first is
viscosity due to internal friction of fluid particles and the second is the thermal conductivity due
to temperature gradients within the fluid.

The equations of momentum and energy conservation for a viscous fluid are obtained in the
same way from a Hamiltonian density and the corresponding action integral as for the inviscid
fluid. The difference to the inviscid fluid consists in the specific internal energy e, which for
the viscous fluid flow depends on the deviatoric strain rate &5 = [&]1, €22, £33, 2812, 2633, 28'31]3;
according to Eq. (2.3.4) given by:

&r =Dy, (2.4.33)

where D is given in Eq. (2.3.3). Further and related to Eq. (2.3.2), the Cauchy stress in a viscous
fluid is obtained by:

Jer(&f)
= , 2.4.34
Tr=" & ( )
which can then be decomposed into a hydrostatic and a viscous part:
of= —(pf + Cf)m +7Tr, (2.4.35)

where Cy = Cy(Ty) is a temperature depended function, 7 = [7111, 722, 733, T12, 723, T31]JT, is the

viscous stress vector and m’ =[1,1,1,0,0,0] gives the functionality of the Kronecker delta to the
stress vector. For a linear, isotropic (Newtonian) fluid, the entries of the viscous stress vector can

be written as:
avi ov j 2 al}k

1
ii =2 i — =0ij€ik | = — =0ii—|, 2.4.36
il 'uf(gj 3 ]Skk) He [(8xj " (')xi) 3 ]axk] ( )
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2 A Unified Coupling Approach

where p7 is the dynamic viscosity of the fluid and ¢;; is the Kronecker delta (6;; = 1 if i = j and
0;; = 0 otherwise). In vector notation this can be rewritten as:

2 2
Tf=Ur (IO - §mmT) 8f =My (I() - gmmT) va ’ (2437)
with I being a diagonal matrix:
(2 0 0 0 0 O]
020000
0020060
Iy = 00010 0 (2.4.38)
00O0O0OT1T®O
|0 0 00O O 1]

Now, the Hamiltonian density Hy and the specific Hamiltonian /o can be expressed similarly
to Eq. (2.4.15) and Eq. (2.4.16) as:

: 1 )
Hy = H()(xf', vy, Ef, fH = —pfvj{vf + prf(Sf) + pfqﬁfc(xf) (2.4.39)
1
= hy= ho(Xf,vf,Sf,l) —vaf +6f(8f)+¢f(xj¢) (2.4.40)

The action functional is similar to functional for the inviscid fluid given in Eq. (2.4.17), but has a
different dependency:

15)

If(xf,vf,éf,z):f[fpf(vﬁvf—ho)d9f+fxﬁifdry]dr. (2.4.41)

noQ N
LS ry

2.4.4.1 Momentum conservation

Related to Eq. (2.4.18), the first variation of the action functional can be derived as, see [Pal06]:

n

h oh

oIy = f{féxf [—_(pro) prpoV s —pro— - +DT(6 0)] dSdy
xf &r

ooy

. ho
T T N
+f6xf [tf ' (asf)] dry }dt_O

N
1ﬂf

(2.4.42)

where again py = vy holds and (" is given in Eq. (2.3.9).

This variation is only valid, if both integrals vanish and with the given Hamiltonian density
the following equation of momentum conservation in the Eulerian frame of reference is obtained
from the integrand of the first space-time integral:

a(p fv f)
ot

where the product rule Eq. (2.4.6) and the definition of the Eq. (2.1.1) as well as the constitu-
tive relation Eq. (2.4.34) and the decomposition of the stress in Eq. (2.4.35) are used. From the
integrand of the surface integral the Neumann boundary conditions are obtained as:

+ IV (ppo1" = =Vps + D'rp + pyby, (2.4.43)

oh "

T 0 _ T N

-7 (88 ) 0o = ty = Y of on Ff. (2.4.44)
f
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2.4 Hamiltonian fluid dynamics

The initial conditions:
vf(xys,1 = 0) = 8)(xy) (2.4.45)

as well as the velocity boundary conditions for viscous fluid flow:
vp=b; on I?, (2.4.46)

where again F]’? N FI}’ = ( and F]’? U FI}’ = I'; holds, are further required to apply. Eq. (2.4.46)
incorporates the no-slip condition on viscous walls, where the normal and tangential velocity
components are set to zero. Other velocity boundary conditions could be the symmetry condition,
which is similar to the slip boundary condition of Eq. (2.4.24).

2.4.4.2 Energy conservation

As for the case of the inviscid fluid, the third conservation equation, the equation of energy con-
servation, can similarly be obtained by generating the total derivative of the specific Hamiltonian
with respect to the time, i.e. dho/dt, and thus:

— +HyVivy -V — =0, 2.4.47
ar O 0 9, (2447)
where Q¢ is a 6x3 matrix, which has the same structure as 9 or 'Y’ but contains the fluid velocities

as:
U1 0 0 %) 0 U3

Q;={0 v 0 v vz 0. (2.4.48)

001)301)21)1],

Thus, with the given Hamiltonian density and with the constitutive relation Eq. (2.4.34), the equa-
tion of energy conservation is obtained as:

J (1 1
- (—pvachf + prf) + VT (Epfv;vf tprer t+ pf(ﬁ?) l)f:| - VT(Q;O'f) =0, (2.4.49)

ot\2

where again the definition of the substantial derivative, Eq. (2.1.1), and the product rule Eq. (2.4.6)
are used. With ey = €7 + %v;vf and Eq. (2.4.35) and Eq. (2.4.14), this can be rewritten as:

dprer)
ot

where the heat flux g, was introduced by (see [Pal06]):

+V(presvs) = VI (VT + VT(Q;T_,") -Vi(pos) + p_,»l“;j;vf, (2.4.50)

qr = Cfl)f = —KfVTf, (2.4.51)

with k¢ being the thermal conductivity of the fluid and the relation ¢y = —k¢VT s known as Fouri-
ers’s law.

2.4.4.3 Closure of the conservation equations

With the equation of mass conservation, Eq. (2.4.7), the equation of momentum and energy con-
servation, Eq. (2.4.43) and Eq. (2.4.50), the three governing equations describing a viscous fluid
in a Eulerian frame of reference are found, where the only equation derived from a variational for-
malism is, like for the structural domain, the momentum equation. As also stated for the inviscid
fluid, the mass and energy conservation can be viewed as constraint conditions to the momentum
equation, which arise due to the general form of the action functional. Furthermore, this set of
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2 A Unified Coupling Approach

equations needs to be closed by the equation of state, Eq. (2.4.29), and the thermodynamic re-
lation, Eq. (2.4.30), as well as boundary conditions for py and T¢, Eq. (2.4.31), and the initial
condition Eq. (2.4.32). Finally, the values for viscosity, uz, and the thermal conductivity, k¢, are
a function of the temperature. For air, these values are provided by Sutherland’s relation through,
[Tan06]:

(2.4.52)

u (TN To+S, k  (T\ To+5S;
and
T+S/_t Ko

m  \To “\1) T+s,
s kg o J
To=273.15K, pup=17161-10" —, «y=2.3360-10"" ——,
ms msK
S, =1104K, §,=112.0K,

where S is called Sutherland temperature, which is slightly different for the viscosity and conduc-
tivity expression. This relation remains valid for 7 < 2000 K.

2.4.5 Conservation equation in the ALE frame of reference

In the previous two subsections, the governing equations for an inviscid as well as for a viscous
fluid are derived from Hamilton’s principle. As Hamilton’s principle is based on an energy expres-
sion, the variational principle is in general invariant in terms of the frame of reference. Therefore,
the governing equations in the ALE frame of reference are obtained by consequently substituting
Eq. (2.1.1) through Eq. (2.1.2). This ALE version of the governing equations is needed due to the
deforming fluid domain in the context of fluid-structure interaction.

With the fundamental ALE equation (2.1.2), the equation of mass conservation, Eq. (2.4.5),
can be rewritten in the ALE frame of reference as:

Ipy

=t @} —w)Vps +psV 0 =0 (2.4.53)

or % +Vipsos) —wiVps =0, (2.4.54)

where: (9_f ) (9_f bass
otly ot o

is used as an abbreviation.

From the first variation of the action functional for a viscous fluid, Eq. (2.4.42), the equation

of momentum conservation is obtained by using Eq. (2.1.2) as:

a(p 0 f) N

o (@] —w)VpD)]" +psos Vo= -Vps+ Dl +psby (2.4.56)

6(,0 §ad f)

ot

Finally, the equation of energy conservation in the ALE frame is derived from Eq. (2.4.47) by

again using Eq. (2.1.2) as:

+ [V (o] = [wiVpDI" = =Vpr+ D'y +ppby . (2.4.57)

dprer) T T vip, =
—whyv +p
o + @y —w,)V(prer) +pres Vivg (2.4.58)
VT(KfVTf)+ VT(QJTCIf)_ CT(vaf) pbeT‘vf
dprer) T T -
——+V -
o o (presop) —w,Vipres) (2.4.59)

VI VT + V' Qf ) = V' (prop) + prbos
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2.5 A weak formulation for fluid-structure interaction

This ALE-form of the conservation equations is the same as derived in [DGH82]. Comparing
these equations with Eq. (2.4.7), (2.4.43) and (2.4.50), obviously, an additional advection term
—wJTCV(pf f) is added to the governing equations in the Eulerian frame of reference, where f is
either 1, vy or ey for Eq. (2.4.54), (2.4.57) and (2.4.59), respectively.
The velocity w ¢ needs to be calculated, which is provided by Eq. (2.1.3) or otherwise expressed
as:
ou f
wy = E , (2.4.60)
X
where the displacement u ¢ of the fluid domain is introduced. Then clearly, the Hamiltonian density
Hj or the specific Hamiltonian /g can be expressed as:

A 1 A
Hy = H()(uf, vV, Ef, f = Epvachf +pf6f(8f) + pf¢?.(uf) (2.4.61)
) 1 )
= ho=ho(us,vs, &, 1) = Eu}%f +er(&p) + ), (2.4.62)

without changing the results. It follows, that the action functional for a viscous fluid in the ALE
frame of reference is:

If = If(uf,vf,éf, 1. (2.4.63)

Again, the set of equations needs to be closed by the equation of state, Eq. (2.4.29), the ther-
modynamic relation, Eq. (2.4.30) and Sutherland’s law, Eq. (2.4.52). Furthermore, boundary con-
ditions for the velocity vy, Eq. (2.4.46), for the boundary stress ¢ 7> Eq. (2.4.44), and for the density
pr and temperature Ty, Eq. (2.4.31) need to be applied. The initial conditions for the basic un-
knowns, pr, vy, ey are required as already provided by Eq. (2.4.45) and (2.4.32).

2.4.6 Geometric conservation law

The usage of the ALE form of the governing equations instead of the conservation equations in the
Eulerian frame of reference should not influence the exact solution of the fluid flow. The minimum
requirement for the calculation of the flow field on moving domains is that a uniform flow should
be preserved. This requirement was first pointed out by Thomas and Lombard in [TL79] and
leads to the so-called geometric conservation law (GCL), which can be seen as a further constraint
equation to the governing flow equations linking the position and the velocity of the ALE frame of
reference together. Considerable research was conducted by Farhat et al. in [FLM95] or LeTallec
and Mani in [LM99] in this field, who has shown the importance of the GCL for the accuracy
and stability of the flow field on moving meshes. The GCL in continuum space can be written as,
[LM99]:

v7 1 0Jxy

Pr= Jey 01

with  Jyy = det[%} , (2.4.64)

which has to be discretized in time leading to the discrete geometric conservation law (DGCL).

2.5 A weak formulation for fluid-structure interaction

In the previous subsections, it was shown, that a variational principle based on Hamilton’s princi-
ple for a single fluid and a single structural system exist. The first variation of the action functionals
results in the equation of momentum conservation for a single structural system, Eq. (2.3.10), and
in the equation of momentum conservation for a single fluid system, Eq. (2.4.43) or Eq. (2.4.57),
as well as their Neumann boundary conditions. These momentum equations are completed by
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2 A Unified Coupling Approach

various additional conditions, e.g. constitutive equations for both - the fluid and the structure - or
equations of mass and energy conservation in the case of the fluid system.

With the existence of a variational principle for a fluid as well as for a structural problem, it
is now possible to express a coupled system involving FSI by an action functional and to derive
the governing equations by its first variation. Here, only surface coupled problems should be
considered, where the system’s domains share a common boundary - the interface. Describing a
coupled problem via an action functional can then be done by defining constraints for the common
boundary of the systems to be coupled. In general, a functional to be minimized:

I(t,r(t)) = fL( t,r(t),t))dt — minimize (2.2.1)

1

and subject to the following constraint:
A(r(n)) =0 (2.5.1)

can be treated by the Lagrange multiplier method, see [Red02], which results in a modified func-
tional:

5]
Izn(t,r(t),A)= | (L+AA)dt — minimize, (2.5.2)
1

where the so-called Lagrange multiplier A is introduced. The Lagrange multiplier is initially an
arbitrary parameter, which weights the constraint, Eq. (2.5.1), so that the first variation of the
functional I, with respect to the Lagrange multiplier leads to this constraint equation. Having
multiple constraints:

A(r(®)=0, (2.5.3)

the modified functional can be rewritten as:
[5)
IA(t,r(1),A) = f(L + /lTA) dt — minimize, 2.5.4)
n

where A is the vector of Lagrange multipliers.

In the following subsection, two different approaches will be introduced, which use the equal-
ity of system’s variables on the interface. In the case of fluid-structure interaction, obviously, the
constraint condition is, that the displacements along the interface are equal, that is to say:

ur=u; or ur—ug=0 on Iy. (2.5.5)

It should be taken into account here, that some formulations in the field of FSI use the equality
of fluid and structural velocities at the interface. Clearly, the equation above is equivalent to this
statement. Moreover, the equality of the displacements at the interface also ensures the geometry
to be consistent at the interface, which is not given per se when stipulating the equality of the
displacement’s first temporal derivative. Further, for an inviscid fluid, only the equality of fluid
and structural velocities along the normal to the interface, v]Tpn = vl'n, is required from the fluid
equation point of view, which also leaves the geometric consistency out of consideration. There-
fore, the equality of the fluid and structural interface displacements, Eq. (2.5.5), is used throughout
this thesis, which also ensures the equality of fluid and structural interface velocities. It is then the
matter of the fluid formulation to use the appropriate boundary conditions on the interface, i.e. the
slip for inviscid fluids or the no-slip boundary condition for a viscous fluid.
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2.5 A weak formulation for fluid-structure interaction

Figure 2.2: Three-field approach of a continuum system

2.5.1 Three-field approach

For the action functional of the three-field approach, an additional connectivity frame is used to
which each physical field is connected only. Thus, there exists no direct connection of the fields but
the they are indirectly coupled with the aid of the frame. Thereby the name three-field is derived
from the minimal case, where a fluid field is coupled with a structural field via a connectivity frame
field, i.e. the three fields - structure, fluid and frame - need to be considered. The action functional
of the whole coupled system can then be divided into an interior and connectivity functional for
each participating system or more precisely for each participating subdomain:

Ny
I3 = Z(Ii = 1), (2.5.6)
i=1

where I; is the action functional of a single fluid or structure, /7 or /; and I.; denotes the appropriate
connectivity functional to the connectivity frame, Figure 2.2. The sum in Eq. (2.5.6) runs from 1
to the number of all subdomains N;. The connectivity functional for each subdomain is expressed
as:

15}
o = f f A, — w)dT i di 2.5.7)
nh T,

ci

where u, is the displacement of the frame. For each set of /; and /,; a Lagrange multiplier field
A; is defined on I';;, which means according to [PFO0], that A; is localized to each I;, Figure 2.2.
Thus, each subdomain is associated with one appropriate Lagrange multiplier field to connect the
displacements to the frame. The sum of the interfaces I';; forms the complete connectivity frame:

Nd
=T, Ul,U...UT, = U T, (2.5.8)

i=1
From Eq. (2.3.1) or Eq. (2.4.17), it can be discovered, that the Lagrange multiplier has the same

physical meaning as ¢ or ¢y. Thus, the Lagrange multiplier acts as a force flux gluing the subdo-
main and the connectivity frame together.
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2 A Unified Coupling Approach

The variation of the three-field action functional, Eq. (2.5.6), related to the unknowns yields:

Ny
SIns = ) [61; = 61.)
i=1
15}

Ny
:Z{‘”"* f f Al ou;dle; — | A Sucdl (2.5.9)
i=1

n ci ci

- f SAT (ue —u)) dl"c,] d:} =0.

ci

The third integral is only valid, if the integrand becomes zero, which results in the interface dis-
placements equality for each subdomain. The second integral is the contribution of the force
equilibrium on the interface frame, that is to say:

Ny 2
> f f Al Su,dU i di = 0. (2.5.10)
=0 n T,

ci

Thus, Newton’s third law is represented through this term. With the first integral, the single field
problem is now transformed to be:

[5)
61,-+ff/liT6u,-dFC,-dt=0, (2.5.11)
T

ci

where the second term has to be considered within the single field problem due the variation
with respect to u;. Therefore, the variation of the structural subdomain becomes with the aid of
Eq. (2.3.8):

[5)

[5)
SI, + f f AT Su g dT e, dt = f [ f sul (-pyiis + D' o + by) dQ,
T,

cs no Qg
+ féuST (fs - 'I'TO'S) dFISV (2.5.12)
ry
+ f sul (4, -""oy) drcs] dt =0
FCS

and in the same way, the variation of the fluid subdomain is rewritten as:

5]

%)

d ~

6If+ff/l;5ufdl“cfdt:f[féu;(—a(pfvf)—pfvava +pfbf+DT0'f) de
tr Tep o Qp

+f5u;(ff—'I‘T0'f) dr?

N
1Hf

+ fauji (A =Toy) drcf} di =0,
ey
(2.5.13)
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Figure 2.3: Two-field approach of a continuum system

where Eq. (2.4.42) is used with the substitution provided in section 2.4.4.

Using a partitioned coupling approach, the structure is usually treated as a Neumann problem,
that is, the Lagrange multiplier A, is prescribed on the interface I'.; and transformed to internal
stresses as given by the third integral on the right hand side in Eq. (2.5.12):

Yo, =1, on T, (2.5.14)

which then gives - according to the first integral - the displacement u, on the interface.

In contrast, the fluid is usually treated as Dirichlet problem. Thus, the displacement uy is
prescribed on the interface I'.; and the resulting Lagrange multiplier Ay is obtained from the third
integral in Eq. (2.5.13) as:

Ay =Y"o; on T.. (2.5.15)

These different points of view cause difficulties in the case of three-field approach as discussed
later in this thesis. Treating the fluid as a Neumann problem can also be done, when two fluid
subdomains are linked together.

2.5.2 Two-field approach

Using the two-field approach, the connectivity frame is omited and the subdomains are coupled
directly via one Lagrange multiplier field for each inter-connection, Figure 2.3. The action func-
tional of the whole coupled system is then expressed as:

Ny Ng Ny
Iny = ZI,- - Z Z L, (2.5.16)
i=1 i=1 j=i+l

where I; is again the action functional of a single fluid or structure, /7 or I; and I;; denotes the
appropriate connectivity functional, which can be expressed as:

15}
M=fffﬁerMM, (2.5.17)
t Ty

where I';; is the interface between subdomain i and j. This equation also includes the case, where
I';; = 0 holds and from which /;; = 0 follows.
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2 A Unified Coupling Approach

The variation of the action functional (2.5.16) is obtained as:

Ny F
61/\2—261 +Z Z f[f 6ujdl"ij—f/liTj(5uidl“ij
i=1 j=i+l .
& (25.18)
—fé/liTj(ui—uj) dl"ij]dt:O
l"ij

Here again, the third integral under the double sum results in the interface displacement equality
and the first and the second integral are the interface force flux for each interface I';;. If the
minimal case is assumed, where only a fluid subdomain (index 1) and a structural domain (index
2) are coupled via the two-field approach, Eq. (2.5.18) simplifies to:

f A} Ougdl g, — f AL Ou s dr g

15}

61=5If+51s+f

SR fss (2.5.19)
—f(s/l;s (wf —uy) drfs]dt= 0.
Ffs
Similar to Eq. (2.5.12), the variation of the structural subdomain becomes:
T .. T 2
Sl +ffa 6udefsdt—f[f T (~psiis + DT oy + by) dQ;
151 IﬂfY
+ f sul (i, -Y"ay) dry (2.5.20)
ry
+ f sul (Aps =" oy) drfs]dz =0
T

and for the fluid subdomain it is obtained:

15}

15}
51f—ff1§55ufdrfsdt:f

d A
f&l; (—E(pfvf) — PyUf VTl)f +pfbf + DTO'f) de

Ty 1 Qf
T (% T N
+f6uf (tf e O'f) de
ry
+ f suf (=As; = A" oy) des}dt:O
Ty

(2.5.21)

The structural domain is again treated as a Neumann problem. The Lagrange multiplier Ay, is
applied on the fluid-structure interface I'y; with:

Yo, =2; on Ty (2.5.22)

to obtain the displacements u, with the aid of the conservation of momentum, i.e. with the inte-
grand of the first integral.
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2.6 Chapter summary

The Lagrange multiplier prescribed on the structure is obtained from the fluid with the aid of
the integrand of the third integral of Eq. (2.5.21) as:

Aps ==Yy on Ty, (2.5.23)

under the constraint of the interface problem obtained from the integrand of the third integral in
Eq. (2.5.19):
ur=ug; on Iy,. (2.5.24)

This two-field approach is the most often used formulation for FSI problems due to the natural use
of the Dirichlet-Neumann cycle here. However, by using more then two fields, e.g. fluid-fluid-
structure interaction, this scheme can be challenging in conjunction with a partitioned coupling
approach. For more than two connecting domains, it might be advantageous to use the three-field
approach, because here each domain is only connected to the connectivity frame, i.e. there is no
direct inter-domain coupling.

2.6 Chapter summary

In this chapter, the three systems of references - the Eulerian, the Lagrangian and the ALE system
of reference - are introduced, which are needed to describe and distinguish the usually used physi-
cal natures of problem description. These systems of references differ basically in their expression
of the substantial derivative and are essential to describe the structural and fluid subsystems with
the aid of an energy principle, i.e. with Hamilton’s principle. Hamilton’s principle as a varia-
tional scheme is well established for pure structural systems, but some assumption are needed to
apply this principle to the fluid subsystem. The three conservation laws (mass, momentum and
energy conservation) of a fluid flow can be derived by Hamiltonian fluid dynamics using Hamil-
ton’s canonical form. In this chapter, both basic fluid model equations - inviscid and viscous fluid
models - are employed with this weak variational energy principle.

Finally, as a unified coupling approach on continuum mechanics level, the two- and three-field
approach are obtained, which use Lagrange multipliers in terms of a weak formulation to con-
nect the fluid and structural subsystem. While the three-field approach utilizes an intermediate
connectivity frame, the two-field approach connects directly the fluid and structural domain. The
main advantage of the indirect three-field approach is the property, that each physical subdomain
is only connected to an intermediate frame. Thus, the communication of each participating subdo-
main is only accomplished with that frame. Another important benefit of the three-field approach,
which is used for the first time in this thesis, is the possibility of an independent and high-order
discretization of the frame.

27






3 Characteristic Based Split
Methodology for the Fluid Flow

In this chapter, the method to spatially discretize the governing fluid equations is presented. In
this thesis, the finite elements method (FEM) is used, which is the third major method to solve
the fluid conservation equations numerically, apart from finite difference and finite volume meth-
ods. The finite element method for fluid flow problems was established within the last twenty
years, while first attempts were made by Zienkiewicz, [ZC65], Oden, [Ode72], or Chung, [CC76].
For appropriate textbooks on the introduction of the finite element method see, Hughes [Hug00],
Bathe [Bat96] and the three volume set of Zienkiewicz and Taylor [ZTZ05, ZT05, ZBNOS5]. The
third volume of the latter set of books also covers the characteristic based split scheme for fluid
dynamics.

In the context of the finite element method, it is usually advisable to use the standard Galerkin
form (weight functions are equal to interpolation functions) of the FEM method as a numerical
method, which leads to symmetric matrices for self-adjoint problems, e.g. diffusion dominated
problems. Due to the convective term - the second term on the left hand side in Eq. (2.4.54),
(2.4.57), (2.4.59) - the resulting matrices from this non self-adjoint term are asymmetric, which
can lead to instability, if the fluid problem to be solved is convective dominated. Therefore, the
variational integral statements of the last chapter obtained from Hamilton’s principle cannot be
used directly, because stability schemes need to be used to suppress this instability caused by the
standard Galerkin form. Several stability schemes have been proposed, including the streamline
upwind Petrov Galerkin (SUPG) method [BH82], the Galerkin least square method [HFH89] or
the characteristic Galerkin (CG) method [LMZ84, LPZ87]. While the SPUG method uses modi-
fied weight functions for the convective term, the CG method modifies the governing equations,
whereby the temporal derivative is discretized along the problem characteristic, [LMZ84], by us-
ing the wave nature of the governing equations. The resulting equations are now self-adjoint and
the standard Galerkin scheme can be applied as the optimal scheme. The characteristic based
split (CBS) method is a variant of the CG method first proposed by Zienkiewicz and Codina
[ZC95, ZMS*95], which utilizes a local Taylor expansion to design a computational more effec-
tive scheme. A comprehensive overview of this scheme is provided by Nithiarasu in [NCZ06]
and nowadays the CBS scheme is widely used to solve the compressible and incompressible fluid
flows.

In the following sections, the CBS scheme is applied to the ALE version of the compressible
conservation equations.

3.1 Characteristic Galerkin method

The characteristic Galerkin (CG) method forms the basis of the CBS scheme presented in the next
sections. Several variants of this scheme are in existence and discussed in the context of the CBS
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3 Characteristic Based Split Methodology for the Fluid Flow

procedure in [NCZ06]. For the CBS method, the simple explicit characteristic Galerkin proce-
dure is applied due to its simplicity, [LMZ84]. Assuming a simple one-dimensional convection
diffusion equation:

ot * Ox Ox

where f is some scalar quantity, v is the velocity, a is the diffusion coefficient and Q is the source
term. The simple explicit characteristic Galerkin procedure then leads to the following form, by
using a local Taylor expansion, see [NCZ06] or [ZBNO5]:

n+1 n n
f-f :_[a<vf>_g(aa_f)+Q]

of , 9wf) 5(a5_f)+Q:0, (3.1.1)
Ox

At ox ox\ ox

At 0 [owf) 0 ( of "
+ —U0— [W - a (Ga) + Q:| (3.1.2)

_A_ﬁza_z[a@f) a(a_f)+Q

6 U(?x2 ox  Ox aax

n

+ O(AP).

Usually the higher order terms are neglected. Rewriting this equation for the case of a multidi-
mensional velocity leads to:
n+l _ rn
Ll e [on-v@in+qf
! A (3.1.3)
+ 7(vTV) [VT(v )= VI(@avyf) + Q]” + O(A).

This equation is used as the basis for the discretization of the fluid dynamics equations using the
standard Galerkin form of the FEM. The second term on the right hand side forms the stability
part for the spatial discretization, because it acts as an extra diffusion term. It should be noted
here, when using linear elements, the second term in the second square brackets leads to no con-
tribution in the resulting matrix system and can therefore also be neglected. However, this term
has to be considered for the discretization, when higher order elements are used. Before applying
Eq. (3.1.3) to the basic conservation equation for fluid flows, these equations are converted to a
non-dimensional form, which is often done in computational fluid dynamics.

3.2 Non-dimensional form of the conservation equations

The conservation equations in ALE form derived from Hamilton’s principle are rewritten first:

9
% +Viippoy) —wiVpy =0 (2.4.54)
d(prvr) A
—éft L VT oo — [l VoD = ~Vpy + DTy +prby (2.4.57)
—a(pf ¢s) T T T T/T
o Y rervp) ~wiVipser) = VI VTy) + VI (QyTy) (.45

- VT(pfvf) + pfb;l)f

To reduce the parameter space, these equations are non-dimensionalized, i.e. all unknown quanti-
ties are written as ratios to reference values.Different non-dimensionalization schemes are possible
and here a density-velocity based form is used, i.e. the reference quantities for the density and ve-
locity are the respective free stream values. Thus, for most of the reference quantities, the free
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3.2 Non-dimensional form of the conservation equations

reference non-dimensional dimensional

variable
value value value
length, coordinate X; l X = % xp=xr-1
velocity v; Voo vl = vUTIo Vi =V * Voo
frame velocity w; Voo w = :}T: w; =W - Voo
convective velocity S Voo st = uST: 5i =857 Voo
speed of sound c Voo cr=L£ c=c* oo
density P Poo pr =1 P=p* " Poo
; €L * _ oo _
time t . =" =11
2 *x__7P _ ok 2
pressure p Poollsy pr=-t P=Dp* - poll
total specific energy e v2, e* = U% e=e* v}
2 * 2
U *x_ Tep — T,
temperature T < T = 2z T= 5
3 * .3
v, * _ qil _ 9 Vs
heat flux qi vE qr = é qi="
thermal conductivity K Koo K* = KL K=K Koo
2 . b*vZ,
body force b; UT"’ bt = % bi= =
dynamic viscosity u Hoo u* = u”: U= > feo
dynamic eddy viscosity  ur Hoo My = /’% HT = 7.+ foo
kinematic viscosit v Veo yr=2L V=v* Ve
Voo
inematic e viscosi vr Veo vyi=-L VI =VE Voo
k tic edd t 7= o
modified eddy viscosity ¥ Voo V== V=9 Ve

Table 3.1: Fluid values and their references used for non-dimensionalization and re-dimensionali-
zation

stream values can be taken, but for some the references need to be calculated from other val-
ues to provide a coherent non-dimensionalization. In Table 3.1, the references for the several
fluid variables used for non-dimensionalization are listed, where the superscript (-)* denotes a
non-dimensional value. Inserting the dimensional quantity of the last row into the conservation
equations, the non-dimensional form of the governing equations are obtained as:

e equation of mass conservation:

8p}7 T, % % *T *
o+ W o) —w} W} = 0 (3.2.1)
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3 Characteristic Based Split Methodology for the Fluid Flow

e cquation of momentum conservation:

Apv

1 .
az + V7 (p*v*0* )] IO = ~Vp) + IT@D*TT; +pibt (322

FOrYF ) o)
e cquation of energy conservation:

dp}er)

S+  Oferop) —wi V(o) = =V, (pfof) VT(Q*T ; .
+ mvf@ %T}) +p*b* v},
where the Reynolds and Prandtl number are introduced as:
Re=" ‘:U""l _ "Vil (3.2.4)
Pr— F% , (3.2.5)

and V, is the nabla operator in the Eulerian frame of reference using the non-dimensional coordi-
nates. The free stream kinematic viscosity is defined as vo, = pteo/poo and ¢, is the specific heat at
constant pressure. The non-dimensional viscous stress vector is given by:

5 =5 (Io - 3mm") D*v¥ (3.2.6)
the thermodynamic relation by:
c
ef ==TF with y=-=, (3.2.7)
’ v
and the equation of state by:
R -1
Py =piRTF with R*=—=2"—. (3.2.8)
Cp v

With the definition of the specific total energy, Eq. (2.4.27), the non-dimensional temperature is
obtained as:

|
T = y(e; zv;Tv;) (3.2.9)

and further useful fluid values are the speed of sound:

¢t = \/yR*T; - \/(y— nr*, (3.2.10)
and the local Mach number:
v* T o*
fof
Ma = —F—. (3.2.11)
f

The above set of equations is also valid for the flow in the Eulerian frame of reference or for
inviscid flows by setting the velocity of the ALE frame of reference to zero and the Reynolds
number to infinity, respectively.

For the CBS scheme, it is appropriate to introduce the conservative variables V* = p}‘v}’: and

E Further, for clarity the superscript (-)* is omitted in the following, but it should be

= pjey.
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3.3 The CBS scheme

evident, when the dimensional or non-dimensional form of the governing equations are used. The
conservation equations are then rewritten as:

%s

+VIV,—wlVp, =0 3.2.12
or fwyVpy ( )
A V'@V = [whvvilT = -Vp, + L pre, 4 orb; (3.2.13)
ot Yy AR " Re FTProf e
OE; T T _ T I 7 o1
—— +VWEp) —wVE; ==V (ppos) + =V (Qf'rf)
ot | Re (3.2.14)
T T
+ RePrV (KfVTf)+pfbfvf.

These equations together with the proper boundary and initial conditions are the starting point for
the discretization using the CBS scheme.

3.3 The CBS scheme

The CBS procedure is an application of the characteristic Galerkin method to the fluid conservation
equations with a subsequent split regarding the momentum conservation equation to decouple the
pressure term. Two different split possibilities can be found in literature and the way known as split
A from [ZBNOS5] is modified in the present thesis. Further, it is desirable from the computational
point of view, to create a matrix free scheme, which can be derived with the full explicit version the
CBS scheme. The CBS scheme has been chosen in this thesis due to its broad range of applicability
ranging from inviscid to viscous, from laminar to turbulent or from incompressible to compressible
fluid problems. Further, this scheme and its properties are well-documented in literature and
an extension of this method to the ALE frame of reference is straightforward. Moreover, the
CBS scheme is similar computional efficient as state-of-the-art finite volume codes, which is an
important property to compute time-resolved aeroelastic problems [ZBNO5].

3.3.1 Temporal discretization and splitting

For the characteristic based split, the conservation of momentum, Eq. (3.2.13), is first considered.
Using the temporal discretization provided by the characteristic Galerkin method, the question
arises, which velocity should be used in Eq. (3.1.3). Solving the fluid equations in the Eulerian
frame of reference, this velocity is identical to the local fluid velocity, but using the ALE frame of
reference, this velocity is equal to the convective velocity sy = vy — wy. Therefore, the following
can be obtained with the aid of Eq. (3.1.3):

1 < T
1
AVy= Vi -V = —Ar [[VT(usJC)]T - [wivVilT - EDTTf —prb f]

AP
- AV 4 7[(s;V)([VT(va§)]T - [wivvil" (3.3.1)

1 . n
- EZ)TTf —pfbf + fo)] y

where everything is computed at time ¢* except the pressure gradient in the second term of the right
hand side, which is evaluated at time 7**%. The value 6, is a user specified value, which is in the
range of (0 < 6, < 1). Setting 6, = 0 the temporal discretization is full explicit and semi-implicit
else. The pressure gradient is expressed as:

Vp;“’2 = Vpl + 6,V (Apy), (3.3.2)

33



3 Characteristic Based Split Methodology for the Fluid Flow

n+l

where Ap; = p;’, holds. The concept of the CBS scheme is now to split the calculation

of V;” into two steps. In a first, an intermediate value for the quantity V without the second
term - the primary pressure term - of the right hand is evaluated, followed by the calculation of
the pressure using the equation of mass conservation (Eq. (3.2.12)). With the pressure quantity
available, V;“ can then finally be obtained. Thus, the intermediate momentum quantity, ‘V/;i“, is
primarily calculated as:

n

N ) | )
AV = Vil =V = -Ar [WT(vaﬁ)]T [y VVy1' = oD r = pyby
N (V0 VT = Wl VVIT - L Ts 333

2 [ s PV TR (3.3.3)

n
—prbs+ fo)] :

This is in contrast to the split A of [ZBNOS5], where all pressure terms are removed from Eq. (3.3.1).
Once, the pressure is known, V”.Jr ! can be completed by:

AV = AVy - AVp}*
(3.3.4)
= AVy — AV [ph + 62(App)] -

The pressure is calculated with the equation of mass conservation, which is discretized as:

n n
1 1
Nop =p} = p} = [C ] Aps = (C ) (pn+1 -pp = —AthV}”l + Atw} Vol (3.3.5)
f f

where from classical mechanics:

ap
2= ory

3.3.6
= Bor (33.6)
is used and:

Vi = Vi 61AV, (3.3.7)

holds, i.e. the first term on the right hand side is taken implicitly. The user specified value for 6;
has a range of (0.5 < 6; < 1). By using Eq. (3.3.4) and (3.3.7), the density and pressure difference,
Eq. (3.3.5), are rewritten as:

n
1 .

Apr=|—=| Apr=-At |VIVE+ 6,V (AV)) —wlVp"
! [Cﬁ) ! ['v) n =V (3.3.8)
2 T n .

+ AP0V [Vpl + 0.V(Apy)] -

The temporal discretization of the energy conservation equation, Eq. (3.2.14), is obtained by ap-
plying the characteristic Galerkin scheme, Eq. (3.1.3), by keeping all terms explicit and thus:

1
AE;=E["' - E} = —At[VT(vaf) ~wiVE; + V' (psos) - EVT(QJITf)
n

1 T T

(3.3.9)
[(st)(vT(ufEf) wiVE; + V' (psoy)

T(erf)——v (KfVTf)—prBJCvf)] :
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3.3 The CBS scheme

With these equations, the iterative solution procedure using the CBS scheme can be summarized
in terms of the temporal discretization as:

1. solve Eq. (3.3.3) for A‘v/f

2. solve Eq. (3.3.8) for Apy in the case of a compressible fluid or for Aps in the case of an
incompressible fluid

3. solve Eq. (3.3.4) for AV
4. solve Eq. (3.3.9) for AEy

where the unknowns are iterated to a steady state solution.

3.3.2 Spatial discretization

The temporal discretized equations of the previous subsection now need to be discretized in space
by using the FEM and the standard Galerkin procedure. For a comprehensive introduction to
this procedure, the textbooks by Bathe [Bat96], Hughes [Hug00] and Zienkiewicz [ZTZ05] are
recommended to consult.

Using the spatial Galerkin discretization, the fluid domain is divided into a mesh of non-
overlapping cells - the finite elements - connected at nodes, at which the fluid values are to be
evaluated. The fluid variables are approximated with the aid of shape functions as:

f ~ Nf, (3.3.10)

where f = [f|,f,,...,f,]7 contains the nodal values of the quantity f and N = [Ny, N,,...,N,,] is
the vector of shape functions at the nodes with m being the number of nodes. The strong form of
the temporal discretized equations is transformed to an integral weak form by introducing a weight,
which in the case of the standard Galerkin procedure is equal to the shape functions. Although
an independent discretization can be taken for each fluid variable, all primary fluid quantities are
discretized by using the same shape functions in this thesis. Therefore, it is:

pr =~ Npy; pr = Npys; vy~ NyVys; wr ~ N,wWy;
(3.3.11)
Sf~ NUSf; Vf X NUVf; Ef X NEf; Tf x NTf;

where each component of the fluid velocity is approximated with the shape functions, which are
also used for each other quantity and thus:

Ny 0O 0 N 0 O ... N, O O
N=f 0O Nj 0O 0 N O ... 0O N, O
0 0 Ny 0 0 N 0 0 Ny

V¢ =[Vi1, Vi2, Vi3, Va1, Va2, Voz ..., Vi, VmZyVm3]§; .
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3 Characteristic Based Split Methodology for the Fluid Flow

3.3.2.1 Step 1: intermediate velocity
With the shape function matrix given above, the Galerkin form of Eq. (3.3.3) leads to:

f NIAVdQs = —Ar f NIV @ VIT dQy - f NI [wivvil"dQ,
Qy Qy Qy

1 . 1 "
N) —7,dQr— | Nlpsb;dQr— | NI —YTr,dl;
+f(1) ) Re‘l’fd f f Upfbfd f f * Re de f

Qf

f( VN[V @V de+f(s VN [w}VViIT dQy

f (st)(pfbf)de—f(sJZV)NTfode

Qy Qy
+ f N, [V @ VDI (shm)dl s - f N, [wiVViTT (sfn)dly
Ly Ly
n
+fNvaf(s§n)drf} ,
Ly

(3.3.12)

where integration by parts (or the product rule) on the second order terms are used and third
order terms are neglected. The surface integrals of the stabilizing terms are equal to zero for
most fluid problems because either the convective velocity on the wall is zero (no-slip boundary
condition), the scalar product of convective velocity and the wall normal is zero (slip conditions)
or the velocity and pressure gradient is zero (farfield boundary condition). Therefore, these surface
integrals can be neglected. Further, the contributions resulting from body forces are excluded in
this thesis, but can be included without difficulty. By replacing the continuous fields with the
approximations of Eq. (3.3.11), the final matrix form of the above equation is obtained as:

AV, = M;lm[(—cvvvf + CuyVy = KoV + £2) + Ar(—KyyVy + Ky V= K,,fo)] . (3.3.13)

where:
M, = fNUTNU dQs;  Cuy = fNUTBU dQs;  Cuy = fNUTBw dQy;
Qy Qy Qy
_ THf 2. T ) _ 7T | Hf 2. T )
K. = fBTR—e(Io—gmm )BrdQp;  fo = fNUT [R—e(lo—gmm )B,vf] dr's;
Qy Ty
1 T 1 T 1 T
KvV = E Bs Bv de, KwV = 5 BS Bw de, KpV = 5 Bs (VN) de
Qy Qy Qy

The B-matrices are expressed as:

by O 0 b 0 0 ... by O 0
B[v,w,s] = 0 ba 0 0 bp 0 ... 0 bun 0 ;
0 0 big 0 0 bp ... O 0  ban
bi = VI @Ni); by =wiVN; by = (s} VIN;;
B = ON,;
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3.3 The CBS scheme

where for B,, B,, and B; the velocities vy, wy, sy are needed to be discretized for the integration.
The most obvious way is to use the nodal values of these velocities for the B-matrices, [ZBNO5].
Thus, one can write for b,;, b,; and by;:

by = V] (VNp):; by = W] (YN); by =] (VN;); (3.3.14)
where V; = [V;1, Vi, vi3]JTC, w; = [wil,wiz,wig,]JTc, s; = [Si1, S, Sl‘3]JTc are the values of the fluid, the

mesh and the convective velocity at a node i, respectively. Therefore, with B; = B, — B, the
matrix equation of Eq. (3.3.13) simplifies to:

AV, = M;lm[(—csvvf —Kevy + 1) + MK Vs — Kup))| (3.3.15)
where:
1
Cyv = f N/B,dQs; Ky == f B/B,dQ;.

2
Qf Qf

3.3.2.2 Step 2: density/pressure

The weak form of the density/pressure equation, Eq. (3.3.8), can be expressed as:

1 n
fNTApfd.Qf=fNT(C—ZJ ApydQy

Qy Qy /
= At f (VN)' (V' + 0,AV ) dQf + f N" @} Vp}) dQs
Qy Qy
- f N"[V +01A‘7f]Tnde] (3.3.16)
Ly

+ A6, [ f ~(VN)' [V} + 6,V(Apy)] dQy

+ fNT[Vp; +92V(Apf)]Tndrf].
Ty

In the last surface integral on the right hand side, the gradient of the term 6,Ap; is omitted,
which is reasonable as shown in [NCZ06]. Substituting the continuous field variables with the
approximations of Eq. (3.3.11), the final matrix system is obtained either for the density as:

Aps = (M + Azzaleng)—lm[G(vz’, + 00V ) + Cupplh — Ty + At (K, + f,,)] . (3317
or for the pressure as:
Apy = (M, + Azzolezkp)-lm[e(v; +OIAV)) + Cupplh — Ty + At (—K, 1 + f,,)] . (33.18)
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3 Characteristic Based Split Methodology for the Fluid Flow

where the matrices and vectors are expressed as:

1
— T . _ T
M_fNNde, Mp—fN (?

NdQy; K, = f (VN)(VN) dQy;
Qf Qy f

Qy

K, = f (VN)T(Ci)n(VN) dQy:; G-= f (VN)'N, dQ; f, = f NT(VNp?)Tndrf;
o Qy Ty
Cop= [N'Lya0y:  t= [ NTONIV) + 00V mary:
Q Iy

with L,, being:
Lw = [bwl’ bw2a cees bwm]

and b,; given in Eq. (3.3.14) at the time n.

3.3.2.3 Step 3: velocity correction

Having calculated the pressure or density update, Eq. (3.3.4) is used in its weak form to correct
the intermediate velocity:

fNUTAVf dQy = fNUTm“/f dQys + At f -NJVIp)} + 62(Apy)] dQ;y (3.3.19)
Qr Qr Qr
which results in the final matrix form:

AV, = AV, + M;lAz[—GT(p;i +6,0p5)|. (3.3.20)

3.3.2.4 Step 4: energy

Analogous to the first step (intermediate velocity), the weak form of the energy equation (3.3.9)
can be expressed as:

fNTAEfde:—AtUNTVT(vf(Ef+pf))de—fNijCVEfde
Q Q Q
1 1 N
T T . o7, o T 3T ,
+ f(VN) ﬁ (Qfo + PrKfVTf) de fN pfbfvfde
Qy Qy
1 1 T n
- fNTR—e QTTf + EKfVTf:| ndl“f]
Ly

Ar?
+ T[_ f (spVIN'VT r(E + pp)) dQs + f (s} VIN' W} VEf) dQy

Qyf Qy
- f NT(sJCV)(prBJCvf)de] ,
Qy
(3.3.21)

where again integration by parts on the second order terms are used and third order terms are
neglected. Further, the surface integrals arising due to the integration by parts of the stabilization
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3.3 The CBS scheme

terms are again omitted, because they are equal to zero due to boundary conditions. The matrix
form is then obtained by substituting the approximations of Eq. (3.3.11) into the above equation

as:

n

AEf = M_IAZ[(—C‘YEEJF - CvEpf — KTEVf - KTTf +fg) + Al(—KSEEf - KUEpf) , (3.3.22)

with the matrices and vectors:

csE:fNTLsde- CUE:fNTLdef- KT=f(VN)TK—f(VN)de-
72 7 Re Pr 7

Qf Qyf Qyf

_ T T Hf 2T . _1 T .
Kee = f (VN) Qfﬁ(lo = 2mm")B.dQs; K = 5 f LTL, dQy;
Qf Qf

T

1 K 1
fp = fNTE (QT [ty (Io — 2mm") Bovy] + P—’;(VN)Tf) ndly; K =5 fL{LUde;

Iy

where:

Qf

Ls = [bsla bs2’ e bsm]; Lv = [bvla bvl’ cees bvm] .

The entries of L and L, are given in Eq. (3.3.14).

3.3.2.5 Final CBS scheme

The matrix equations derived in the last subsections are summarized here due to its importance in

this thesis.

By using the CBS scheme, a steady state solution for compressible fluid problems is

obtained by the following iterative procedure:

e preprocess (read grid, form mass matrices, initialize VY, p?(, E?., and secondary fluid quanti-
ties (temperature, velocity, viscosity, etc.))

e loop over N, time steps or until convergence is reached

intermediate velocity:
AV, = Mv_lAt[(—Cstf — KoV +£2) + A=KV ) — K,yp f)] (3.3.15)
density:
Ap; = (|V|+Az2<9192Kp)—1At[c;(v;.+e)1A\“/f)+cwp,of—fv+m(—91 K,,p;.+f,,)] (33.17)

correct velocity:
AV = AV + M;lAt[—GT(p;. +6,Ap f)] (3.3.20)

energy:
AEf = M_IAZ (—CSEEf — CvEpf - KTEVf - KTTf + fE)

. (3.3.22)

+ MKy~ Kiep))|

update solution and calculate secondary fluid quantities (temperature, velocity, viscos-
ity, etc.)
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3 Characteristic Based Split Methodology for the Fluid Flow

— set boundary conditions (slip, no-slip, farfield, symmetry, etc.)

— check for convergence
e postprocess (write solution, calculate lift and drag, etc.)

With this CBS scheme, a powerful tool is available, which can be used to calculate a wide range
of problems in fluid dynamics, ranging from inviscid to laminar or turbulent viscous as well as
from compressible to incompressible flows. The treatment of these different fluid flow types is the
topic of the next section. However, with the scheme above the basic steps are derived to calculate
the fluid flow in the ALE frame of reference.

3.4 Additional computational techniques

The CBS scheme to solve fluid problems via finite elements is in its basic form of general applica-
bility and some aspects for compressible and incompressible fluids need to be addressed. Further,
some techniques to save computational time or to acquire a faster solution will be covered in next
few subsections.

3.4.1 Matrix free, explicit form

As mentioned above, the full explicit version is obtained by setting 8, = 0. Then, for the density
or pressure equation, Eq. (3.3.17) or (3.3.18), only the inversion of the consistent mass matrix M
orM, is required!. In this thesis, the most numerical examples are carried out with the full explicit
CBS scheme unless indicated differently. Especially, when a compressible fluid is considered, this
explicit CBS scheme is advantageous since by using Eq. (3.3.17), M needs to be inverted, which
is - unlike M,, - constant throughout the solution procedure. But as noted in [NCZ06], better
convergence can be achieved for incompressible flows, if the implicit scheme for the pressure
equation (3.3.18) is used, i.e. 0 < 6, < 1.

Further, a matrix free scheme can be obtained, by setting 6, = 0 and diagonalization (or
lumping) of the mass matrix. From the computational point of view, such matrix free scheme is
attractive since the solution of the system becomes trivial. A lumped mass matrix My, is usually
obtained by summing up the mass matrix entries of each row and placing the sum on the diagonal,
while setting the non-diagonal entries to zero. This is equivalent to distributing the mass of the
element to the nodes, which is sketched on the left hand side of Figure 3.1 for linear triangles.
However, this is only possible for linear or bilinear elements. For quadratic elements, zero sums
are obtained, which prevents a solution. Therefore, for triangular quadratic elements a suggestion
for lumping the mass matrix is shown on the right side of Figure 3.1, where the quadratic element
is virtually divided into four linear triangles and the same lumping rule as for linear triangles is
applied. For other quadratic elements, similar lumping procedures can be found. However, the
nodal decoupling by using a lumped mass matrix can lead to unphysical oscillations. Another
method to avoid a large system of linear equations invoked by the consistent mass matrix is the
usage of a discontinuous characteristic based split scheme, where each finite element is treated
independently and the element-by-element linking is considered by the elemental edge flux. This
discontinuous characteristic based split scheme is the topic of section 3.5.

I'The term mass matrix comes from the finite element method in structural mechanics, where the consistent mass
matrix is calculated as: M = fQ N’pN dQ.
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M/3 M/12

@
M/3 M/3  M/12  M/4 M/12

Figure 3.1: Mass lumping of linear (left) and quadratic triangle elements (right), where M indicates
the whole mass of the element

3.4.2 Variable smoothing

In computational fluid dynamics, the use of a residual smoothing scheme is a common compu-
tational method [Bla06]. In this work, the fluid residuals are smoothed in each iteration of the
CBS procedure. Adapted from [TNOS, LoeOS8], the residual is smoothed by a Laplace operator
approach, whereas the Laplacian coefficients are approximated with the aid of the consistent mass
matrix as:
ritl = sptt, (3.4.1)
n+1

where rg™" is the smoothed residual and S is the is symmetric smoothing matrix, whose each row
sum is equal to one.

The smoothing matrix, which represents the Laplacian coefficients, can be obtained from the
consistent mass matrix as (see [Loe08]):

S=(-gs)l +sM'M, (3.4.2)

where M is the consistent mass matrix with diagonal elements set to zero, i.e. M = M — My with
M) being the diagonal of the consistent mass matrix. The matrix M; denotes the lumped version
of M and ¢, is a user specified smoothing parameter which varies between 0 and 0.03. Thus, an
increasing value of ¢; means, that the influence of the nodes surrounding the node in question is
decreased. To account for solid walls, a distance based linear dependency of ¢ is considered for
S, i.e. along a transition wall distance, ¢; decreases linearly to zero at wall points.

3.4.3 Incompressible fluid - artificial compressibility

The CBS scheme presented can also be used for incompressible fluids in the ALE frame of ref-
erence. Incompressible fluids are characterized by a constant density and therefore the pressure
equation (3.3.18) instead of Eq. (3.3.17) needs to be used. On the other hand, for incompressible
fluids the speed of sound cy (or wave speed) becomes very large or even infinity, which results
in a stiff solution scheme. Therefore, ¢y is replaced by an artificial compressibility parameter
B in the matrix M, of (3.3.18). Still, the whole set of equations of the CBS scheme is used to
iterate to steady state and it could be shown, that the parameter S does not affect the solution,
[DGP94, Nit03, NMWMO04, NCZ06, MLNO2]. The parameter 5 makes sure that M, does not
reach zero, which is important, when the full explicit version (6, = 0) of the CBS scheme is used.
According to [Liu05], 8 (in its non-dimensional form) is locally calculated as:

. 2vs
B = max(se, o™, o} = max (g NG h—Rfe) , (343)
where ¢, is a user specified lower bound, vjf’“v = /v?v + is the convective velocity and vf}ff = %

is the diffusive velocity.
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3 Characteristic Based Split Methodology for the Fluid Flow

Figure 3.2: Calculation of h; for the node i, surrounded by N;, = 5 triangular elements, h; =
min(h;1, hi2, hiz, hig, h;s)

The quantity /& denotes a characteristic length, which is derived from the local element size
h.. Since the value 8 is calculated for every node of the computational mesh, the local element
size needs to be evaluated for each node, i.e. a value h; for each node i is required. Therefore,
h; at a node is taken as the minimum of sizes of each element connecting to the node, that is for
triangular elements, see also Figure 3.2:

(3.4.4)

2A
h; = min(h;.)n, = min( red )
Nie

Length of the opposite side

where N, is the number of elements connecting to the node i. For tetrahedral elements, one can
find:

3.4.5
Area of the opposite face ( )

) 3Volume
h; = mm( ) .
Nie
For quadrilateral and hexahedral elements, a similar calculation can be made considering here that
the minimal orthogonal distance from all opposite edges or areas to the node in question needs to
be taken. An alternative evaluation of the characteristic length based on the streamline vector is
given in [Sha89] and applied and investigated in the context of the CBS scheme in [TNO05]. Clearly,
the characteristic length computed by a streamline based calculation would change during the
iteration to steady state and is therefore more computational expensive than the static calculation

of h given above. Thus, such a streamline based calculation of % is not considered here.

3.4.4 Inviscid flow problems

For inviscid flow problems, the Reynolds number Re is infinity, which results in solving the so-
called Euler equations for fluid flow problems. Thus, the first step of calculating the intermediate
velocity can be obtained as:

n
AV, = M;lAt[(—CSVVf + A(—K gV - K,,fo)] (3.4.6)
and the fourth step of calculating the energy becomes:
n

AE, = M_lAt[(—CSEEf — Cuppy + A(—KzE - KUEpf)] (34.7)

The rest of the CBS scheme remains unchanged.
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3.4.5 Local time stepping

Since the CBS scheme is used for flow problems to iterate to steady state, different local time steps
can be used to accelerate the iteration, i.e. different time steps at the nodes and elements are used.
These local time steps depend on the characteristic length as:

At = ¢, min(Ar°™, Aty | (3.4.8)
where:
h h .
o = for compressible flows
Uf +cy /T
AT = = Lfﬂf for incompressible flows (3:4.9)
T oo P
and: )
- h“R
A = ¢ (3.4.10)
2
Vf

and ¢; denotes a user specified safety factor ranging from 0.1 to 1.0 depending on the flow problem
and used mesh. For the nodal value of the time step, At;, again the nodal value of the element size
h; from Eq. (3.4.4) as well as nodal velocities and nodal viscosities are needed. An elemental
time step, At,, is calculated then as the mean of the nodes adjacent to the element in question.
For inviscid problems, Ar% is not considered and the local time step is only calculated from the
convective time step Az,

3.4.6 Unsteady flow problems

The CBS scheme is used to iterate a solution to steady state, i.e. + — co. Most fluid problems -
especially when structural interaction takes place - are unsteady in nature. For such time accurate
(or transient) problems, it is common in CFD to use a dual time stepping approach, [Jam91], where
in each real time step A¢®, an iterative procedure is carried out, in which the pseudo time ¢ goes to
infinity. Thus, the unsteady flow problem becomes a pseudo-steady state problem within each real
time step.

In order to recover a transient solution, real time terms need to be added to the CBS equations
(3.3.15), (3.3.17)/(3.3.18), (3.3.20) and (3.3.22). The velocity real time term can be added to
step 1, Eq. (3.3.15), or to step 3, Eq. (3.3.20). Here, the velocity real time term is added to step 3,
which results in the following modified third term:

At

AVy = AV + M;‘At[—GT(p; + 92Apf)] AR

AV?, (3.4.11)

where AVZ is the velocity real time term, which is implicitly approximated with a second order
time-accurate three-point backward difference scheme as:

3
2
3 n -1 myym 1 m—1yym—1
=SV M; (—ZMUVf+§MU v )

1
R _ m+17—1 m+1yym+1 myym m—1yym—1
AVF = (M1 ( MV - 2 MV S MY )

(3.4.12)

where V'}Hl is the desired solution at the new real time level m + 1 equal to the nth pseudo time
level value within the n-iteration (and thus M’U"+l =M,), V? is the solution at the last real time
level m and V?‘l denotes the solution at the real time level m — 1. Here, a constant real time step

AR is assumed. Due to the use of an implicit real time stepping scheme, the real time step size is
unrestricted in terms of stability.

43



3 Characteristic Based Split Methodology for the Fluid Flow

For compressible flow, the density real time term is added to step 2 resulting in:

Apf =M+ A129192Kp)_1Al

G(V} + 01AV f) + Cupps — fv + At(=6,K,p’} + f,,)]

At o (3.4.13)
T AR Ly
where Ap? is similar approximated as AV?:
3 1
R _ -1 -1 _m—1
At =2+ M (—2 Mo + M ) (3.4.14)
For incompressible flow, a pressure real time term is added to step 2 resulting in:
Apy = (M, + AtzelezKp)—lAz[G(v; FOAV)) + Cupplh — Ty + A0 K, + f,,)]
At Aot (3.4.15)
Yl
with Ap? being:
3 1
R _ -1 ~1am-1
ARS = 2p 4 M (—2Mmp;"+§Mm P ) (3.4.16)

Finally, an energy real time term is added to the energy equation (3.3.22), which results in the
following modified energy equation:

AE; = M~ 'At|(~C,£Ef — Corpy — KepVy — K7 Ty + )
- (3.4.17)
R
+ At(-KgEf — KvEpf)] - FAE]‘"
with
AER = 3En Mt (—amrEn 4 L -t (3.4.18)
[T s o2 ) o

It should be noted here, that after each real time step the solution vectors at the time level m
and m— 1 need to be appropriately stored and the vectors AVE, Ap? or Ap?, and AE? need to be
recalculated after each inner (pseudo time) iteration.

3.4.7 Geometric conservation law

In section 2.4.6, the geometric conservation law is introduced, which is a requirement for predict-
ing exactly the trivial solution of a uniform flow on deforming meshes. A very comprehensive
overview on this topic using different numerical schemes is given in the paper [EGP09] and the
reference therein. Some literature references pointed out the importance of the GCL for the stabil-
ity of the resulting numerical ALE scheme. But this is still a controversial topic of current research
as the two papers - [FGGO01] and [BG04] - show. While the first paper states that the GCL is a
sufficient and necessary condition for stability up to second order accuracy in time, the second
shows that through the GCL accuracy is likely to improve and stability is enhanced in some cases.

Mostly, the GCL is used to find a rule for the derivation of the discrete mesh velocity wWy.
m+1/2

In [LF96], a first temporary order scheme to calculate the mesh velocity is given by w ¥

(x}’” — x}’) /AR, where x r 1s the position of the fluid grid nodes. To calculate the mesh velocity,
in this thesis and according to [BG04, Bla06, Foe(7] the same second order approximation is used
as for the other primary fluid quantities in Eq. (3.4.12), (3.4.14)/(3.4.16) and (3.4.18), that is:
R m+1 _ m m—1
wm+1:Axf:3xf 4xf+xf
! AR 2AR

(3.4.19)
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3.5 Discontinuous Galerkin form

This equation automatically satisfied Eq. (2.4.64), [Bla06, FoeO7]. Further, it should be noted
here, that by using a partitioned coupling approach for fluid-structure interaction after each real
time step, the fluid solver is restarted with the mesh at time level m + 1 and its node positions x;?” .
Therefore, the mass matrix M is calculated at each real time step according to the mesh at time

level m + 1.

3.5 Discontinuous Galerkin form

Mass matrix lumping as described in section 3.4.1 is not applicable, when the implicit form of the
CBS scheme is applied, i.e. when 6, > 0. Also, as noted in [ZBNO5], the usage of mass matrix
lumping can lead to serious errors, when used for time accurate problems. Further, it could be
observed, that unphysical oscillations appear in the solution, when mass matrix lumping is applied
for quadratic and higher order elements, i.e. for elements with quadratic and higher order shape
function interpolation. Such oscillations are caused by a nodal decoupling, when a lumped mass
matrix is used. Therefore, a consistent mass matrix should be applied in such situations, which is
computational expensive with many degrees of freedom. Alternatively, an elemental discontinuous
Galerkin (DG) form of the CBS scheme can be used, which was proposed for incompressible fluid
flow problems in [Tho06, TNBOS].

The DG method has been developed mainly for problems in fluid mechanics and combines
features of finite element and the finite volume schemes. A good overview of this methodology
can be found in [Coc03, Li06] and the references therein. One important advantage of the DG
method is the possibility of an easy parallization of the algorithm since this method allows an
element-by-element solution procedure. However, each node belongs to several elements and
multiple solutions for each node need therefore to be stored, which results in a large memory
requirement. Further, additional edge fluxes for each element have to be computed, which makes
the computation of the residual for the discontinuous methodology more expensive than for the
continuous Galerkin counterpart.

In this thesis, a discontinuous form of the characteristic based split (DG-CBS) scheme for the
ALE frame of reference is employed, which has the same structure as the continuous Galerkin
form of the CBS scheme. This has the advantages, that only minor modifications to the CBS
scheme are necessary and that computational effort is reduced, [HSBBO06]. The standard finite
element assembly of the continuous Galerkin form is removed and the element-by-element linking
is done by the edge flux, which ensures continuity between the elements. This edge flux also can
be used to satisfy a local or elemental conservation, if this flux is equal for the common boundary
of two adjoining elements. Due to the avoidance of a global matrix system, the necessity of solving
a system of linear algebraic equations is omitted. As noted in [TNBOS8], the DG-CBS scheme is
not only globally but also locally conservative in terms of the fluid variables.

To show the concept of the discontinuous Galerkin form, plots of a primary variable over a
patch of three two-dimensional finite elements using continuous and discontinuous spatial shape
function interpolation are shown in Figure 3.3. While for the continuous case the spatial evolution
of a primary variable shows no steps over the element edges (C° continuous), this continuity
requirement is abandoned with the discontinuous spatial discretization, Figure 3.3(b). Due to the
avoidance of a global matrix system, the necessity of solving a system of linear algebraic equation
is omitted for an explicit scheme.

3.5.1 Discontinuous Galerkin spatial discretization

The discretization of the DG-CBS scheme starts with the same weak statement as the continuous
Galerkin form of Eq. (3.3.12). Using non-overlapping finite elements Q;i, one can write for each
of these elements:
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Figure 3.3: Plot of a primary variable over a patch of two-dimensional finite elements using con-

tinuous and discontinuous spatial shape function interpolation
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where an additional integration by parts for the convective terms is applied, which leads to the

appearance of an additional edge flux. It should be further noted here, that the element boundary
terms of the stabilization part are neglected, which is a valid approach, [TNB08]. With the same

assumption as in section 3.3.2.1, the resulting matrix system for this one element is:
(3.5.2)

AV, = Mg’—lm[(civvf —KEVy — 1y + 1) + Ar(—K%, V — K, p f)] ,

1
K :-fBZBSdQ;

where
MiZfNUTNdee; ‘év:foN”dQe; w3
Q5 Q; %
: 1
Ki=fBTT%(1 — 2mm") B, dQ; fiszNUTTTNT%fdfﬁ;
Qs I
f B{ (VN)dQ;.

f N, (sfmNNVpdlS; K, = 5
F;. Qj.

{
fsV -
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3.5 Discontinuous Galerkin form

It is important to note, that for the boundary term f¢ the nodal stress vector 7 is needed, which
is spatially interpolated with the shape function matrix N;. This form ensures the local con-
servation of the edge flux and requires the nodal stress values to be computed in an additional
post-processing step in each iteration.

The second step remains nearly unchanged and is rewritten for one finite element Q; as:

Apy = (M€ + AP 0,KE) lAt[GEV(v" 018V ) + Cplh — T + At (-KSp' + fj,)], (3.5.3)

where
M¢ = f NTNdQ;; K = f (VN)T(ci)"(VN)dQE; G = f (VN)TNUdQ;;
Q4 Q @
= | NTn"'Nyps dle; € = | NTL,dQ%; £ = | NT(N, V" +6,AV /) ndl
P h vpf,x f wp — w f vV = olVg 1 f h fe
Iy Q& Iy

Similar to the vector f{ from step 1, the nodal pressure derivatives Py, interpolated with N, are
needed for f), to ensure local conservation over the element boundaries. These nodal pressure
derivatives are calculated in an extra step in each iteration. For incompressible flows, the pressure
is calculated rather than the density as:

ARy = (M + AP 0:K) ™ M| GOV + 014V ) + Cof — 5+ Artr (KGR + )] . (B.5.4)

1
e _ T
M,,—fN [C_z

with the matrices:
n

e. e _ T e
Nde, Kp = f(VN) (VN)de.

a ;
In the next step the velocity is corrected with:
AV, = AV, + M;”"lAt[Gf,(p;’c +0,0p)) - f‘{,z] , (3.5.5)

where again integration by parts of Eq. (3.3.19) is used to obtain the elemental boundary flux f{,,
The matrices and vectors are defined as:

G = w0 N Nage: £, = [ NTaNpdr
p = ([ g a/gxz 0/3\‘3] U) £ Va2 = by [ pf Iz

e e
Qf l"f

Finally and in analogy to step 1, the energy matrix-vector equation is obtained as

AE; = Me’_lAt[(CiEEf +CopPr — KipVy — KTy — 0 =+ 15)
) (3.5.6)
+ At(-K{Ef - KiEpf)] )

with the matrices and vectors being:

cgEszZNdQ;.; clesz{NdQ;; K = = foLsdQ;.; Ky = - fLZLUdQ;;

Q". Q” Qf;, Qj.
Kf
K¢ = f (VN)T—(VN)dQG, . = f N”(s;m)NE;dl'; fo, = f N (@} m)Np; dT';
l"y I“;
K
K, = f (VN Q1 2L (1o - 3mm") B d02}; £ = f NTI%(QTNT%f+P—£NUTf,x) dr.
re

%
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3 Characteristic Based Split Methodology for the Fluid Flow

Figure 3.4: Triangular and quadrilateral element sharing a common boundary, where the flux is
conserved

Again, the nodal temperature derivatives T, are needed for the element boundary flux to ensure
local conservation and this vector is computed at the end of each iteration cycle.

3.5.2 Calculation of the edge fluxes and continuous solution

As already mentioned above, the DG-CBS scheme ensures a conservation of the flux crossing a
common boundary of neighboring elements.

In Figure 3.4, a triangular (el) and a quadrilateral (e2) element are depicted, which share
a common edge. The condition for this flux conservation can be expressed with the aid of the
boundary normals as:

Fln. =FlLn,, (3.5.7)

where F,; is the flux and n,; denotes the outward normal of the common boundary. Due to this
equation, nodal values of the viscous stress vector and of the pressure and temperature derivatives
are necessary, which are calculated from the surrounding elements of the node in question once
a global continuous solution is obtained. For triangular elements, these derivatives are constant
for each element and a mean value for specific nodes can be computed in a straightforward way.
For quadrilateral elements and higher order elements, the derivatives are extrapolated from the
Gaussian points of the element to the node and the nodal derivative is obtained by averaging these
elemental derivatives. A patch of N;, = 5 elements is shown in Figure 3.5 and the nodal derivative
(Vg¢); at anode i is calculated as:

1
(Vo) = 5= ) (Vi (3.5.8)

In a similar way, the global continuous solution (py, V¢, Ef) is obtained by averaging the local
elemental solution at the node in question, that is:

1 Nie
¢ = N ezzl bei (3.5.9)
where ¢; is the global discrete solution at the node i and ¢,; the solution at the node i on element
level.

After obtaining the global continuous solution, the calculation of the secondary fluid quantities
like temperature, local Mach-Number, etc. is accomplished. For incompressible flow problems,
the artificial compressibility scheme is available without restriction and a time accurate solution
can again be recovered by the dual time-stepping approach employed in section 3.4.6.
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Figure 3.5: Patch of 5 finite elements and its discontinuous discretization - calculation of the nodal
derivative (V¢);

3.6 Chapter summary

In this chapter, the CBS methodology is employed for the fluid domain described by the Navier-
Stokes equation in ALE frame of reference. Thus, a spatial discretization scheme consistent to
the structural solver is provided with CBS scheme. Modern discontinuous Galerkin developments
are considered with the development of the DG-CBS scheme. The mathematical formulation
of the CBS scheme uses a characteristic Galerkin expansion of the governing equations in non-
dimensional form and the splitting is introduced during the temporal discretization. The full matrix
scheme is then obtained by a spatial discretization with the aid of finite elements, which use a shape
function interpolation of the unknown variables.

Since the fluid domain needs to be adapted according to the structural deformation the ALE
form of the governing fluid equations is used in this thesis and this form is a novel extension
compared to the work of Zienkiewicz [ZBNOS5] and Nithiarasu [NCZ06]. Furthermore, additional
computational techniques, in particular a matrix free form, residual smoothing, artificial compress-
ibility for incompressible fluids or local time stepping, are discussed in detail.

Additionally, an novel alternative spatial discretization is introduced in section 3.5, which
uses a discontinuous Galerkin formulation of the CBS scheme. In this variant, it is circumvented
to solve a system with a global coefficient mass matrix. A more important advantage of this DG-
CBS scheme is the property that the element edge flux can be designed to be locally conservative.

Further, turbulence modeling with the aid of CBS the scheme is included in the appendix A.2.
In appendix A.2, the Favre and Reynolds averaging to the governing fluid equations is applied
and two models to determine the eddy viscosity are introduced. The first model is the well-known
Spalart-Allmaras (SA) turbulence model as a representative of an one-equation turbulence model.
In section A.2.4.2 the discretization of the k-w baseline (BSL) and shear stress transport (SST)
model of Menter using the CBS scheme are additionally shown. These models are two-equation
turbulence models and like the Spalart-Allmaras model often used for aeronautical applications.
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4 Discrete Coupling Scheme

In this chapter, the numerical aspects of the weak formulation for the coupled problem, which
is presented in section 2.5, are discussed. For convenient reasons, an operational view will be
introduced for each numerical ingredient, which also assists the partitioned coupling approach of
the FSI problem.

4.1 Reduction on the coupling interface

To discuss the discrete coupling scheme, it is appropriate to reduce the discrete equation for each
single field on the coupling interface. This reduction is naturally inspired by the use of the parti-
tioned coupling approach, where distinguished solvers for each single field problem are combined
to solve coupled problems. Thus operators are introduced, which provide the discrete forces on
the coupling interface. This is physically reasonable as shown for the structural subdomain in the
next subsection. For the fluid subdomain a similar operational view is introduced in a subsequent
section.

4.1.1 Reduction on the coupling interface for the structural subdomain

For the structural domain, the first variation of the actions functional given in Eq. (2.3.8) can be
directly discretized in space by using shape function interpolation as described in section 3.3.2.
Thus, the structural displacement field as well as its first variation (Galerkin scheme) is interpo-
lated as:

u; ~ Nyug;  oug; ~ N,ouy, “4.1.1)

where the matrix of the shape functions is

Ny, 0O 0 No 0O O ... N, O O
N,= 0O NN, 0 0 N 0 ... 0 N, O
0 0 N 0 0 Nz 0 0 Ny

Therefore, each component of the displacement field is interpolated with the same set of shape
functions. With this interpolation, the first variation of the structural problem leads directly to, see
[Hug00, ZTZ05, Bat96] for details:

Muus + fu,int(us) = fu,ext 5 (4-1-2)

where:

Mu = ngpsNu dQs; fu,int = f(DNu)To-s dQs; fu,ext = fN,];Ss dQs + ngis drs .
'QS 'QS Q‘s rs
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4 Discrete Coupling Scheme

For non-linear structural problems, the internal forces f, i, depend on the displacements. For
linear problems, the constitutive relation of Eq. (2.3.6) is used and the spatial discretization leads
to:

M, G, + K,ug = ext s 4.1.3)

with the stiffness matrix defined as:
K, = f BIEB,dQ, = f (DN,)TE (DN,) dQ; .
Q Qg

The unknown displacements u; as well as the forces f, can be split into internal values and values
on the coupling interface I'; as:

Q Q
u; f
us=( T ); fu=( T ) 4.1.4)
uS le
With this splitting, it is convenient to introduce a structural operator § as:
[ _ 4l r
Sug =f e =1, 4.1.5)
where ffext = 0 is assumed, which implies by, = 0. This operator is in general non-linear and

depends on the displacements u;. In the case of a static linear structural problem, K,u; = f, exi,
this operator is identical to the Schur complement of K,,:

QQ Qr Q Q _ _
ki ir ](ﬂr )=(f”’?f~t_0) = (K- KKKl =M. @16)
u u N u,ext

=S

The Schur complement S projects the interface state vector u' on the domain and evaluates the
resulting fluxes f.. Usually, the inverse statement, i.e. a Neumann problem, has to be computed
for the structure, where a structural displacement vector needs to be obtained under prescribed
forces. Therefore, it can be written:

ul = s, 4.1.7)

where S~! implies, that the matrix system of Eq. (4.1.2) has to be solved for the displacements.

4.1.2 Reduction on the coupling interface for the fluid subdomain

Similar to the structural solver operator S, a fluid solver operator can be introduced. For consis-
tency such an operator is written as:

| P

ff—?'uf, (4.1.8)
r
B
forces f;. Using the CBS scheme, these interface forces are computed from the Cauchy surface
stress as:

where U, is the displacement of the interface processed by the fluid solver to obtain the interface

fi = f N/ "o, dl, = f N YTz, dl, - f N/ psnadr,. (4.1.9)

FC rc FC
Behind the operator  several operations need to be performed. Based on the interface dis-
placement u]F[, the displacement vector for the whole fluid domain is required to be obtained in a
first step. This task is part of the mesh deformation algorithm, which is written in an operational

context as:
us = Guy. (4.1.10)
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4.2 Finite element grid deformation

Details on the mesh deformation will be described in a following subsection. Once the fluid
domain displacement is obtained, the new position of each node can be calculated easily as:

_ 0
Xf=Uyp+Xp, “4.1.11)

where xg. is the initial nodal position, i.e. the location of the nodes at r = 0. Using Eq. (3.4.19), the
mesh velocity can be computed from the new nodal position. From an operational point of view,
this second step can be written as:

wy=Wuy. (4.1.12)

With this mesh velocity, the actual fluid solver, or in this case the CBS scheme, can be invoked to
get the resulting forces on the fluid interface:

fi = Cwy. (4.1.13)
Therefore, the fluid solver operator can be replaced as:
f?:(Co(Wog)u;; = F=CoWogG. 4.1.14)

This operational view also underlies the partitioned solution approach, mentioned in the introduc-
tion of this thesis.

4.2 Finite element grid deformation

In the previous section, a grid deformation operator G as part of the fluid solver operator ¥ is
shown to be necessary for the update of the nodal positions. Since the grid quality has a major
influence on the solution accuracy and on the convergence, the grid deformation operator has to
fulfill the requirements of avoiding extreme element shapes and of keeping the boundary layer for
viscous flow calculations. Several methods exist for such deformation operator G.

In [dBvdSBO07], radial basis functions are used for this task, but the mesh quality strongly
depends on the type of the basis function and its support radius. Another promising method
is based on the concept of Delauny graphs, [LQXO06]. But for high deformations, this method
requires an incremental application of this Delauny graph. Certainly, the most common method
is the spring analogy method, [DF02], where the edges are represented through springs with a
certain stiffness.

In this thesis, a variant of this method is used, where the grid is treated as a pseudo structure,
i.e. the fluid domain is seen as a solid body, on which the interface displacement field is prescribed
as a boundary condition. According to the linear static structural system, given in the left part of
Eq. (4.1.6), such grid deformation can be written as:

KQQ  Kor u® 0
Kur=0 = K%Q Kgr ( ujjé )=( 0 ) , 4.2.1)
where
K, = f (DN,)"E, (DN,)dQ; .
Qyf

Eq. (4.2.1) has to be solved for u? every time the interface displacement field changes. For the
stress-strain matrix E,, a linear material behavior is assumed, which is isotropic for each ele-
ment. Therefore, a locally adapted stress-strain matrix is used, where for each element, the elastic
modulus E,; and Poisson’s ratio v, need to be calculated.
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4 Discrete Coupling Scheme

To obtain a higher stiffness for small elements, the Jacobian determinant, which arises during
the numerical integration, can be simply neglected, [Hug00, ZTZ05, Bat96]. This is to say for the

elastic modulus:
1

2
Qe,i

E; ;= (4.2.2)
where €, is the volume size of the element in question, [JT94, STB03]. The stiffness for each
finite element E,; can also be evaluated as the inverse of the minimal element edge length:

1
min(le, i j) ’

g1 = Jj=1... Nedges s 4.2.3)
where [, ;; is the length of the jth edge for the element i. Thus, smaller elements near the wall have
a higher stiffness than greater elements in the farfield. A third possibility is to use the shortest
distance from a node to the nearest solid wall, d,,, and thus the element stiffness is expressed as:

E, ;=—. 4.2.4
9= (4.2.4)

Further, the element stiffness can be calculated from the characteristic length, which is given in
Eq. (3.4.4):
1
Eyi=—. 4.2.5)
¢ hi
All these stiffness evaluation methods can also be combined and in this thesis two combinations
are used:

e usage of the wall distance and the characteristic length:

Egi = : (4.2.6)

4.2.7)

For the second pseudo material parameter - Poisson’s ratio - different values are possible,
which were investigated in [XA04]. Since the results obtained with the pseudo structural approach
have no physical meaning, also negative values for Poisson’s ratio can be considered, although
such material does not exist. Using positive values, as typical solids have, a stretching in one
direction is always accompanied with a compression in the other directions. This might lead
to a degradation of the element aspect ratios. Therefore, a negative value for Poisson’s ratio
vy = —0.5 is used, [XAO4]. This results in the advantageous behavior, that a grid element, which
is compressed in one direction, is also shortened in the other two perpendicular directions. Thus,
the initial element aspect ratios can be preserved.

In terms of the computational effort, it should be noted, that it is sufficient to create and to
factorize K, only once at the beginning of the simulation for most engineering problems. Further,
an exact solution of Eq. (4.2.1) in the sense of a structural problem, is usually not necessary, but
the resulting mesh should show good convergence behavior and not extensively deformed element
shapes. Therefore, also iterative methods, in particular conjugate gradient methods, can be used
with a relatively high termination threshold to accelerate the solution.
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4.3 Finite element data transfer

4.3 Finite element data transfer

Using the two- and three-field approach, the interface problem arises as a weak expression of the
displacement’s equality at the interface due to the variation of the Lagrange multiplier field.
For the three-field approach, the interface problem could be written from Eq. (2.5.9) as:

f SA] (we —u;) dl; =0. (4.3.1)
Fci

Using again a shape function interpolation of the interface variables:

wi~NQu; 4~ NQA; (4.3.2)
the three-field interface problem can be rewritten in discretized form as:
(ic)y , T _ apCid)
M, u. =M u (4.3.3)
where the interface mass matrices are defined as:
M7 = f NO' N ar;. (4.3.4)
Fci

Clearly, the shape functions Nf,i) have to be the same as for the field discretization, while the
shape functions NE{) can be chosen freely under the requirements of solvability of the above matrix
system. This freedom of choice opens a broad range of possibilities for the multipliers, which will
be the topic of the next subsections. )

At this stage, it should be noted, that a matrix ME{;) is quadratic due to the usage of the same
interface grid for the shape function interpolation of 4; and u;, i.e. 4; is localized as discussed in
section 2.5.1. On the other hand, the matrix M(A’Z) is usually a rectangular matrix due to the different

interface grid representation of the frame and field. Further, the numerical evaluation of Mg;) isa
non-trivial task, which requires some computational effort. The discussion of the evaluation will
be expanded in an extra subsection.

For the direct two-field approach, a similar interface problem is obtained from Eq. (2.5.18):

fmfj (w; —u;) dryj =0, (4.3.5)
Lij

which leads with the aid of the shape function interpolation of Eq. (4.3.2) to the following matrix
system:

@ T _ a0y, I
M,y = MMuj , (4.3.6)
with the interface mass matrices:
M¢ = f NIN dr;. 4.3.7)

Setting now the ith subdomain to be the fluid and the jth subdomain to be the structure according
to Eq. (2.5.19), the interface matrix system can be rewritten as:

Ml = Ml (4.3.8)

u Au™'s

In general both interface mass matrices are rectangular. But defining the Lagrange multiplier on
one involved interface, at least one matrix can be made quadratic. Again, the other matrix then
needs to be computed from shape functions defined on two different discrete interface representa-
tions. This evaluation of the interface mass matrix is described next.
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4 Discrete Coupling Scheme

4.3.1 Data transfer schemes based on the weak interface problem

In the next sections, some popular transfer schemes are introduced, which are often used in FSI
problems. For simplicity, only the two-field approach will be considered, but the statements here
could be easily adopted for the three-field approach too. The schemes only differ in the choice of
the shape functions N, for the Lagrange multiplier field. Due to the weak formulation, all schemes
share the property that they are conservative a priori. Another desired feature is accuracy of the
transfer scheme, which is mainly influenced by N, and by the evaluation of the interface mass
matrices.

Once the shape functions, N, have been chosen and the interface transfer matrices calculated,
they also need to be used for the load transfer. Basically, the load transfer is provided by the
exchange of the Lagrange multiplier represented through the first and second integral in Eq. (2.5.9)
or Eq. (2.5.18). The reuse of the interface transfer matrices for the load transfer is also a result of
the principle of virtual work, which can be written for discrete nodal values at the interface as:

sul" = sul 1T 4.3.9)

Assuming, that the displacement transfer is accomplished with the aid of a general rectangular
coupling matrix P as:
uj = Pul, (4.3.10)

then the transfer of forces is obtained as the transposed scheme:
fl = PTf§ 4.3.11)

to ensure the principle of virtual work at the interface. Therefore, the load transfer is automatically
specified by a given displacement transfer. Several types of transfer schemes can be constructed
by defining proper shape functions N, which will discussed in the following sections.

4.3.2 Conservative interpolation

Taking the Dirac delta function on the fluid interface representation for the Lagrange multipliers, it
can be shown, that the integral vanishes and the scheme reduces to the evaluation of the structural
shape functions N,(f) at the fluid nodes position xz;. The entries for the coupling matrix P are
therefore:

Pij = NJ\(x 7). 4.3.12)

The scheme is sketched principally in Figure 4.1(a) for a simple 1D problem, where the shape
function on the fluid and structural interface are depicted together with the Dirac delta shape
function used for the interpolation of the Lagrange multiplier. This transfer procedure is similar
to that presented in [FLL98] and often referred to as conservative interpolation or node projection
scheme, since the structural nodes on the interface are mapped to the closest fluid interface element
and the transposed load transfer conserves the overall interface load from the fluid to the structure.

4.3.3 Galerkin’s method

The conservative interpolation could lead to unphysical effects in terms of the load transfer, if two
interface mesh sizes are highly different, [CL97]. An improvement is the use of the fluid shape
functions for the Lagrange multipliers at the interface, Figure 4.1(b):

N, = NV, (4.3.13)
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4.3 Finite element data transfer
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Figure 4.1: Principle sketches of simplified 1D transfer problems using different transfer schemes
- fluid, structural and Lagrange shape functions on the interface grid representations

This choice is advantageous, since the matrix M;J; ) = MU is positive definite and thus regular.
The transposed load transfer according to Eq. (4.3.11) is evaluated by:

i = MOOMUD], = MDY (4.3.14)

where MY/) and t? denote the mass matrix of the fluid interface and the discrete traction vector
at the fluid interface, respectively. This scheme is equivalent to that proposed in [CL97] and also
minimizes the L-norm of the jump of the traction field across the interface. The main difficulty
lies in the computation of the matrix M(;u) = M®P, which is done by the aid of N,, quadrature
points in each of the N;, elements of an integration grid:

Nie Ngp
o T T
M) = f NS N dry, = E § Wop N (NS (x,p) (4.3.15)
Ty ie=1 gp=1

where ¢, is the weight of the quadrature point. This scheme is frequently referred to as qua-
drature-projection scheme. For integration, either the fluid or the structural representation of the
interface or an independent interface grid can be used. For curved interfaces, it is advisable to use
an integration grid based on the fluid interface, as only then, an exact load conservation can be
ensured [UHHO7a].
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Figure 4.2: Possibilities for the integration grids to calculate the transfer mass matrices

4.3.4 Dual-Lagrange multiplier

Although the matrix Mf{; ) = MYY) in the Galerkin based interpolation is sparse and positive defi-
nite, the inversion process can be computational expensive in systems with many degrees of free-
dom. By choosing an appropriate space for the Lagrange multipliers depending on the shape
functions of the fluid interface representation, this matrix can be diagonalized making the in-
version process trivial. This is the idea of the so-called dual-Lagrange multipliers introduced in
[Pus04, FPWO0S5]. For instance, considering an interface discretized by quadrilateral elements with
the shape functions being:

Nflflz =N =LA+ &80+ 6&) where & = £1; &) = 1, (4.3.16)

u,ij
where (£1, &) are the local coordinates within a finite element. The corresponding shape functions
for the Lagrange multipliers defined on the same discretization are:

Nak = Naij = 3(1+ 3616101 + 36262)) (4.3.17)

A one-dimensional example on the dual-Lagrange multipliers is depicted in Figure 4.1(c). Appro-
priate dual-Lagrange multipliers according to higher order shape functions of the interface can be
found likewise. The evaluation of the matrix Mfu) = M®/ is accomplished by quadrature points
too.

4.3.5 Minimizing the Sobolev-norm

As previously mentioned, the Galerkin based transfer also minimizes the jump of the displace-
ments over the interface in the L, norm. An extended transfer can be constructed, which minimizes
the Sobolev-norm:
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4.3 Finite element data transfer

(a) fluid interface grid (b) structural interface grid

(c) merged grid - fluid reference (d) merged grid - structural refer-
ence

Figure 4.3: Construction of a merged grid as integration grid

1

0 d 2 :
— [ D lsswnA" @y —uy)| dlys| =0, (4.3.18)
out \ Jr,,
f sf n=0
where A" operates on a function to get the nth spatial derivative. With ¢ = 0, and using the
shape function interpolation, the Galerkin based transfer can be obtained, while with ¢ = 1 the
discretization process results in [JHO4]:

(MUD + con K ul = (MU + g KUYl (4.3.19)

where K0 = fl"sf VNS)TVij ) dr sf 1 the interface stiffness matrix and ¢sy = ¢sy,1/5sn,0 denotes
its weight. The transposed scheme is conservative due to the properties of the shape functions,
but the system might be algebraically badly conditioned for specific choices of ¢sy. This transfer
scheme can smooth a transfer value from a coarse to a fine mesh. Unfortunately, experience has
shown that the transposed scheme can lead to locally unphysical oscillations.

4.3.6 Automatic generation of the integration grid

As already stated, a quadrature rule is used to compute the transfer mass matrices, where quadra-
ture points defined on an integration grid are mapped perpendicularly to the interface grids, Fig-
ure 4.2. As can be seen from this figure, accuracy can be lost due to the violation of regularity,
which is assumed by the quadrature rule, i.e. the quadrature points of one integration element are
mapped to different elements of the fluid or structural interface.

Using an independent integration grid, the position and optimal number of the quadrature
points can be found by computing a merged grid [JHO4, JJGLO5, HLO3], which is constructed
appropriately from the fluid and structural interface grids, Figure 4.3. Two characteristic possi-
bilities of such a merged grid exist in a three-dimensional space, which have the same topology
but different geometric references, Figure 4.3(c) and 4.3(d). While the structural interface grid of
Figure 4.3(b) is mapped onto the fluid interface mesh in Figure 4.3(c), the fluid interface grid is
mapped onto the structural interface representation in Figure 4.3(d).
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(a) fluid interface grid (b) structural interface grid
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Figure 4.4: Adaptive refinement of the integration grid

Using a grid like this, the regularity assumption of the quadrature remains valid, and the accu-
racy can be improved noticeably. The main loss of accuracy is then due to the so-called faceting
error, which occurs due to a point projection on a curved surface. A natural choice and applied
here, is the projection of quadrature points carried out perpendicularly to the target surface mesh.

Since the automatic construction of a merged mesh is a non-trivial and error-prone task in three
dimensions, it is computationally more robust to use an adaptive quadtree-based h-refinement of
the integration mesh. In Figure 4.4, a sequence of refinement levels of the integration grid is
depicted, whereby the integration grid is initially set to the fluid interface grid. New elements in
the integration elements, and therefore more quadrature points, are introduced in the vicinity of
the fluid mesh edges, which is best seen in Figure 4.4(f) to 4.4(h). The refinement is based on
a hierarchical balanced quadtree data structure of the integration mesh and the criterion for an
element refinement is the adherence of the quadrature regularity rule, i.e. if all quadrature points
of one integration element are associated with the same projection element. This criterion might
lead to infinitely small integration elements and a termination criterion needs to be evaluated.

4.3.7 Patch-test

With the patch-test, a transfer scheme can be checked in terms of its accuracy. The test has its
origin in general finite element procedures for mechanical problems and is a necessary condition
for convergence [Bat96, ZTZ05]. For the finite element data transfer schemes, the patch-test is
passed, if a constant stress can be transmitted from one to the other interface grid.

In the case of non-curved (flat) or nested surfaces, the interfaces are geometrically coincident
and an exact integration is achieved with merged meshes [DB06, HLO3]. Therefore, the patch-
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4.3 Finite element data transfer

test is passed, if the shape functions for the Lagrange multiplier are defined in an appropriate
space [EBO1]. Using the adaptive refinement of the integration mesh, the integration is performed
approximately exact and thus the patch-test can only be passed within a certain tolerance.

On non-coincident (curved) interfaces, the patch-test is per se not passed due to the faceting
error [PusO4, DB06, HLO3]. Utilizing the Galerkin based transfer for the transfer of tractions,
Eq. (4.3.14) yields:

t) = MOV MO (4.3.20)

where [M©9]gu is the structural interface mass matrix usually evaluated on the structural inter-
face mesh indicated by the subscript [Isyuet- The failure of the patch-test is caused by geometric
discrepancy of the coupled surface grids and the evaluation of [M®9 g and M@ on different
surface grids.

Evaluating the structural interface mass matrix in contrast on the integration mesh, i.e. using
[MG9];,, instead of [M® e, the same surface Jacobian’s for both surface mass matrices in
Eq. (4.3.20) are used and the patch-test is passed [HLO3]. However, the resulting transfer scheme
will not be conservative, since on curved interface surfaces usually

[M(SS)]StruCt[M(&Y)]i_n{ + I (4321)

holds, where I is the identity matrix. Nevertheless, in the case of convergence, i.e. fine inter-
face grids, the interface geometries become coincident and the patch-test will be passed using
Eq. (4.3.20).

In summary, a transfer scheme is desired, which is load conservative as well as accurate in
terms of passing the patch test. However, on arbitrary curved interface grids only one of these
properties can be achieved and in this thesis, a scheme that is unconditional load conservative is
preferred.

4.3.8 Evaluation of the coupling matrix using the adaptive refinement of the inte-
gration grid

It remains to define a termination criterion for usage of the adaptive refinement of the integration
grid. Otherwise and as mentioned above, the adaptive mesh refinement may lead to infinitely small
integration elements. Therefore, a maximum level of refinements can be provided or alternatively,
further element refinements are not allowed once the element size has reached a certain minimum
value.

Further, a termination criterion can be provided through the patch-test. Thus, after each re-
finement level of the integration mesh, the patch-test is performed. The resulting tractions on the
target interface should reach unity, if the interface meshes are flat or nested and the integration
is performed exactly. Any discrepancy of the nodal target tractions from unity (1 + errj,.) can
be used to localize integration elements with a significant integration error, which are labeled for
potential refinement. Is the discrepancy within a user-specified tolerance or within the machine
accuracy, no further refinement is required. On curved interfaces, the patch-test is only passed
within a tolerance due to faceting error and the criterion of tractions equal to unity is replaced with
the criterion that the tractions will not change within the tolerance err,. from one refinement level
to the next. A global criterion to terminate the refinement procedure is provided by the relative
error in the L, norm for a load transfer of a constant pressure field:

2 Nn,s
rf (py = ps)”dlss > (i — Psi)?Asi
sf i=1
llerr]l> = 5 x| <sr, (4.3.22)
f pf dst Znif 9 A,
Lsr P Py iR
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4 Discrete Coupling Scheme

where Ag;, As; are the areas associated with the node i, N, and N, s denote the number of
structural and fluid interface nodes, and ¢7 is a user-defined tolerance for the data transfer.

4.4 Solution of the discrete two-field approach

With the given ingredients of the coupled solution described in the previous sections, the discrete
two-field approach of Eq. (2.5.19) can be developed to obtain for the interface:

Fluid: [ F 0 My || v} 0
Structure: 0 S My ul |= ], 4.4.1)
State Transfer: | —Myr My 0 A 0

where for consistency a full operational view is used and it is assumed, that external forces are
applied on the structural side of the interface only. In the above equation, the M-operators are the
interface mass matrices defined in Eq. (4.3.7):

_ M. _m. _mT
Mff = M/lu > Mfs = szu’ MSf = M/IYu :

Eq. (4.4.1) represents the classical coupling approach for FSI problems with the unknowns u]r“ ul,

and A on the interface. With a partitioned coupling approach and taking into account that the fluid
is treated as a Dirichlet and the structure as a Neumann problem, the system reduces to:

uE =S'o (ff - M;po M}} of o M}} o My, o uE) . (4.4.2)

—ul
_uf

=1

Here, it can be seen, that the operator M}} is used in its inverted form, i.e. a system with the

matrix ME{; ) needs to be solved. This is consistent with defining the Lagrange multiplier on the
fluid side of the interface as it is shown for the data transfer schemes discussed above.

Without access to the matrices of each solver S or ¥, the classical Richardson iteration can be
used to find a solution of the reduced system (4.4.2):

Usr = 11 S0 (Fy = Mg o MypoF o Mypo Mys ouy) (1= Grillyye (443)

ﬂl;,kﬂ
where ¢g; is the user defined relaxation parameter for the Richardson iteration, which is usually in
the range of 0.5 to 0.9. Here, in each iteration a Dirichlet-Neumann (DN) step, #-S~! is invoked
to get the displacement field of the fluid and structure on the interface, respectively. For weak
coupled problems, usually a small number of iterations is needed to find the equilibrium state. For
strong coupled problems, the relaxation parameter ¢g; needs to be reduced to very small values
and the number of iterations increases considerably. In such situations it may be better to use
higher class iteration procedures in particular Krylov subspace methods.

To apply such methods, a non-linear vector function needs to be generated, which for the
reduced system can be obtained as:

R(uy) = S7(f) - Mypo MjjoF o Mjjo Mygouy) —ul =0. (4.4.4)

To find a solution uE, which satisfies R = 0, the Newton-GMRES method can be applied, see
[Kel95] for algorithmic details. Other methods to solve R = 0, like the Bi-CGSTAB iteration,
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4.4 Solution of the discrete two-field approach

Figure 4.5: Time integration and equilibrium iteration for the two-field problem

were investigated in [Ste02]. Comparison of different iteration methods for a simplified structure-
structure coupled problem can be found in [Nie(09].

However, all methods share the property, that a full DN step has to be carried out for one
iteration. From a computational point of view, the most expensive part is to solve the fluid problem.
Therefore, the number of iterations should be reduced whenever possible. Using the Newton-
GMRES method for the iteration, at least three DN steps per iteration are needed, which makes
this method only applicable for strong coupled problems, where several iterations are needed
anyway. For transient problems, where in each time step such iteration is required, reducing the
number of DN steps is even more attractive.

The principal sketch of solving a transient coupled problem with the two-field approach is

depicted in Figure 4.5. For the time ¢ + Az, the fluid interface displacements ul! are calculated

!
from an initial guess for the structural interface displacements uzz:ol using finite element data

transfer. With these displacements, the fluid part of the coupled problem is advanced from the
time 7 to # + At involving the grid deformation G, the calculation of the grid velocities ‘W and the
CBS scheme C. With calling the fluid operator ¥, the fluid interface forces f;ﬁ“ are obtained and
—1fF,n+l
fffa

field is transmitted to the structural side of the interface and updated interface displacements ITIE’"Jrl
are obtained by advancing the structural part of the coupled problem from the time ¢ to 7 + At.
Depending on the iteration method used (Richardson iteration, Newton-GMRES, etc.), an iteration
control instance updates to the interface displacements ubtl by e.g. relaxation. Further iterations

s,k+1
can be run or the iteration procedure breaks and the next time level is considered.

the discrete Lagrange multiplier field A"+ = M is calculated. This Lagrange multiplier

Using the Richardson iteration with ¢g; = 1 and setting the maximum number of iteration for
each time level to one, the simple staggered scheme or loose coupling method is obtained, which
is often used for transient weak coupled problems. However, the simple staggered approach is
usually only stable for a certain time step Az.

To improve the accuracy of the simple staggered scheme, an appropriate predictor can be used
for the initially estimated structural interface displacements ut ! Several choices are available

5,k=0"*
[Pip97]:
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Ton+l _ T'n ~n
Uoo = U7 +Arug (4.4.5)
ol ot A7 30— gbn-! 446
us,k:O =ugt+ ? U™ — Uy (4.4.6)
Cotl _ g A gl AP r, 4.4.7
us,k:() - us + tus + Tus ( N )
Ion+l _ o—-1n+1 g0 I'n
Uy = S f; - fM). (4.4.8)

The predictor of Eq. (4.4.5) is first order time accurate, while the predictor (4.4.6) and (4.4.7) are
second order accurate. With the dual-time stepping scheme within the fluid solver presented in
section 3.4.6, a second order time accuracy in the time integration scheme of the whole coupled
system can be reached with the predictor (4.4.6), [FvdZGO06]. The predictor (4.4.8) is basically a
pre-computation of the structure with the forces at the interface from the previous time step. Thus,
the time accuracy order of this predictor depends on the order of the time integration scheme within
the structural solver, which is usually second order. Good experience with the predictor (4.4.8)
could be obtained, if the coupled problem involves also rigid body motion of the interface.

4.5 Solution of the discrete three-field approach

Analogous to the two-field problem of Eq. (4.4.1), the discrete three-field approach of Eq. (2.5.9)
can be obtained for the interface as:

Fuid: [ # 0 My 0 0 u) 0
Structure: 0 S 0 M, 0 ul f

Transfer Fluid: | My; 0 0 0 M. /'lf =1 0|, 4.5.1)
Transfer Structure: 0 My 0 0 My || A 0
Frame: 0 0 My Mg 0 u, 0

where the fluid and structural operators ¥ and § involve the computations of all fluid and structural
subdomains, respectively. The matrix operators are defined similarly to the two-field approach and
according to Eq. (4.3.4) as:

Mff — M(ff). M, = M(SS). Mfc — M(fc).

Au > Au Au
T T
MM Mg v

Using the three-field approach, the coupling between the two types of subdomains are performed
through the two Lagrange-multiplier fields A and A,. It is important to remember here, that each
Lagrange multiplier field is defined on their corresponding subdomain, i.e. they are localized
[PFOO]. This basically means, that each subdomain is only connected to the frame. Further, the
frame displacement field can be discretized independently of each subdomain connected to the
frame. This provides an additional feature of constructing a smooth transfer by using higher order
elements for the frame displacements u., i.e. using a C1-continuity shape function like Hermitian
shape functions [Bat96, ZTZ05]. However, a solution of Eq. (4.5.1) in a partitioned way is usually
difficult to obtain, especially if a simple staggered scheme is desired.
Without any assumption, the system (4.5.1) can be reduced to obtain:

M5 0 S'to M M ]
_MCS Mcf 9] M;}lc o T o M;}lc o) Mfc

=8

A B MSSOS_lofE
u. | 0

] . (452)
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4.5 Solution of the discrete three-field approach

This system can be solved using an iterative method, e.g. Newton-GMRES, by introducing the
residual as a vector function R(4;, u,):

3 -1 I
As ]—[ Ms 0 S0 e ] . 4.5.3)

R(4,,u,) = B[ o 0
Due to the different physical nature of A, and u, the system matrix operator 8 might be badly
conditioned and a scaling/ preconditioning of $ needs to be used to obtain reasonable results.
A further reduction of Eq. (4.5.2) is possible with the assumption, that the matrix behind M.
has more rows than columns. i.e.:
Npor.c < NpokFs » (4.54)

where Npor, and Npor, s are the number of degrees of freedom for the frame and structural inter-
face, respectively. Then, the frame displacement field can be computed with the assistance of the
Moore-Penrose pseudo-inverse M as, [LH87]:

U, = (M0 /\/(sc)_1 o Mcs oMy, 0 ul; s 4.5.5)
MG,

which is equivalent to solve a least square problem for the fourth equation of Eq. (4.5.1). With this
pseudo inverse, the three-field system further reduces to:

Meso M poF o Mipo Mpo Mio M08 o(ff = Mg 0d) = Meso Ay . (45.6)
J —

=f. =f.

Both sides of this equation represents the force field f. on the frame. To use this fact to construct an
iterative procedure, it remains to find a way to calculate the vector A from f.. Again the principle
of virtual work, Eq. (4.3.9), can be utilized to find:

A= M of = Mo (Mego M) o, 4.57)
Finally, a DN step for the three-field approach can be constructed as:
fe= My o MypoF o Myjo Mpco Mo My 08710 (f = Mo M of),  (458)
with
ML = Mo (Moo My (4.5.9)

Usually, it is advantageous to proceed the DN step for the frame displacement field and a reorder-
ing of the above equation thus leads to:

Ue = M 0 M0 8™ o (f] = Mo MET o Moy o Mo F o Myfo Myeou,). (45.10)

To directly compare this DN step with the two-field approach, the operator chain can be accom-
plished for the structural displacement field as:

uf =S o (f) - My o M o Meyo My o F o Mjo Myco Mizo My oul). (45.11)

S

Comparing this DN step with the one obtained from the two-field approach of Eq. (4.4.2), the
three-field matrices can be identified as:

MSSOM:—STOMcf éAASf; MfCoM:'—SOMSS éN(fs :sz' (4.5.12)

Therefore, the same iteration methods can be used for the three-field approach as for the two-field
approach. Especially, a simple staggered procedure, which results from the Richardson iteration
by setting ¢g; = 1 and k,,,,x = 1, can be used here including a predictor uf;’:& . The advantage of
the three-field approach lies in the independent discretization of the frame and that each subdomain

is connected to frame only.
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4 Discrete Coupling Scheme

4.6 Consistent time integration

As already discussed in section 3.4.6, the fluid domain is usually time resolved with a second order
time-accurate three-point backward difference scheme. Furthermore and as seen from Eq. (3.4.19),
the grid velocities arising due to a grid motion use the same time discretization scheme as the
primary fluid variables.

On the other hand, the spatially discretized structural subsystem is usually solved with the aid
of the Newmark method, see [Hug00] for an introduction. Using the approximation d?, v’ and a’
for u,(z), u,(r) and U,(7), respectively, the structural system to solve is written as:

Mua'fﬂ + fu,int(dzﬂ) = fu,ext
: n+1 n n Atz n n+1
with d7" =d} + Arv) + 7([1 - 2¢plal +2¢pal" ) (4.6.1)

N
Vit = v+ A1 - g @l + g alt!).

If the Newmark parameters gg and ¢, are set to gg = 0.25 and ¢, = 0.5, the scheme is second order
time accurate and similar to the trapezoidal rule.

Compared to Eq. (3.4.19), the structural velocities are computed with a different scheme, i.e.
v, and W are inconsistently approximated, although both subdomains are treated with second
order time accurate integration schemes. To circumvent this inconsistency, the structural accelera-
tions as well as the velocities can temporally be discretized with a three-point backward difference
scheme:

n+1 n n—1 n+1 n n—1
Vit — 4V + VY 3diT —4d7Y + d]

agz+1 — Y ; VZH'I - TA; S (462)
which results in solving the structural problem including non-linearities as:
1
mMu(9d’;” —12d" + 3d"7 1 — 8ANV" + 2ArV") £ (A7) = Fexe - (4.6.3)

This scheme is second order time accurate and consistent with the time integration scheme of the
fluid domain.

4.7 Chapter summary

In this chapter, the numerical scheme based on finite elements for the coupled aeroelastic problem
is presented. An operational view is employed for each coupling part, starting with the structural
subdomain, where the structural interface operator is intentified as the Schur complement. The
fluid grid needs to be adapted due to the structural displacements at the interface. A pseudo-
structural approach is used for this fluid grid deformation, where the material parameters can be
chosen regardless of any physical correctness.

A further important coupling aspect is the data transfer across non-matching interface grids.
From the weak coupling conditions presented in chapter 2, different discrete data transfer schemes
are derived, which share the property of load and energy conservation. To improve the accuracy
of the transfer, a h-refinement of the integration grid is proposed.

Furthermore, the numerical time integration and the equilibrium iteration are discussed for the
two-field approach. For the three-field approach, the same coupling matrices are identified, which
alreay appeared within the iteration process of the two-field approach. Thus, no change for the
iteration scheme itself is needed when conducting the three-field approach.

Moreover, the fact, that usually both - fluid and structure - are treated with different numerical
time integration schemes, is overcome by a proposed consistent time integration approach for the
structure, so that both subsystems use the same temporal discretization for the interface velocity.
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Verification and Application






5 Verification of the CBS Scheme

In this chapter, the performance and properties of the CBS scheme are shown for examples of
pure fluid motion on fixed grids, i.e. wy = 0 and sy = vy. To solve such flow problems, the CBS
scheme is coded in an object-oriented way using the programming language C++ and the multi-
processing programming interface OpenMP. Compressible inviscid, laminar viscous and turbulent
viscous fluid flows over the NACAO0012 airfoil are shown and compared with data provided in
literature. Furthermore, unsteady as well as incompressible flow is tested for well-documented
flow problems.

5.1 Inviscid flow past the NACA0012 airfoil

First of all, a flow problem, where all viscous effects are neglected, is considered. Thus, the CBS
scheme for inviscid flow problems as described in section 3.4.4 is used to solve the example of
this section. As a test case, an inviscid steady flow past the NACAO0012 airfoil at a subsonic Mach
number of Ma., = 0.5 and an angle of attack of @ = 3° is chosen. A sequence of grids with
linear triangular elements is generated for this flow problem ranging from a very coarse to fine
grid resolution. A certain number of nodes is distributed on the airfoil, whereas the grid spacing at
the leading and trailing edge times this number of nodes is kept constant. Thus, with 100 elements
on the surface of the NACAO0O12 airfoil, the leading and trailing edge spacing are 0.0064/. (where
I, denotes the chord length) and with 400 surface elements the spacing reduces to 0.0016/.. The
farfield for all grids is generated to be 50 times of the chord length around the airfoil. This value
is chosen because no significant change in the solution could be observed using a higher distance.
Close-up views on the grids around the airfoil are shown in Figure 5.1.

The results obtained with the flow solver for this subsonic flow problem are shown in Fig-
ure 5.2 with the Mach number and pressure distribution around the airfoil in Figure 5.2(a) and
Figure 5.2(b) on the finest grid level. In Figure 5.2(c), the obtained C ,-distribution on the surface
is shown together with the surface pressure distribution obtained from [JM86] and with the well-
validated DLR TAU solver [RKO08]. The calculated pressure distribution is in good agreement
with the given reference surface pressure. From Figure 5.2(d), the same statement can be made
for the total surface pressure loss coefficient defined as:

P2 P 2 2
P+ 50" = (P + F5U%) ol
Cpaor = —2—— 2" =Cpt - 1. (5.1.1)
71)Oo Poolco

The lift coefficient obtained in [JM86] is 0.4296 and calculated to 0.4226 for the TAU solver on
the present finest grid. With the CBS scheme, a lift of C; = 0.4202 is computed, which is less
than 1% in difference to the TAU value on the same fine grid. In Figure 5.3, the convergence of
the lift and drag coefficients over different grid levels (elements on the airfoil surface) is depicted.
With more elements, the lift converges to the above mentioned lift value. The drag coefficient
converges to 5.12 - 107 and to 4.98 - 10~* for the CBS scheme and the TAU solver, respectively.
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Figure 5.1: Close-up views on the unstructured grids for calculations of inviscid flow past the

NACAO0012 airfoil
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Figure 5.2: Results for the inviscid testcase on the finest grid level - flow at Ma., = 0.5 and @ = 3°

past the NACAOQ012 airfoil
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Figure 5.3: Convergence of the lift and drag coefficients using the CBS scheme and the TAU solver
- inviscid flow at Ma, = 0.5 and a = 3° past the NACAOQ012 airfoil

Figure 5.4: Structured grid for calculation of laminar viscous flow past the NACAO0012 airfoil -
level 0 (561x81 nodes, 44800 elements)

The drag is very low for both solvers, but is not perfectly zero, which would be expected according
to d’ Alembert’s paradox.

Finally, it should be noted, that the same results on the finest grid are obtained with running
the CBS scheme in unsteady mode (i.e. with the dual time stepping scheme) with a real time step
of At® = (0.01,0.005,0.001) s. This indicates the correct implementation of the dual time stepping
scheme.

5.2 Laminar viscous flow problems

In this section, more complex fluid problems are considered for validation of the CBS scheme on
fixed grids. Here, additional diffusive terms, resulting from viscosity and conductivity, should no
longer be neglected and the CBS scheme is used as described in section 3.3.2. Again, the fluid flow
past a NACAOO12 airfoil is investigated here and the solution is compared with results obtained
with the TAU solver. Furthermore, an incompressible flow example is investigated, which uses the
artificial compressibility concept as described in section 3.4.3.

5.2.1 Laminar viscous flow past the NACA0012 airfoil

The solution of the CBS and the DG-CBS scheme obtained from the simulation of the fluid flow
past the NACAOQO012 airfoil is used again here to verify the fluid solver. As a testcase, a flow with
a Mach number of Ma., = 0.5, Reynolds number of Re = 5000 and an angle of attack of @ = 0°
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Figure 5.5: Results for the laminar viscous testcase - flow at Mas, = 0.5, Re = 5000 and a = 0°

past the NACAOQO12 airfoil on the finest grid level (grid level 0)
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5.2 Laminar viscous flow problems

is chosen. This testcase is characterized by two — symmetric to the airfoil chord — steady trailing
edge vortex, which has to be resolved by the solver.

A structured grid around the airfoil is generated, Figure 5.4, to calculate the fluid flow on
different grid levels. The computational grid at level O as shown in Figure 5.4 is a C-type grid and
consists of 561x81 points. On the airfoil, 401 points are distributed, whereas at the leading and
trailing edge a grid spacing of 0.001/, and 0.0006!/. are chosen, respectively.

In the context of the CBS scheme, the usage of quadrilateral elements are novel compared to
[NCZ06, TNOS, Liu05, Hic08, Nit03, NMWMO04, NLO6], where triangles to fill the computational
domain are exclusively applied. Although the computational effort is higher using quadrilateral
elements, the accuracy is clearly improved. This arises from the fact, that the viscous stress and
the heat flux can only be interpolated as constants in each triangular element by using linear shape
functions [Bat96, Hug00]. In contrast, using bilinear quadrilateral elements, the viscous stress and
heat flux can vary linearly over the elements due to the linear variation of the metric within this
kind of elements.

In Figure 5.5, the results of this testcase are depicted for the finest grid level, where in Fig-
ure 5.5(a) and Figure 5.5(b) the contour plots of the Mach number and the pressure are shown,
respectively. Moreover, the upper trailing edge vortex is shown in Figure 5.5(c) together with
the negative flow velocity contours for vy. This vortex is situated between 0.84 < x//. < 1.19.
Although not shown, there is also lower trailing edge vortex, where the fluid flow rotates in an
anticlockwise direction.

To verify the results, the pressure and skin friction coefficient are compared with results ob-
tained with the well-validated flow solver TAU, [RKO8]. Further, reference values could be found
in [Mit98]. It can be observed from Figure 5.5(d), that the surface pressure distribution is in good
agreement with results obtained with TAU and with the data given in [Mit98]. Additionally, the
surface pressure obtained with the DG version of the CBS scheme is plotted, which is similar to
the conventional CBS scheme.

In Figure 5.5(e), the corresponding upper surface friction distribution are shown for the CBS
and DG-CBS scheme as well as for the TAU simulation and the data obtained from [Mit98]. Good
agreement of the present CBS and DG-CBS scheme compared to the TAU simulation on the same
fine grid can be found. Small discrepancies to the results of [Mit98] are observed. Especially the
maximum value of Cy is higher on the current grid than that of this reference. Furthermore, the
x-position where the surface friction changes its algebraic sign is 0.84 for both version of the CBS
scheme and TAU, which again indicates the start of reverse flow.

Finally, the relative error in the Ly-norm of the surface pressure for different grid levels is
depicted in Figure 5.6. The reference surface pressure is chosen to the one, which is obtained with
TAU on the finest grid level (level 0). For both versions of the CBS scheme, the error is less than
0.14% on level 0 and only small difference can be noticed between the CBS and the DG-CBS
scheme in terms of this error. Further, it is remarkable, that the relative surface pressure error
for both variants of the CBS scheme is less than that for TAU on the coarser grid levels (1,2, 3),
whereas with the DG-CBS scheme a slightly lower error value compared to the standard CBS is
obtained on each grid level. This improvement is caused due the local flux conservation property
of the DG-CBS scheme. However, the main advantage of the DG-CBS scheme is the fact, that no
global system of linear equations is needed to be solved in each time step. This might be useful in
situations, when matrix lumping is unavailable.

5.2.2 Unsteady laminar viscous flow past a cylinder

To test the dual time stepping scheme adapted in section 3.4.6, the two-dimensional flow over a
cylinder in a channel is investigated. In literature, often an incompressible flow is studied. Here,
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Figure 5.8: Time histories of the lift and drag coefficients for a viscous fluid flow past a cylinder
at Majne = 0.7 and Re = 2000, real time step size AR =4.0-10*s
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Figure 5.9: Mach number contours at the minimal and maximal lift for an unsteady viscous fluid
flow past a cylinder at Majyer = 0.7 and Re = 2000

a compressible case with a relatively high Mach number is chosen as a testcase, which involves a
shock-boundary layer interaction.

The grid and the dimension of this problem are shown in Figure 5.7. Again, a hybrid grid is
employed, which consists of 31444 triangles and 3200 quadrilaterals connected with the aid of
19110 nodes. On the boundary of the cylinder, 200 nodes are placed with constant space to each
other. 51 points are located on the upper and lower channel wall, respectively, which are equally
spaced, too. The structured mesh around the cylinder is created by 16 layers. The dimensions of
the domain are depicted in Figure 5.7(a) together with the prescribed boundary conditions. The
no-slip boundary condition for the velocity is applied on the cylinder surface. Further, the cylinder
surface is assumed to be adiabatic regarding the energy equation. The slip boundary condition for
the velocity is applied to the channel walls.

The flow at the inlet has a Mach number of Majyer = 0.7 and a Reynolds number of Re = 2000
based on the diameter of the cylinder. At the inlet the corresponding values for the density as well
as the velocity and at the outlet only the free stream pressure are prescribed. Initially, the free
stream values of the density, velocity and energy are used for the whole domain at t® = 0. A real
time step size of Ar® = 4.0 - 107 s is used throughout the simulation.
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Figure 5.10: Convergence of the Strouhal number over different time step sizes for a viscous fluid
flow past a cylinder at Majpee = 0.7 and Re = 2000

Obviously, such a flow is highly unsteady and forms the well-known von Karman vortex sheet
behind the cylinder after an initial phase. In Figure 5.8, the time histories of the lift and drag are
plotted, where the periodic character of the von Kdrmén vortex sheet can be observed. From the
detailed view of the lift evolution, a Strouhal number of:

[ 2
Y2 0497 (5.2.1)

Voo Voo

St

can be determined, which is close to the usually assumed Strouhal number of 0.2. In the above
equation, / is the characteristic length, which is equal to the diameter of the cylinder and f is the
frequency of the vortex shedding. In Figure 5.9, the Mach number contours at time instants of
minimal and maximal lift are shown and the periodic structure of the vortex sheet is seen here,
too.

Finally, the convergence of the Strouhal number for different time step sizes is depicted in
Figure 5.10. For very coarse time steps, the Strouhal number is high and then rapidly converges to
a limit value for very fine time step sizes. For a time step size of At® = 4.0 - 107*s, a reasonable
value for St is obtained.

5.2.3 Incompressible laminar flow past a backward facing step

In this section, the capability of the CBS scheme to solve incompressible flow problems is demon-
strated. Here, the classical testcase of a laminar incompressible flow at a Reynolds number of
Re = 229 past a backward facing step is chosen and compared with experimental data provided in
[DP74]. The setup of this problem is shown in Figure 5.11(a). The channel entrance is placed at
a distance of four step heights upstream, while the total length of the channel is 40 step heights.
The diameter at the entrance is two step heights. The experimentally obtained velocity profile is
prescribed at the entrance, which is approximated as [Tho06]:

6 5 4 3

066242 —75547| 2] +33.9(22) —75283(2

O I, I, h, 7
(5.2.2)

2
+83.368 (%) ~37.793 (%) +2.6959 .

N N

At the channel exit, the pressure is set to the ambient pressure. The no slip condition for the
velocities is applied at all solid walls. Further, the Reynolds number of Re = 229 is based on the
step height.
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Figure 5.11: Domain geometry and structured grid for the calculations of incompressible laminar
flow past a backward facing step

The grid used for the computation is a structured mesh partly shown in Figure 5.11(b) and
consists of 17136 quadrilateral elements and 17421 nodes.

In Figure 5.12(a), the horizontal velocity contours are shown. As seen, the step leads to a
flow separation downstream the corner and a reattachment at the lower channel wall, which is
caused due to an adverse pressure gradient. The resulting vortex is depicted in Figure 5.12(b).
Further, the reattachment length is obtained as xg/h; = 9.54, which is in good agreement with
experimental reported length of 9.77 published in [DP74]. To validate the computational results,
several velocity profiles at distinguished horizontal locations are compared with the experimentally
obtained data also published in [DP74]. The comparison is shown in Figure 5.12(c) and as seen
the velocity profiles computed with the flow solver are in good agreement with the experimental
data. Thus, the capability of the CBS scheme to solve incompressible flows is satisfied with only
minor modifications to the compressible version of the CBS scheme.

5.3 Turbulent flow problems

In this section, the CBS scheme for turbulent flow problems is investigated. In this thesis, the
method of one point closure is used, where the governing conservation equations are averaged
in time or space leading to the Reynolds-averaged Navier-Stokes (RANS) equations. Using this
averaging, additional transport equations - turbulence models - need to be additionally consid-
ered. Such turbulence models are quite standard in CFD and can handle a broad range of fluid
problems with adequate computational costs. In appendix A.2, the turbulence modeling with the
CBS scheme in the ALE frame of reference is described in detail, where a Favre and Reynolds
averaging is applied to the governing fluid equations and two models to determine the eddy vis-
cosity are introduced. The first model is the well-known Spalart-Allmaras turbulence model as
a representative of a one-equation turbulence model. This model is used to calculate turbulent
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Figure 5.12: Results for the incompressible testcase - laminar viscous flow at Re = 229 past a
backward facing step

flows past the NACAOQO012 airfoil in the subsequent section. Nevertheless, in section A.2.4.2 the
discretization of the k-w baseline (BSL) and shear stress transport (SST) model of Menter using
the CBS scheme are additionally shown. These models are two-equation turbulence models and
like the Spalart-Allmaras model often used for aeronautical applications.

5.3.1 Turbulent flow past the NACA0012 airfoil

The NACAOQ012 airfoil is again used, but now a turbulent flow at a low Reynolds number is stud-
ied. As noted in [RS09], turbulence models like the Spalart-Allmaras model are not designed to
predict transition from laminar to turbulence when run in conjunction with a full RANS solver, i.e.
such one point closure models have not any transition modeling capability per se. Nevertheless,
the characteristic behavior of the turbulent viscosity for a low-Reynolds number fluid flow can
be shown. In [RS09], some data are given, which are compared with results obtained with the
turbulent CBS scheme. Additionally, the TAU solver is again used to verify the CBS scheme.

In Figure 5.13 the hybrid grid used for the turbulent calculations is shown. The grid consists
of 36700 nodes connected by 25354 triangular and 23800 quadrilateral elements. At the leading
and trailing edge of the airfoil, a grid spacing of 0.002/. is set. A normal grid spacing at the wall
of 5- 10731, yields a minimal y* of less than 0.5. The airfoil wall itself is discretized with 400
elements.

A freestream Mach number of Ma.,, = 0.2, a Reynolds number of Re = 100000 and an
angle of attack of @ = 5° are used as initial conditions. In Figure 5.14(a), the non-dimensional
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Figure 5.14: Turbulent dynamic eddy viscosity contours - turbulent flow at Ma.,, = 0.2, Re =
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Figure 5.15: Mach number contours - turbulent flow at Ma., = 0.2, Re = 100000 and @ = 5° past
the NACAO0012 airfoil
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CBS Ref. [RS09]

upper lower upper lower

Ma,, =0.20 0.091 0325 0.081 0.314

Mas,, =0.55 0.098 0351 ~0.12 ~0.32

Table 5.1: Upper and lower NACAQ0O012 airfoil location, where the values of ur/u« first exceed
unity - variation of the farfield Mach number, whereas Re = 100000, a = 5°
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Figure 5.16: Pressure contours and surface pressure distribution - turbulent flow at Ma. = 0.2,
Re = 100000 and a = 5° past the NACA0012 airfoil

dynamic eddy viscosity contours using the present CBS scheme are shown. For comparison,
the results for the same configuration reported in [RS09] are replotted in Figure 5.14(b). Both
contour plots are in very good agreement. However, the y-range of the ur > uo, values at the
trailing edge is smaller than that found in [RS09]. The minimal x-position on the upper side of the
airfoil, where the non-dimensional eddy viscosity becomes 1, is computed with the CBS scheme
to xy . /lc(ur > pe) = 0.091, whereas in [RS09] a value of 0.081 was reported. For the lower side
of the airfoil, this value is xﬁn i/ le(ur > peo) = 0.325, which agrees well with the location of 0.314
obtained in the reference. These values together with locations obtained at one additional Mach
number are summarized in Table 5.1. From this table, it can be seen, that the source of turbulence
moves only slightly further downstream, i.e. the upper and lower airfoil location, where the values
of s/ first exceed unity, increase a bit with higher Mach numbers. The values for the location at
Ma., = 0.55 taken from the reference are estimated from a plot in [RS09]. Further, a dependency
of these locations on the grid density is reported in the reference and thus the values obtained here
with the CBS scheme are satisfactory.

The Mach number contours of the case with Ma., = 0.2 are shown in Figure 5.15 for the
solution with the CBS scheme and the TAU solver. It can be seen, that the CBS scheme provides
a slightly smoother soultion compared with the results obtained with TAU. Finally, the pressure
contours of CBS solution are shown in Figure 5.16(a) and the according surface pressure distri-
bution is plotted and compared with TAU in Figure 5.16(b). It can be conclude, that the surface
pressure obtained with the CBS scheme is in good agreement with the TAU computed on the same
grid.
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5.4 Chapter summary

In this chapter, the implementation of the presented CBS scheme is verified by the aid of several
fluid flow problems ranging from inviscid to laminar and turbulent viscous fluid flow. For the
steady inviscid fluid flow past the NACAOQO012 airfoil, good agreement with available published
data and another flow solver are shown. Convergence of the lift and drag coefficients are observed
varying the resolution of the unstructured mesh. Steady laminar fluid flow cases are conducted
for compressible flows past the NACAO0012 airfoil and for incompressible flows past a backward
facing step within a channel. The results of simulations with both flow models show a good agree-
ment with data published in literature. Again, results are compared with data obtained with the
well-validated fluid solver TAU and spatial convergence is shown for the CBS as well as for the
DG-CBS scheme on a serie of structured grids. Thus, it is shown, that the CBS scheme is widely
applicable for general fluid dynamics, which is an important property for a CFD algorithm. Un-
steady flow problems are verified by the flow past a cylinder, where the well-known von Karmén
vortex sheet is observed.

Further, results of turbulent flow past the NACAO0012 airfoil are compared, with data found in
literature and thus the Spalart-Allmaras turbulence model is verified in conjunction with the CBS
scheme for compressible fluids.

Finally, it should be noted, that many more example applications of the CBS scheme can
be found in literature, e.g. [NMWMO04, ZBNO5, NCZ06, NLO6, TNB0S, BNvL*10, BBH10,
SNRAI10]. This chapter is restricted to summarize the results solely obtained with the CBS
scheme. However some new aspects are employed, e.g. the usage of quadrilateral elements in
the boundary layer yields more accurate results than that obtained in [HicO8]. To the author’s
knowledge, so far only pure triangular elements are used in the literature. Furthermore, turbulent
flows are calculated here, which is satisfactorily done so far only for incompressible fluid flow
problems, e.g. [NLOG6].
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6 Assessment of the Coupling
Environment

In this chapter, the coupling environment is computationally investigated in terms of the grid
deformation, the data transfer as well as the time integration and equilibrium iteration. In the first
section, the finite grid deformation for different grid types will be analyzed using several pseudo
stiffness evaluation methods. The data transfer algorithm - especially the adaptive h-refinement of
the integration grid - will be demonstrated for a simple model problem and a more complex three-
dimensional wing structure in the second section. Further, the advantage of the novel three-field
approach in conjunction with a higher order discretization of the interface frame will be shown,
which leads to a smooth data transfer.

A simple FSI problem of a thin and flexible panel excited under an inviscid isentropic fluid
is used to verify the equilibrium iteration scheme for the two- and three-field approach. Finally,
a more complex aeroelastic problem is chosen to validate the coupling environment with experi-
mental data. A simple staggered iteration procedure is applied to simulate a flapping and flexible
airfoil in a low-Reynolds number flow regime.

6.1 Finite element grid deformation

6.1.1 Unstructured grid with high deformation

In this section, a simple test problem adapted from [STB03, XA04] with high grid deformations
is investigated, which uses the unstructured grid shown in Figure 6.1. This grid consists of 1189
nodes connected to 2198 triangular elements. The interface, which is subject to deformation, is

0.0

1.0

Figure 6.1: Initial grid for investigation of the finite element grid deformation
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Figure 6.2: Deformed grid due to interface translation

located at y = O in the interval of —0.5 < x < 0.5. At this interface 100 nodes are equally
distributed. The quality of the grid is measured in terms of the aspect ratio, which is defined as the
ratio of the circumradius of the triangle to twice its inradius. Thus, the aspect ratio of an equilateral
triangle is exactly one. The mean aspect ratio of the present grid is 1.075, which is obtained by
integration of all elemental aspect ratios over the domain and dividing the value by the whole area.
The highest aspect ratio of a triangle is 1.609.

Using the six possibilities of the elemental stiffness evaluation, Eq. (4.2.2) to (4.2.7), three
deformation types of the grid are investigated: a vertical translation of the interface to y = 0.5, an
interface rotation of 45° around the origin and a bending of the interface to a circular arc with an
angle of 180°, whereas the length of the interface is kept constant.

6.1.1.1 Translation of the interface

In a first test campaign, the desired interface translation to y = 0.5 is computed in three equal steps,
where in each step the stiffness matrix is newly calculated and the previously deformed grid is used
as a new basis. This translational movement is important because it divides the computational
domain into two parts: a region with compressed elements and a region with stretched elements.

In Figure 6.2, the resulting deformed grid using the stiffness evaluation strategy of Eq. (4.2.2)
is depicted because this strategy leads to the smallest maximum aspect ratio. However, all stiffness
evaluation possibilities behave similar. Due to the large interface displacements, the average and
maximum aspect ratio grow non-linearly with the interface translation, Figure 6.3. The usage of
the combined stiffness evaluation methods of Eq. (4.2.6) and (4.2.7) results in the worst meshes,
whereas the length scale based methods of Eq. (4.2.3) and (4.2.5) give the best meshes in terms of
the average aspect ratio. For the maximum aspect ratio, these two methods are also the best until
a translation of y = 0.33 (second step). However, for the final, third step, the stiffness method of
Eq. (4.2.2) results in the smallest maximum aspect ratio.

In Figure 6.4, the aspect ratios of the deformed grids are plotted against the number of steps
used for the interface translation to y = 0.5. For the combined stiffness evaluation methods of
Eq. (4.2.6) and (4.2.7), no usable grid could be obtained with only one step. Further, it can be seen
from Figure 6.4(a), that with two steps onward the average aspect ratio remains constant, whereas
the stiffness methods of Eq. (4.2.3) and (4.2.5) perform best. Considering the maximum aspect
ratio of a triangle in the deformed mesh, the only suitable grid after one step of deformation could
be obtained with the method of Eq. (4.2.2), Figure 6.4(b). With more steps used for the interface
translation, also the methods of Eq. (4.2.3) and (4.2.5) give good meshes.
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Figure 6.4: Grid quality for interface translation to y = 0.5 - influence of the step number

6.1.1.2 Rotation of the interface

For this testcase, the interface is rotated with an angle of 45° around the point (0, 0). A successful
deformation of the grid in three steps can be seen in Figure 6.5, where the combination of wall
distance and characteristic length for the stiffness evaluation, i.e. Eq. (4.2.6), is used due to its best
performance in terms of the maximum aspect ratio, Figure 6.6(b). Another method, which also
gives a good deformed grid, is the one which uses only the wall distance as the stiffness criterion,
i.e. Eq. (4.2.4). This method also gives a good average aspect ratio, Figure 6.6(a). The procedures,
that have been performed very well for the vertical translation of the interface (Eq. (4.2.3) and
(4.2.5)), now give the poorest meshes with unacceptable high maximum aspect ratios (method of
Eq. (4.2.5)) or even degenerated meshes after the second step (method of Eq. (4.2.3)).

Moreover, using Eq. (4.2.3) as the stiffness evaluation method, a valid grid could be obtained
only in 4 and more steps to the desired rotation, Figure 6.7(a). However, the obtained grid shows
elements with very high aspect ratios, Figure 6.7(b). Further, as already observed for the vertical
interface translation, the average aspect ratio remains almost constant for each stiffness strategy,
Figure 6.7(a). In summary, for the rotation testcase, the methods which use Eq. (4.2.4) and (4.2.6),
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gives the best grids and also with only one step these strategies give reasonably good meshes,
Figure 6.7(b).

6.1.1.3 Bending of the interface

As the last and most demanding testcase, the bending of the interface to a circular arc is inves-
tigated, whereas the length of the interface is kept constant. For the parameter studies, a central
angle of 180° is used for the circular arc. In Figure 6.8, a successful deformation of the inter-
face in three steps is depicted, which uses again Eq. (4.2.6) as stiffness evaluation. Together with
the strategy of Eq. (4.2.4), this method provides the best results in terms of the maximum aspect
ratio, Figure 6.9(b). In addition, the stiffness methods based on a length scale, i.e. Eq. (4.2.3)
and (4.2.5), again perform very poorly regarding the maximum aspect ratio, although the average
aspect ratio shows good values, Figure 6.9(a).

Using a different number of steps to reach the desired bending of 180°, the same statements
as for the rotation testcase of the previous subsection can be expressed here. However, the solely
acceptable grid deformed with only one step, is obtained with the stiffness strategy of Eq. (4.2.6),
Figure 6.10(b). Further, it should be noted, that with the method of Eq. (4.2.3) the highest aspect
ratio remains high, even with 8 steps. Therefore, this method is not plotted in Figure 6.10(b).
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Figure 6.11: Structured grid for flow simulation past the flapping SG04 airfoil

In summary, for the rotation and bending testcase, the best results could be obtained with the
stiffness strategy based on a combination of the wall distance and the characteristic length, i.e.
Eq. (4.2.6). Good results could be obtained with this method for the vertical translation testcase,
although other methods perform better for this interface movement.

6.1.2 Structured grid with high deformation and rigid body motion

In this section, a further grid deformation testcase is investigated. For a flapping and flexible
airfoil simulation, a robust mesh update algorithm is needed, which prevents the structured grid
from containing distorted elements. In Figure 6.11 a structured grid around a thin airfoil is shown,
which contains 216x80 quadrilateral elements.

For testing of the grid deformation, a pure plunging motion with a sinusoidal vertical trans-
lation and an amplitude of double the airfoil chord length is assumed. The farfield of the grid is
kept fixed in space and therefore the translation results in a mesh deformation rather than only
a rigid body motion of the whole grid. A typical beam-like deformation is incorporated to this
motion with a deflection amplititude at the trailing edge to be a quarter of the cord length. This
deformation is also assumed to have a temporal sine characteristic, i.e. at the top and bottom dead
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Figure 6.13: Grid quality for structured grid deformation during a flapping cycle

center the deformation is positive and negative, respectively. For this testcase, the stiffness matrix
for each method is evaluated only once for the initial grid and is then used throughout the flapping
motion. To assess the quality of the resulting mesh, the average and maximum skewness of the
elements are considered. The skewness of a quadrilateral element is defined as the maximum,
relative and absolute difference of the inner angles to be orthogonal, i.e. a skewness of 0.0 would
be the optimal shape of a rectangle. The average skewness of the initial grid is 0.194, while the
maximum skewness is 0.739.

In Figure 6.12, the deformed grids at the top and bottom dead center are shown, where the
stiffness is evaluated according to Eq. (4.2.2) due to its best performance in terms of the maximum
skewness, Figure 6.13(b) and Table 6.1. In Figure 6.13, the average and maximum skewness
using the different stiffness evaluation strategies over one period are depicted. It can be observed,
that each method is able to produce valid meshes for this strong flapping motion, although the
deformation for each time step is done only in one step. Regarding the average skewness in
Figure 6.13(a), its value increases while the airfoil moves to the top dead center (¢/7 = 0.25) and
decreases then again to the mid of the downstroke (¢/7 = 0.5). Shortly after the mid-downstroke,
the average skewness increases to the bottom dead center (¢/7 = 0.75) and decreases then during
the upstroke to its initial value. Integrating the skewness evolutions over one period, it can be
noticed, that the stiffness methods based on the wall distance give the best results in terms of the
average skewness.
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mean skewness

average maximum

E,i=1/Q;:Eq. (42.2): 02029  0.7497

E,; = 1/min(l,;j); Eq. (4.2.3): 02023 0.7703

Ey,i=1/d,;; Eq. (4.2.4): 0.1982 0.7570

E,; =1/h;; Eq. (4.2.5):  0.2034 0.7621

E,; = 1/(dyh;); Eq. (4.2.6):  0.1986 0.7678

Egi = 1/(dwiQe): Eq. (42.7):  0.1976  0.7603

Table 6.1: Mean values of the average and maximum skewness over one flapping period for several
stiffness evaluation methods

For the maximum skewness, the same behavior during a flapping period can be observed, Fig-
ure 6.13(b), except the maximum skewness at the bottom dead center is lower than its value at the
top dead center for all methods. Although other methods provide temporarily smaller maximum
skewness values, the methods based on the element area and the wall distance give the best results
at the top and bottom dead center. Thus, these both schemes also results in the lowest integrated
mean values of the maximum skewness, Table 6.1. In summary, all methods give reasonably good
deformed grid. However, the stiffness evaluation scheme based on the wall distance has shown the
property, that this method gives meshes, which have a good average as well as maximum skewness
values.

6.2 Interface data transfer

In this section, the developed adaptive quadtree-based h-refinement of the integration mesh pro-
posed in section 4.3.6 is investigated. Further, a smooth transfer scheme is proposed, which uses
the three-field coupling approach. All the examples presented in this part employ the Galerkin
based transfer. The performance of the different transfer schemes, which has been described in
section 4.3.2 to 4.3.5, will be analyzed in the context of the panel flutter problem in an own chapter.

6.2.1 Simple model problem

In a first testcase, a simple data transfer between two non-matching grids is investigated. Here,
the level of adaptive refinement of the integration mesh and the curvature of the involved grids
are examined in terms of the error in a constant flux transfer, i.e. the patch test is used. In
Figure 6.14, the fluid and structural interface grids are shown. A load transfer is assumed, i.e. a
data transfer from the fluid to the structural representation of the interface is applied. To ensure
load conservation, the integration is performed on a grid based on the fluid interface grid. This
integration is subjected to the adaptive quadtree-based h-refinement to improve the accuracy of the
transfer.

To investigate the influence of the grid’s curvature on the transfer error, the interface meshes
are projected on a sphere with a certain curvature. The curvature is defined as the inverse of the
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Figure 6.14: Interface grids used for the model problem - without curvature
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Figure 6.15: Interface grids used used for the model problem - curvature of 0.4

sphere’s radius. An example of the three-dimensional interface grids with a curvature of 0.4 is
shown in Figure 6.15.

The results of the data transfer are depicted in Figure 6.16, where the relative error in the L;-
norm of the obtained structural flux to the constant fluid flux is computed according to Eq. (4.3.22).
In Figure 6.16(a), this error is plotted over the levels of the integration mesh refinement. As
seen from this figure, a transfer without adaptive refinement (level 0) yields an error, which is
identical for different curvature of the interface grids. Using the flat interface grids (curvature
is 0.0), the error can be considerably reduced with more levels of integration mesh refinement.
This improvement is caused by the more accurate integration for the transfer matrices using the
Galerkin based transfer. However, increasing the curvature the error can only be asymptotically
decreased to a certain value. For a curvature of 0.7, a level higher than 3 is ineffective in terms
of the error and its value remains at approximately 1073, Therefore, the transfer accuracy is not
only influenced by the quality of the integration, but also by the curvature of the interface grids.
Due to the curvature, the so-called faceting error becomes the dominant factor for the data transfer
accuracy of highly curved interfaces. Using a high integration accuracy with six refinement levels,
the error increases with higher curvature as seen in Figure 6.16(b). From this figure also the
independence of the curvature, when using non-refined integration grids, can be seen. In this case
the integration error is a dominant factor for the accuracy of the data transfer.
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Figure 6.17: Interface grids of the AGARD wing 445.6

6.2.2 Data transfer for the AGARD wing 445.6

In a more realistic testcase, the data transfer over the interface meshes of the AGARD wing 445.6
is investigated. The numerical aeroelastic analysis is widely used as a benchmark problem, see
e.g. [Gup96, GMO00, FL0OO, CZY06, LB93]. The flutter behavior of this wing is experimentally
analyzed in an AGARD report by [YLF63]. In this thesis, only the data transfer properties are
highlighted rather than to conduct a full aeroelastic analysis.

For the wing, the 2.5 ft weakened model number 3 is used, which has a 45° quarter-chord
sweep angle, a panel aspect ratio of 1.65, a taper ratio of 0.66, and the cross sections given by
the NACA65A004 airfoil. The fluid interface mesh is shown in Figure 6.17(a) and the structure
is modeled using 27x40 solid elements, whose interface is depicted in Figure 6.17(b). The fluid
interface holds 30666 elements and 15380 nodes.

In Figure 6.18, the relative error in the L;-norm of a constant flux transfer is depicted, where
the fluid and structural interface discretization have served as the integration mesh and a constant
flux distribution is applied on the fluid interface mesh. If the integration mesh is set to the struc-
tural interface mesh, the error remains high and by increasing the level of adaptive refinements,
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no improvement of the transfer can be observed. Utilizing the fluid interface as the integration
mesh, a considerable transfer improvement can be noticed up to the second refinement level. Ad-
ditional refinements, i.e. more quadrature points, are ineffective in terms of the error due to the
predominance of the faceting error in three dimensions. The dashed line in Figure 6.18 represents
the transfer of the same configuration as above except that flat interface meshes are used, i.e. the
z-coordinate of the interface discretization is set to zero to circumvent the faceting error. Without
the presence of the faceting error, a further improvement of the data transfer can be observed with
increasing level of refinements.

6.2.3 A smooth transfer using the three-field approach

In section 4.5 and with Eq. (4.5.12), the adaptation of the data transfer problems in the context
of the three-field approach to the utilization with the numerical algorithms used for the two-field
approach could be developed. Thus, the data transfer properties of the three-field approach can be
studied separated from a real physical problem.

It was already mentioned, that the discretization of the frame can be done independently from
a grid connected to the frame. The advantage of such transfer is the smoothness of the data
transmitted to the target grid, if the connectivity frame is discretized with higher order interpolation
functions. For instance, C' continuous shape functions can be used to discretize the displacement
field of the frame, whereas the shape function of the two grids linked to the frame are interpolated
with C? continuous shape functions. In Figure 6.19, the three interface representations are shown,
which use different discretizations. The fine fluid and the coarse structural interfaces hold 65x34
and 10x5 quadrilateral C° continuous elements, respectively. The connectivity frame is discretized
with only 6x3 C! continuous elements, which use Hermitian rectangle shape functions derived
from standard Hermitian Euler beam shape functions, see section 11.14 of [ZT05]. Thus, each
node of the connectivity frame has four degrees of freedom, corresponding to the values of:

Ous  Ouy  Dus
ox’ 0y’ Oxdy’

us,
whereas the fluid and structural interfaces have only the displacement u3 as the degree of freedom.
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Figure 6.19: Structured interface grids used displacement field transfer
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Figure 6.20: Interface displacement fields at the interface
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Figure 6.21: Problem setup and fluid grid of elastic-acoustic coupled problem

This combination of interface discretization is now used for the displacement transfer using
the two- and three-field approach. A structural displacement field is prescribed as shown in Fig-
ure 6.20(a), which is analytically described by:

u3 = sin(2zx) - sin(2ny) .

The resulting displacement field using the two-field approach in connection with the Galerkin
based transfer is shown in Figure 6.20(b). Here, an exact integration of the coupling matrices could
be easily reached by using the merge mesh approach of section 4.3.6. As can be seen from this
figure, the obtained fluid displacements follow exactly the linear behavior of the coarse structural
elements, i.e. the edges of the structural interface loom at the resulting fluid displacements. This
transfer behavior might lead to unphysical CFD solutions, especially when dealing with transonic
or supersonic flows.

Finally, the obtained fluid interface displacement field using the three-field approach is shown
in Figure 6.20(c), where again an exact integration together with the Galerkin based transfer is
applied. As seen, the nodal fluid displacements are much smoother than the field obtained with
the two-field approach. Such a smooth transfer is more favorable in terms of a solution of the fluid
domain with the CBS scheme or other CFD algorithms. However, the transfer based on the three-
field approach is initially more expensive due to its computation of more coupling matrices, but
the smooth interface displacements might reduce the inner iteration of the CFD scheme. It should
be noted here, that the transposed load transfer remains conservative and thus this approach is
advantageous.

6.3 Iterative solution of an elastic-acoustic problem

In this section, a simple FSI model is simulated to verify the staggered iteration procedure, which
is described in section 4.4 and 4.5. The testcase consists of a flexible panel, which is coupled to an
inviscid isentropic fluid (acoustic fluid). The panel is excited with an external force and due to its
oscillating movement, acoustic waves travel through the fluid domain to an open end. A similar
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two-field approach three-field approach
Richardson NGMRES Richardson NGMRES

DN cycles: 20512 14999 18934 12996

mean DN cycles per time step: 20.51 15.00 18.93 13.00

Table 6.2: Number of Dirichlet-Neumann cycles needed for the elastic-acoustic coupled problem
using different iteration schemes

testcase is described in [FKWO06], but here a modified setup of the testcase is used to design a
strongly coupled problem, where the high density fluid is coupled with a flexible structure.

The physical setup of the elastic-acoustic problem is shown in Figure 6.21(a). A density of
pr =1000kg/ m? and a speed of sound of ¢ r = 1000 m/s for the water is assumed. On the lower
edge of the fluid domain, a thin and flexible aluminum panel is mounted, which has a length of
ls = 0.1 m and a height of &, = 1 mm.

The fluid domain is discretized with 55x50 equispaced quadratic 8-node finite elements shown
in Figure 6.21(b). The primary unknown is a velocity potential from which the pressure is calcu-
lated as the secondary variable, see section 7.3.4 of [Bat96] for details of this formulation. At the
top edge, an open boundary condition is applied and at all other edges, wall boundary conditions
are set. The thin structure is modeled as a two-dimensional von Kédrmdn plate (von Kdrméan beam)
with 25 elements, see [HurO1] for implementation details. An external time-dependent pressure
force acts on the panel with:

Pext(t) = 5 - 104 N/m? sin(27 f1)

with a frequency of f = 1000 Hz. Further, it should be noted, that the fluid and structural interface
grids are non-matched making it necessary to use a data transfer scheme. Thus, the Galerkin based
transfer is applied, where the integration of the coupling matrices is exactly accomplished by the
merge mesh approach described in section 4.3.6. For the three-field approach, the connectivity
frame is discretized with only 4 elements using C' continuous Hermitian shape functions.

In Figure 6.22(a), the panel midpoint deflection is plotted over the time using different iteration
schemes, where for all schemes a constant time step of At = 50 us is set. For the two-field ap-
proach, Eq. (4.4.3) and (4.4.4) are utilized to accomplish the Richardson and the Newton-GMRES
iteration, respectively. For the three-field approach, Eq. (4.5.2) is used to run the Newton-GMRES
algorithm, whereas Eq. (4.5.12) is applied to set up the Richardson iteration. As one can see, all
schemes result in the same deformation behavior. In Figure 6.22(b), the panel deflection within
the time interval of 0.040s < ¢ < 0.043 s is depicted. During this time span the panel exhibits
three oscillations and this deformation has a higher mode. For two time points (¢ = 0.04225s
and t = 0.04275s), the pressure distribution within the fluid field is shown in Figure 6.22(c) and
6.22(d). These pressure distributions are similar for all iteration schemes.

To assess the iteration schemes in terms of their computational costs, the number of Dirichlet-
Neumann cycles is logged. In Table 6.2, the numbers of DN cycles for each scheme required
to run the simulation are listed. The iterations in each time step are terminated, when a residual
of 1070 is reached. Since the problem is strongly coupled, the relaxation parameter ¢g; for the
Richardson iteration is needed to set to a very low number of ¢g; = 0.1. Therefore, the number
of cycles is higher than that needed for the Newton-GMRES iteration. Further, the number of
cycles for the three-field approach is less than that for two-field scheme, which is caused by the
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Figure 6.22: Results for the elastic-acoustic coupled problem

smooth transfer property by using C! continuous Hermitian frame elements. Thus, for the present
elastic-acoustic coupled problem, the three-field approach gives also promising results in terms of
the computational costs.

6.4 Simple staggered solution of a complex coupled problem - flap-
ping airfoil simulation

In this section, a more complex FSI problem is investigated and validated. The numerical sim-
ulation of an oscillating and flexible airfoil for flapping wing propulsion is chosen, due to the
availability of experimental data. These data have been produced within the project “Analysis of
the flapping flight with flexible airfoils” of the DFG priority program SPP1207. Inspired by the
flapping flight of birds, such an airfoil can be used for future micro air vehicles to improve thrust
efficiency. The size of such moving vehicles and the low flight speed range cause a low-Reynolds-
number flow regime with a typical Reynolds number of about Re = 10°. The accurate prediction
of the flow behavior using CFD is still challenging due to the occurrence of laminar-turbulent
transition [LS07, YKW*07, RWS07, OMH"05]. The transition takes place along a laminar sepa-
ration bubble, which is caused by a strong adverse pressure gradient within the laminar boundary
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Figure 6.23: close-up view on the structured grid for flow calculation over the SG04 airfoil
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Figure 6.24: Principle design of the flexible airfoil

layer and along the smooth aerodynamic surface. Therefore, instead of the CBS scheme, the
well-validated finite volume code FLOWer, which solves the unsteady Reynolds-averaged Navier-
Stokes equation, is used in conjunction with an " method for the transition prediction to take this
instability phenomenon into account [RWS07, WROS].

A coupled problem involving the CBS scheme will be the topic of the next chapter. In this
section, the coupling environment, with a conservative transfer scheme, the grid deformation and
simple staggered time integration scheme with a predictor is validated. More precisely the follow-
ing numerical components are used for the computation:

1. FLOWer together with an " method for transition prediction for the fluid domain

2. the commercially available finite element solution package Ansys® for the structural do-
main, [ANS06]

3. the conservative interpolation as described in section 4.3.2 for the data transfer

4. the stiffness evaluation based on the wall distance, i.e. Eq. (4.2.4), for the finite element grid
deformation due to its performance evaluated in section 6.1.2

5. the simple staggered two-field approach for the time integration of the coupled problem with
the predictor of Eq. (4.4.8)

6.4.1 Simulation setup

For the fluid part of the coupled computation, a structured grid around the SG04 airfoil is generated
with 585x129 nodes, Figure 6.23. The SGO04 airfoil was designed based upon a handfoil of a
seagull with a camber of 4% and its aerodynamic behavior was published in [UKH*07, BRU*10].
The use of the wall distance based stiffness evaluation method for the fluid grid deformation is
motivated due to the results obtained in section 6.1.2.

For the structural part of the simulation environment, a non-linear finite element model of the
airfoil is designed. This numerical model is based on a design using carbon reinforced plastic
with a stiff forebody and an overlapping three-shell concept, Figure 6.24. Further, the finite el-
ement model contains layered shell elements for the carbon reinforced plastic plates and contact
elements to model the area, where the upper and lower shell are in contact with the central shell.
This model is structurally validated with a manufactured wind tunnel model in terms of the first
eigenfrequency, eigenform and mass, see [UHHWO0S8, BRU" 10] for details. The structural airfoil
has a camber, which is higher than that for the original SG04 airfoil. This higher camber is de-
signed in a way, that at a gliding flight with a Reynolds number of Re = 103 and angle of attack
a = 3° the aerodynamic shape is obtained.

98



6.4 Simple staggered solution of a complex coupled problem - flapping airfoil simulation

z(1)
ORI

?%07@ ‘J

aefr(t) a(t)

Figure 6.25: Definition of the effective angle of attack

Figure 6.26: Combined pitch-plunge motion witch 90° phase shift

6.4.2 Flapping flight motion parameters

A harmonic pitching-plunging motion of the airfoil is investigated for the flapping flight simula-
tion, i.e. the motion is prescribed through the structural model. The plunging part of the motion
can be expressed as:

2(t) = zsin(2n f1), (6.4.1)

with z(¢) being the position of the quarter-chord line. The effective angle of attack due to the
pitching motion is then, see also Figure 6.25:

() = a(t) + arctan (?) = ap — acos(2nft) + arctan(

[oe]

2Kz
; ‘ cos(27rft))

(6.4.2)

- éz) -cos(2n ft),

(2Kz
~ Qo+ ]

c

where K = nfl. /v is the reduced frequency and a phase angle of 90° between the plunging and
pitching motion is assumed. The following parameters of the flapping flight simulation are used:

e reduced frequency of K = 0.2

e plunging amplitude of z = 0.5,

e angle of attack of ag = 4°

o cffective angle of attack amplitude of aeg = zl—lfz —a=4°
e Reynolds number of Re = 10°

e time step size of At = ﬁ

e critical N-factor of N = 8 (corresponds to a turbulence level of 0.1%).

A sketch of this combined pitching-plunging motion is depicted in Figure 6.26.
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Figure 6.27: Lift and pressure induced drag coefficients as well as transition location and trailing
edge deformation of the flapping flexible airfoil over two periods of motion

6.4.3 Validation of a reference testcase

The resulting time history of the lift and pressure induced drag coefficient as well as the evolution
of the transition location of the upper airfoil side and the trailing edge deformation are shown in
Figure 6.27 for two periods of the motion. It can be seen, that due to the unsteady fluid flow,
the always positive lift has its maximum during the downstroke shortly after the mid-downstroke,
although the highest effective angle of attack is reached at /T = 0.25 + i (i being the period
number). The mean lift over one period is C; = 0.8802. The highest negative drag, i.e. thrust,
is also reached during the downstroke shortly after the mid-downstroke, but before the maximum
lift is obtained. On the other hand, the highest positive drag is obtained shortly before the mid-
upstroke. Integrating the drag over one period gives the mean drag, which is computed as fd, =

_C i
C, N /

00 -05 -10 -1.5

20 -2.5

Figure 6.28: Pressure distribution of the upper airfoil over one period
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—0.0128, i.e. thrust is generated during one flapping period. From the time history plot of the
transition location, it can be observed, that the laminar separation bubble moves from the trailing
edge towards the leading edge during the downstroke and moves back during the upstroke, whereas
it never reaches the last 30% of the rear part. Thus, the laminar separation bubble is present at all
times for the flapping flexible airfoil.

The trailing edge deformation evolution is depicted without the rigid body motion part, i.e. the
evolution in Figure 6.27 shows the pure deformation in the local airfoil coordinate system. The
highest deformation is numerically obtained shortly after the top dead center at #/T = 0.1 +i. The
deformation decreases, i.e. the camber increases, while the airfoil moves to the bottom dead center.
The lowest deformation is computed shortly after the bottom dead center and during the upstroke
the camber is then decreased. The phase shift between the lift and the trailing edge deformation is
At/T =0.275 = 100°.

The lowest reached transition location is obtained at /7 = 0.35 + i with a value of x}'/[. =
0.134. The effect of this laminar separation bubble to the pressure distribution of the upper side of
the airfoil is shown in Figure 6.28, where the C,-value is plotted over the x/I. — t/T-plane for one
period. A jump in the C,, distribution is induced due to laminar-turbulent transition. This jump
moves together with transition location from the trailing to the leading edge and back during one
period of motion, where the height of the jump increases with lower values of x;/l.. Interesting
is the correlation between the lift and transition location. At the time, when the lowest transition
location is reached, the lift has its maximum value and vice versa.

The turbulent shear stress distribution, which is an adequate indicator for the transition from
laminar to turbulent flow, is shown in Figure 6.29 for four discrete time points together with the
turbulent shear stress obtained in wind tunnel test campaigns, published in [BRU"10]. These
experimental data were obtained with the aid of stereoscopic PIV measurements at the flapping
airfoil, where the flow velocity was captured at several window locations around the airfoil and at
multiple time instances. These sets of velocity vector images are ensemble averaged to get the de-
sired turbulent stress. It can be observed from the comparison, that at the top dead center the com-
puted transition location is more upstream than that found in the experiment, Figure 6.29(a). This
situation changes during the downstroke and at the mid-downstroke the calculated transition loca-
tion lies behind the experimental found location, Figure 6.29(b). This indicates, that the change
of xj is insufficiently resolved by the numerical scheme. During the upstroke the experimentally
found transition location is again more downstream than numerically predicted, Figure 6.29(c)
and 6.29(d). This disagreement was already noticed for the rigid version of the airfoil and is likely
caused by the turbulence assumption of the URANS solver, [BRU*10, Ban11].

6.5 Chapter summary

In this chapter, parts of the coupling environment are numerically verified and validated. Further-
more, several options for the fluid grid deformation and data transfer schemes are assessed. For the
fluid grid deformation it is found, that the stiffness evaluation methods introduced in section 4.2
perform similarly. However, the stiffness strategy based on the wall distance and the character-
istic length is recommended to use for the simple testcases with the unstructured grid. For the
structured grid in conjunction with the flapping-bending grid deformation, the best grids are ob-
tained with the stiffness evaluation methods based on the wall distance. Thus, for general fluid
grid deformations, the method which uses (4.2.6) is recommended.

Regarding the interface data transfer it is shown, that for low-curved interface grids an adaptive
refinement of the integration grids leads to a reduction of the transfer error. For highly curved
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Figure 6.29: Comparison of computational and experimental results in terms of the turbulent shear
stress distribution around the airfoil at several time instances - experimental data from [BRU*10]

interfaces, another error - the faceting error - becomes present and the transfer error cannot be more
reduced. This faceting error is also identified by the data transfer for a realistic wing configuration.

Further, a smooth transfer scheme is proposed in this chapter, which uses the three-field cou-
pling approach with a higher spatial order discretization of the connectivity frame. This transfer
scheme remains also load conservative, which is an important property for computational aeroe-
lasticity.

The three-field approach is further investigated in the context of an elastic-acoustic FSI prob-
lem, where two equilibrium iteration schemes - Richardson iteration and Newton-GMRES - are
studied in terms of the number of DN cycles. For this strongly coupled problem, it is shown, that
with the usage of the Newton-GMRES iteration scheme the number of DN cycles are reduced for
both, the two- and three-field approach. Further, the smooth transfer of the three-field leads to the
best computational effort for this problem.

In the last section of this chapter, the simulation of the flapping airfoil at a low Reynolds-
number flow is validated with experimental data. Since transition prediction is needed for such
flow problems, FLOWer with an " method is used. Here, a simple staggered two-field coupling
procedure is utilized together with the conservative interpolation and the finite element fluid grid
deformation. Thus, the validated structural finite element model is coupled to the fluid grid and
the simulation is compared to experimental data in terms of the turbulent shear stress distribution.
It could be shown that the experimental data are principally captured by the numerical simulation,
although the change in the transition location in reality is faster than numerically predicted.
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7 Finite Element Fluid-Structure
Interaction - Panel Flutter Problem

In this chapter, the typical non-linear and dynamic aeroelastic phenomenon of the panel flutter
is intensively investigated with the aid of schemes presented in chapter 3 and 4. This classical
aeroelastic problem exhibits a limit cycle oscillation (LCO), i.e. the flutter amplitude is restricted
due to the non-linear nature of the thin structure.

7.1 Problem description

The panel flutter problem is a classical phenomenon in aeroelasticity and consists of a clamped
or simply supported plate over which a fluid flows. Usually, this plate or panel is very thin and
has therefore to be modeled as a non-linearly behaving structure. Due the fluid flow, the panel
can exhibit a self-exciting oscillation. Another aeroelastic behavior, which can be observed, is a
steady deflection of the panel known as divergence. Which of these aeroelastic phenomena exhibit,
depends on the combination of parameters in particular the panel thickness, the flow Mach number
or the flow pressure at infinity. Further, the panel flutter problem is often used as an aeroelastic
model problem, since the phenomena observed here are also present in aircraft wings.

In Figure 7.1, the setup of the panel flutter problem is depicted. The fluid flows tangentially
over the panel, which has a height 4 and a length /;. Underneath the panel a constant pressure of
Df. 1s applied. The pressure induced by the flow deforms the panel, which in turns influences the
flow field.

7.1.1 Structural model of the panel

To take the large structural deformation into account, the panel itself is modeled with the von Kar-
man plate model, where the non-linearity comes from an in-plane restoring force, whose value
depends on the panel deflection, [Dow77, CD04]. Therefore, the amplitude of a panel oscilla-
tion is limited due to the restoring force and this kind of flutter phenomenon is called limit cycle
oscillation (LCO).

Ys ux‘ Ma.pem: preo
A h
Py VL
Pf.co 7/ X
Iy

Figure 7.1: Description of the panel flutter problem
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The structural displacement-based action functional I for a thin one-dimensional von Kdrmén
plate, i.e. a constant plate behavior in spanwise direction, can be expressed as:

NI A P 2 By + B, (0u,\*
_ L 9Ys 5 %Ms 0" Dx [OUs

Is(us) = f{fz [D( C,)x) + 6G( ox es) + ) (ax) l dx
t 0

: (7.1.1)
~1 ug\>  psh3 (96,\ ;
- fﬁ pshs (E) + B (E) l dx—f”spsdx}dt’
0 0

where u; is defined as the deflection of the panel, i.e. as the deformation in y-direction. The first
integral represents the potential and the second denotes the kinetic energy. The angle 6; is the
rotation of the plate section. The values D and G denote the plate stiffness and shear module of
the panel with:

B G _E
T12(0 -2 2L+

with E and v, being the stiffness module and Poisson’s ratio of the panel, respectively. The non-
linearity occurs due to the force B, = B,(0u,/dx):

(7.1.2)

Ly
Ehy ([ 0u; 2
B, = ) 1.
T f((?x) dx (7.1.3)
0

The structural system is spatially discretized by Timoshenko beam elements, which are free of
shear locking, resulting in the following matrix system, [HurO1, FK93]:

12

(pshs)M, + 0, + [ DK, + 2GhKy + SER ] Keu)Kp| U = fex (7.1.4)

where it is assumed, that the panel is not pre-stressed, i.e. By = 0. Clearly, the non-linearity is
given by the third part of the stiffness term. For a definition of the matrices M,,, My, K,,, Ky and Kg
consult [FK93, HurO1].

7.1.2 Aeroelastic parameters of the panel flutter problem

All the structural parameters like panel length, thickness, stiffness and the fluid parameters like
density, pressure and velocity of the flowing air at infinity can be expressed through three aeroe-
lastic parameters. The first parameter is the non-dimensional mass ratio, here defined as r,,, which
can be written as:

OOl o0
L (7.1.5)
pshs osT
A second parameter is the non-dimensional dynamic pressure r,, which is:
PreoVi i Pret] 121 =)
ry= - = — (7.1.6)
E(7)
The key aeroelastic parameter is the reduced frequency K, which is defined as:
l
K = 715 . (7.1.7)
Vfco
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Figure 7.2: Unstructured grid for calculations of inviscid panel flutter problem

Here, the reduced frequency is the result of the computation for the panel flutter problem. There-
fore, the Mach number Ma., is used as third input parameter. The aeroelastic problem of the
panel flutter is thus defined by the three input parameters (r,,, 7, Ma). Given a panel with the
material density py, Young’s modulus £ and Poisson’s ratio v as well as the geometric parameters
hy and [, the fluid density and the velocity at infinity are obtained from Eq. (7.1.5) and (7.1.6),
respectively. From the definition of the Mach number Eq. (3.2.11), the temperature or the pressure
at infinity can be obtained. Usually, the mass ratio r,, is fixed and the response of the system due
to the Mach number and the non-dimensional dynamic pressure r,, is studied to obtain a stability
chart.

7.2 Transonic panel flutter - methodology assessment

Initially, the panel flutter problem is investigated at a transonic Mach number of Ma., = 1.0. The
panel is made by aluminum with a density of p; = 2700kg/m?. Young’s modulus and Poisson’s
ratio are £ = 7.1 - 10'9N/m? and v, = 0.34, respectively. The geometry of the panel is set to a
thickness of #; = 4.537 mm and a length of /; = 1.0 m. The panel is simply supported at x//; = 0.0
and x/Il, = 1.0.

In [Mas02], a bifurcation of the panel’s aeroelastic behavior with a constant mass ratio of
rm = 0.1 was reported when increasing the non-dimensional dynamic pressure 7, from 160 to 180.
At a pressure of r, = 180 a LCO can be observed and for r, = 160 a divergence of the panel is
predicted. For a pressure of r, = 170, flutter should be obtained and therefore this case is chosen
to study the influence of the different transfer schemes, the performance of the structural predictors
in conjunction with a simple staggered time integration scheme. Further, the proposed consistent
time integration scheme is investigated as well as the performance of the DG-CBS compared to
standard CBS scheme.

For this testcase, an inviscid fluid is assumed and therefore the Euler equations of the fluid
motion are solved. In Figure 7.2, the used triangular mesh for the fluid domain is depicted. This
grid consists of 7516 nodes connected to 14521 elements. Small elements are placed in the vicinity
of the panel (0.0 < x < 1.0). The fluid interface is discretized with 400 elements.

7.2.1 Influence of the transfer scheme

First, the influence of the different transfer schemes presented in section 4.3 on the flutter behavior
of the panel is studied. Additionally, the non-conservative load transfer often used in aeroelas-
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Figure 7.3: Midpoint deflection of the panel using different transfer schemes and number of ele-
ments

tic computations is included in this study. For the non-conservative load transfer, the structural
pressure load at the nodes are calculated from the fluid pressure with the aid of the fluid shape
functions, i.e. the structural nodes need to be mapped on a proper fluid element and the pressure
is calculated from the adjoined fluid nodes.

A constant time step of At = 1073s is used for all calculations presented in this section.
Further, in terms of the CBS scheme, the explicit scheme with 8, = 0.75 and 6, = 0.0 is applied
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Figure 7.4: Reduced frequency and midpoint amplitude of the LCO using different transfer
schemes and number of elements

as well as the lumped mass matrix option to obtain a matrix free solution procedure. The iterative
equilibrium iteration depicted in Figure 4.5 is used to suppress possible errors due to a simple
staggered time integration scheme, i.e. the Richardson equilibrium iteration is applied.

In Figure 7.3, the midpoint deflections of the panel using different transfer schemes are shown
for various numbers of structural elements. The time history plots are non-dimensionalized with
7ils/vf00 0 that the reduced period time, 1/K, can be directly identified.

In Figure 7.3(a), the panel’s midpoint deflection using the Galerkin based transfer is depicted,
where the coupling matrix M®/) is computed based on a merged mesh, which can be simply ob-
tained from the fluid and structural interface grids. Even for a very coarse structural mesh, a flutter
behavior of the panel is obtained and the results fit well with those reported in [Mas02]. For 50 and
more structural elements, identical results are obtained and no differences in terms of flutter am-
plitude and frequency can be seen. The convergence of the reduced frequency and the amplitude
regarding the number of structural elements is shown in Figure 7.4. For the Galerkin based trans-
fer, a reduced frequency of K = 0.118 and a midpoint amplitude of 0.5(Auy/hs)x/1,—05 = 1.812
are obtained for 50 and more elements. In [Mas02], a reduced frequency of 0.110 and a non-
dimensional amplitude of 1.79 could be reconstructed, but a structured grid with 80 elements on
the fluid interface was used for these computations.

The deflection of the panel discretized with 50 elements over one period of the limit cycle
oscillation is shown in Figure 7.5(a), where the panel deformation is also colored. The panel is
fully deflected in positive y-direction at a non-dimensional time 7- vy« /(ntls) = 74.7. The structure
then rapidly deflects to the opposite direction. From the bottom dead center, the panel is now
deformed to the top dead center, while the deflection shows a wavelike behavior, where the first
50% of the panel reaches a positive deflection at 7-vy,. /(7l5) = 79.2 before the remaining panel part
follows upward. This main deformation behavior of the panel is accompanied by higher modes,
which are also excited by the fluid flow. The corresponding pressure coefficient on the structural
discretization is shown in Figure 7.5(b), where a weak shock occurs on the panel, which is mostly
present while the panel deforms from bottom to the top dead center. This shock moves from
the middle to the end of the panel and the Galerkin based transfer is able to resolve this shock
on the coarse structure, while the pressure distribution is transmitted from a fine fluid interface
grid. Finally, the Mach number contours at four discrete time points are shown in Figure 7.6. In
Figure 7.6(a) and 7.6(d), the moving weak shock is again visible.
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Figure 7.5: Deformation of the panel during one cycle of oscillation and the according pressure
load on the panel using the Galerkin based transfer with 50 structural elements

The time history of the midpoint deflection using dual-Lagrange multipliers for the data trans-
fer shows nearly the same behavior as the Galerkin based transfer scheme, Figure 7.3(b). With
100 and more structural elements, the same LCO frequency is obtained, Figure 7.4(a), and only
a slightly lower midpoint amplitude compared to the Galerkin based transfer is computed, Fig-
ure 7.4(b). The advantage of the dual-Lagrange multipliers lies in the computational costs of
inverting the matrix M(A’; ) = MU, Therefore, this is a favorable transfer scheme for FSI problems
involving many degrees of freedom.

The conservative interpolation shows a similar midpoint panel deflection behavior as the
Galerkin or the dual-Lagrange based transfer, see Figure 7.3(c). The reduced frequency and the
midpoint deflection of this scheme converge to a slightly higher value than that for the Glaerkin
based transfer, Figure 7.4(a) and Figure 7.4(b). But it should keep in mind that this identical be-
havior is due to the fine fluid interface grid compared to the structural interface representation. As
soon as, the structural interface grid becomes much finer as the fluid interface grid, unphysical
oscillation in the transmitted pressure will be present [UHHO7a]. This unphysical oscillation is
caused by the property of this scheme, that some structural nodes will not receive any forces from
the fluid interface due to the different discretization of the interface, [CL97].

Using the non-conservative interpolation as described above, no flutter is observed, when the
structure is discretized with 10 or 20 finite elements, Figure 7.3(d). Only with 50 and more ele-
ments a LCO of the panel is identified and with 100 structural elements similar flutter frequencies
and amplitudes are obtained, Figure 7.4(a) and Figure 7.4(b). The main reason for this behavior is
the artificial energy loss during the data transfer, i.e. the load computed by the CBS scheme is not
conserved, when transmitted to the structure. Therefore, this scheme cannot be recommended for
aeroelastic computations.

In Figure 7.3(e), the midpoint deflection of the panel is shown using the Sobolev-norm based
transfer scheme with ¢gy = 0.3, whereby the integration is performed on a merged mesh. For
50 and more structural elements, almost an identical time history as for the transfer using the
Galerkin based can be identified. However, the panel losses stability after a few cycles for 10
elements (- vf00/(7ls) > 50) and no flutter is observed. The reduced frequency converges to lower
value than that for the Galerkin based transfer, Figure 7.4(a), whereas no definite convergence is
observed for the amplitude with 200 structural elements. The main difficulty of the Sobolev-norm
based transfer is to estimate an optimal parameter gsy. In [JHO4], a suggestion for the evaluation
of the weight ggy is given, which is of local character and only applicable for structured grids.
Therefore, this scheme cannot be recommended for general aeroelastic application yet.
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Figure 7.7: Reduced frequency and midpoint amplitude of the LCO using different predictors at
several time step sizes

In summary, the Galerkin and the dual-Lagrange based transfer as well as the conservative
interpolation give similar results for the transonic panel flutter problem. The dual-Lagrange based
transfer is recommended here, since this scheme is load conservative and combines the general ap-
plicability for different interface discretization with the efficiency of a matrix-free transfer scheme
like the conservative interpolation.

7.2.2 Influence of the time integration scheme

In a next investigative campaign, the panel flutter problem is studied with a simple staggered time
integration scheme, i.e. the data transmission from the fluid to the structure and vice versa is only
accomplished once in a time step to reduce the computational effort. Thus, the first and second
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Figure 7.8: Reduced frequency and midpoint amplitude of the LCO using time integration schemes
at several time step sizes

order structural predictors Eq. (4.4.5) to (4.4.8) are tested at several time step sizes with a structural
discretization of 100 elements and with the application of the dual-Lagrange based transfer due to
its performance observed in the previous section. The remaining parameters are kept unchanged.

First, an inconsistent time integration of the coupled system is used, i.e. for the structural
subsystem, the Newmark scheme of Eq. (4.6.1) is utilized. Using a small time step size of
At = 0.5- 1073 s, which corresponds to a non-dimensional time step of At - vy /(7ls) = 0.047,
all schemes except the one without predictor result in a similar flutter frequency and amplitude,
Figure 7.7. Without any predictor, a considerably lower reduced frequency and higher amplitude
are obtained. Moreover, with the second order predictor from Eq. (4.4.7), a slightly lower fre-
quency and amplitude as for the other predictors are computed. The reduced frequency for the
schemes with predictor is a bit smaller as the frequency obtained with Richardson equilibrium
iteration from the previous section. Further, the amplitude of the LCO is decreased when a simple
staggered scheme is used.

Increasing the time step size to Ar = 1.0 - 1073 s or Ar - Vool (mlg) = 0.094, the predictor of
Eq. (4.4.7) fails to predict flutter for the testcase, Figure 7.7. For very coarse time steps (At -
Vool (mly) = 0.468), only the first and second order predictor from Eq. (4.4.5) and Eq. (4.4.6)
predict flutter.

Finally, it should noted, that Figure 7.7 represents the temporal convergence of the presented
coupling scheme and regarding the panel flutter problem, and the second order predictor (4.4.6)
gives the best results even for very coarse time steps.

Switching the structural time integration scheme to the three-point difference backward sche-
me, the resulting coupling scheme is consistent in terms of the time integration. In Figure 7.8,
the Newmark and the consistent three-point difference backward time integration scheme for the
structural subsystem are compared for several time steps in terms of the reduced frequency and
the midpoint panel flutter amplitude. Here, the second order predictor (4.4.6) for both integration
methods is applied. For small time steps, both time integration methods results in an identical
flutter frequency and amplitude. For very coarse time step sizes, the differences in both values
become noticeable. Especially from the reduced frequency convergence plot, it can be seen, that
the consistent time integration scheme yields a better convergence behavior than the classical
Newmark integration scheme.

To summarize, with a simple staggered time integration scheme of the coupled problem in
conjunction with the usage of the structural predictor, the computational time can be reduced due
to the omission of the equilibrium iteration within a time step. Nevertheless, the results obtained
with such a scheme are reliable in terms of both the flutter frequency and amplitude. Further,
similar results are observed when the Newmark or the consistent three-point backward difference
scheme for the structural time integration is used.
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Figure 7.9: Fluid interface pressure during one cycle of oscillation using the two-field approach
(dual-Lagrange based transfer) for several structural discretization

7.2.3 Comparison of the two- and three-field coupling approach

In terms of the two-field approach, the structural displacements are directly transmitted to the fluid
grid, which in turns influences the fluid pressure distribution. In Figure 7.9, the fluid interface pres-
sure is depicted over the time for one limit cycle period using the two field coupling approach. This
pressure is again warped in the third direction for visualization. Different structural discretizations
are used and a constant time step size of At - vy /(nly) = 0.094 as well as the simple staggered
time integration with the three-point backward time discretization for the structure are applied. For
the data transmission, the dual-Lagrange based transfer is utilized. As seen from Figure 7.9(a),
equidistant unphysical oscillation in the pressure distribution can be noticed. Such oscillations,
which result in small and very local shocks, are caused by the transfer of the displacement field
from a coarse structural to a finer discretized fluid interface. More precisely, after the displacement
field transfer, the fluid interface becomes chiseled, which is responsible for local pressure changes.
This kind of chiseled fluid interface was already observed in Figure 6.20(b).

To overcome this transfer behavior, more elements for the panel discretization can be used. In
Figure 7.9(d), the fluid interface pressure is depicted, where the structural panel consists of 100 fi-
nite elements, while the fluid interface still contains 400 elements. The local pressure disturbances
are less visible as in the case, where the structure has only 10 elements. Clearly, an optimal solu-
tion would be obtained with matched fluid and structural interface grids, but often such demand is
far away from being possible.
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Figure 7.10: Fluid interface pressure during one cycle of oscillation using the three-field approach
(Galerkin based transfer) for several structural discretization

Another solution of this coarse-to-fine data transfer over non-matched interface grids is the ap-
plication of the three-field approach in conjunction with an independent frame discretization with
C! continuous elements as proposed in section 6.2.3. Here, the frame is automatically created,
so that the requirement of Eq. (4.5.4) is barely satisfied. For the coupling matrices, the Galerkin
scheme is utilized and the remaining parameters are kept unchanged. In Figure 7.10 the obtained
pressure on the fluid interface is shown. Using the three-field approach, the pressure distribu-
tion is much smoother and the local pressure oscillations are no longer apparent for all structural
discretizations. Thus, the three-field approach, which is used here to employ an accurate dis-
placement field transfer scheme, is a favorable method to simulate a coupling problem involving
a compressible fluid.

Comparing the reduced frequency as well as the amplitude of the two-field approach with
those of the three-field approach, similar results are obtained, Figure 7.11. Only for a very coarse
structural grid, small differences are noticeable. This basically indicates that both coupling ap-
proaches are conservative in terms of the load transfer and in terms of the energy transfer over
the interface. Due to the more accurate results for the fluid domain when using the three-field
approach, this approach is the preferred coupling scheme.

7.2.4 Comparison of the CBS and the DG-CBS scheme

The temporal as well as the spatial structural convergence have been employed in the previous
sections and it remains to clarify, the spatial convergence in terms if the fluid grid resolution.
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Figure 7.11: Reduced frequency and midpoint amplitude of the LCO using different coupling
approaches and number of elements
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Figure 7.12: Example of a structured grid for calculations of inviscid panel flutter problem - 160
elements distributed on the panel

According to section 5.2.1, a structured grid is now used for the panel flutter problem, due to its
simple creation of similar grids with bilinear or biquadratic finite elements at different resolution
levels. In Figure 7.12, an example of a structured grid is shown, which is characterized by the
existence of 160 elements distributed on the panel. Other fluid grids created for the computations
use 80, 120, 160, 240 or 320 elements on the panel interface. Again the panel flutter phenomenon
is computed with the same parameter set as described above (Ma., = 1.0, r,, = 0.1, r, = 170) and
with the aid of the three-field coupling approach.

In Figure 7.13, the midpoint deflection together with the midpoint velocity is shown for dif-
ferent discretizations and for different spatial order of finite elements. Using a coarse grid with
bilinear elements and with 80 elements on the interface, a high flutter frequency of 0.167 and
0.164 for the CBS and DG-CBS scheme are obtained. Comparing these results with a finer grid,
e.g. 320 elements at the interface, Figure 7.13(b), this high frequency is caused by a non-satisfying
midpoint velocity time history. While the panel moves to the top dead center, the velocity shows a
higher mode, where the midpoint velocity almost reaches zero.

Using grids with biquadratic elements, similar expressions can be made. Although slightly
better results are obtained when using 80 elements at the fluid interface, the velocity time history
of the midpoint deflection is still insufficient, Figure 7.13(c). With 120 quadratic elements at the
interface, the midpoint velocity shows a behavior similar to the case, where 320 linear elements at
the interface are used, and a reasonable flutter frequency is therefore obtained.

Finally, the relative error of the obtained flutter frequencies over the number of elements used
to discretize the fluid interface is plotted in Figure 7.14 for the CBS as well as the DG-CBS
scheme. Since a structured grid is used in [Mas02], the frequency reported there is chosen as
reference. Using linear elements, the differences between the curve for the CBS and the DG-CBS
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Figure 7.13: Midpoint deflection of the panel using different version of CBS scheme and number
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Figure 7.14: Relative error of the reduced frequency using different versions of the CBS scheme
and number of elements on the interface

scheme are marginal. Only with 320 fluid interface elements, relative error is lower as for the
DG version. Using a biquadratic grid with 160 elements on the fluid interface, the error becomes
similar small as the value for 320 linear elements. Moreover, it should be noted, that the difference
between the CBS and the DG-CBS scheme is noticeable for the case with biquadratic elements.
Therefore, it can be conclude here, that application of the DG-CBS scheme for the solely reason
of improving the accuracy is only attractive, when quadratic elements are used for the fluid grid.
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Figure 7.15: Midpoint deflection of the panel at Mas, = 0.9, r,, = 0.1, r, = 200 - upward and
downward deflection

7.2.5 Choice of schemes for upcoming simulations

Due to the experience obtained in the previous subsections, the following schemes and parameters
are used for all upcoming calculations:

o the simple staggered solution strategy, i.e. ¢g; = 1.0 and setting the maximum number of
iteration for each time level to one to save computational effort

o the second order structural predictor of Eq. (4.4.6) due to its accuracy and stability

e a time step size of At = 0.001 s to guarantee accurate flutter calculations over a wide range
of non-dimensional pressure

e the consistent time integration, i.e. the time integration of Eq. (4.6.3) is used for the structure
due to its better stability at higher time step sizes

e 100 linear structural elements for the panel

o the usage of the unstructured grid from Figure 7.2

e the application of the three-field approach together with the Galerkin based transfer due to
its smooth data transfer property

e a lumped mass matrix and #; = 0.75 and 6, = 0 within the CBS scheme to save computa-
tional effort with this matrix free form

e the continuous Galerkin version of the CBS scheme

The last point needs some further explanation. Although with the DG-CBS scheme, a local con-
servative procedure can be designed, the effect on the panel flutter results is marginal as shown in
the previous section. Thus, the continuous Galerkin version of the CBS scheme is chosen here.

7.3 Panel behavior at subsonic flow

With the given parameters and settings, which behave best for the transonic panel flutter at Ma., =
1.0, several simulations can be conducted of the panel interacting with fluid flow. Initially, the
panel behavior is investigated at subsonic Mach numbers varying the non-dimensional dynamic
pressure r, and mass ratio r,. At a Mach number of Ma. = 0.9, the panel shows no flutter.
Instead, it deflects in the upward or downward direction depending on r;, and the initial value for
the panel velocity as for example shown in Figure 7.15. An initial velocity is necessary to trigger
the panel deflection, when an inviscid fluid model is used. Here, the initial velocity distribution has
the same form as the panel deflection assuming a constant pressure. This distribution is scaled with
a maximum value of |0.1| m/s at the panel midpoint. For the subsonic case, a positive or negative
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Figure 7.16: Upward panel deflection for different non-dimensional dynamic pressure values and
two Mach numbers at r,, = 0.1
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Figure 7.17: Downward panel deflection for different non-dimensional dynamic pressure values
at Ma,, = 0.98, r,, = 0.1

velocity distribution is applied depending on the desired deflection direction. Thereby, it is not
mandatory, that a positive initial velocity leads to an upward panel deflection, see Figure 7.15.
Indeed, in some cases, the panel deforms always in one direction independently of a positive or
negative initial velocity distribution.

In Figure 7.16(a), the upward panel deflection for different values of r), is shown, where a
Mach number of Ma,, = 0.9 and a non-dimensional mass ratio of r,, = 0.1 are set. It can be
observed from this figure, that the highest deformation is nearly at the panel midpoint for all .
This situation changes by increasing the Mach number to Ma., = 0.98, where now the highest
deformation can be found at x//; = 0.63 independently of r,, Figure 7.16(b). Such downstream
shift of the highest deformation location cannot be found, if the panel deflects downward, Fig-
ure 7.17. For the downward deformed panel at Ma., = 0.98, the highest deformation is found to
be at x/l; = 0.53. This behavior is caused by the occurrence of a shock situated near the down-
stream end of the upward deflected panel, which is absent in the case of the downward deflected
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Figure 7.19: Critical non-dimensional dynamic pressure vs. the farfield Mach number for different
i - subsonic stability chart

structure, Figure 7.18. In Figure 7.18, the Mach number and the pressure contours of the fluid
passing the panel are shown, where Ma., = 0.98, r, = 100, r,, = 0.1 are used as parameters. Such
shock with its transonic effects leads to a shift of the maximum deflection location, whereas the
solution without a shock remains more symmetric about the panel midpoint. Comparing the up-
and downward deformation form, it is remarkable, that the absolute deformation of Figure 7.16(b)
is lower than that in Figure 7.17.
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Furthermore, it can be observed from the two plots of Figure 7.16, that there exists a certain
value for r, depending on the Mach number, where the deflection of the panel is activated. This
critical pressure is equal to rp, cric = 18.0 and 7, ¢y = 10.2 for a Mach number of Mas, = 0.9 and
Ma., = 0.98, respectively. In Figure 7.19, the critical r, is plotted over the Mach number for
different mass ratios r,, and it can be seen, that the influence of r,, is marginal. An explanation
for this observation is the absence of inertia loads in the case of a static deflection. Only for
Mach numbers close to Ma, = 1.0, slightly higher critical pressures for higher r,, can be noticed.
Nevertheless, with higher Mach numbers Ma., the critical pressure decreases in an almost linear
way. A stable panel behavior is observed below these curves, i.e. an initially deformed plate will
fall back to an undeformed structure. Above these curves, the panel deflects up- or downward to a
certain equilibrium.

Finally, the up- and downward midpoint deflection of the structure over the dynamic pressure
is depicted in Figure 7.20 for several farfield Mach numbers and mass ratios. First of all, it should
be noted, that the influence of the mass ratio r,, is again insignificant in the subsonic range. For
the downward deflected plate, the panel deforms as soon as the stability boundary of Figure 7.19
is passed and the midpoint deformation increases with increasing the r,. Due to the use of the
von Kdrmén plate model, this deformation behavior is non-linear. A similar behavior can be
noticed for the upward deflected case, except that here a deformed structure for values of r, up to
2500 is obtained only at Ma. = 0.9. With a Mach number of Ma = 0.98, an upward deformed
plate is only achieved for r, < 100 and otherwise, only a downward deflected panel behavior is
observed. For Ma = 0.94, this characteristic value is r, = 320.

7.4 Panel behavior at supersonic flow

The principal aeroelastic behavior changes with supersonic flow conditions. Depending on the
non-dimensional dynamic pressure r,, the panel exhibits a limit cycle oscillation. Characteristic
values of such LCO are the reduced frequency and the amplitude of the oscillation. Moreover,
it is observed, that the temporal mean of a point on the panel is shifted downwards. Thus, the
deformations of the structure at the top and bottom dead center as well as the mean value are
further characteristic values.

First of all, the non-dimensional dynamic pressure r), is varied for three inflow Mach numbers,
Ma, = (1.04,1.08,1.12), at a non-dimensional mass ratio of r,, = 0.1. The panel deflection of
the LCO at the top and bottom dead center for different values of r, can be viewed in Figure 7.21.
It can be noticed from Figure 7.21(a), that the location of the maximum deformation of the de-
flected panel at the top dead center is shifted downstream and situated between 0.58 < x//; < 0.64,
whereas the location increases with higher r,. The same observation can be made for the deflected
plate at the bottom dead center, Figure 7.21(b). Increasing the Mach number to Ma. = 1.08,
the maximum panel deformation at the top dead center also increases, whereas the location of the
maximum remains nearly unchanged, Figure 7.21(c). The deflection at the bottom dead center
shows a similar behavior, but the increase turns out to be considerably smaller, Figure 7.21(d).
With a Mach number of Ma,, = 1.12, the panel shows even higher deformations at the top and
bottom dead center, Figure 7.21(e) and Figure 7.21(f). The location of the upper maximum deflec-
tion is for this case 0.58 < x/I; < 0.62, whereas the highest values are obtained at r, = 500. From
the series of figures, it can be observed, that the panel deformation form at the top dead center
changes with the Mach number, especially for higher r,, whereas the shape at the bottom dead
center remains unchanged.

Similar to the behavior at subsonic Mach numbers, a LCO of the panel is activated at a certain
rp, which further can be noticed from Figure 7.21. For a Mach number of Ma., = 1.04 and a mass
ratio of r,, = 0.1, this value is r, = 24.1. Below this value, an initially deflected plate will fall back
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Figure 7.21: Panel deflection at the top and bottom dead center for different non-dimensional
dynamic pressure values and three Mach numbers at r,,, = 0.1
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45 T T 1

Figure 7.22: Critical non-dimensional dynamic pressure vs. the farfield Mach number for different
rm - supersonic stability chart

to its undeflected state and the behavior is thus stable. On the other hand, the panel shows a LCO
above this value for this specific set of parameters. In Figure 7.22, the critical r,, are plotted over
the Mach number for three mass ratios. Contrary to the subsonic stability chart, Figure 7.19, the
mass ratio r,, has a significant influence on the stability boundary. To the author’s knowledge, this
effect was not investigated in literature before. For low supersonic Mach numbers, the difference
in the critical r,, is small, but increases considerably with higher Mach numbers. Moreover, a
supersonic dip in the stability boundary with its local minimum at Ma., = 1.17 is found for
rm = 0.1. Decreasing the mass ratio to r,, = 0.05, the range of the dip is expanded at lower critical
rp-values, whereas an increase to r,, = 0.2 leads to a cancellation of the local minimum at a higher
stability boundary.

The reduced frequency over r,, is shown in Figure 7.23. In this figure, the Mach number as
well as the non-dimensional mass ratio are varied. For a Mach number of Ma,, = 1.08 and a
mass ratio of r,, = 0.1, Figure 7.23(b), it can be observed, that the frequency of the LCO increases
non-linearly with higher dynamic pressures and converges to a value of K = 0.312 for high values
of rp. Increasing the Mach number to Ma., = 1.12, the same principal relationship is noticed,
but the curve is shifted to higher frequencies. Decreasing the Mach number to Ma., = 1.04, the
frequency is reduced and a limit value of K for the considered range of r, cannot be noticed.

Doubling the mass ratio r,,, the development of the flutter frequency is nearly identical for
rp < 80, Figure 7.23(c). With higher dynamic pressures, the panel shows higher frequencies of
the LCO as with r,, = 0.1. For Ma., = 1.12, the flutter frequency converges to K = 0.408. For
rm = 0.05 and Ma., = 1.04, Figure 7.23(a) the development of the K — r,-curve is again nearly
identical as for the case with r,,, = 0.1. However, increasing the Mach number to 1.08 or 1.12 the
curves show a plateau at 35 < r, < 90 and local minima of the curves can be noticed at r, = 20.
A second local minimum at r, = 400 can be seen for Ma, = 1.12.

In Figure 7.24, the midpoint deflections of the panel at the top and bottom dead center are
shown. Similar to the subsonic pure deflection panel behavior, the deformation increases non-
linearly with higher r, as soon as the critical r, is exceeded. For r,, = 0.1, the deformation
increases with higher Mach numbers, whereas the rate of change for the top dead center defor-
mation is slightly higher as for the bottom dead center, Figure 7.24(b). Furthermore, the LCO is
asymmetric, i.e. the midpoint deformation at the bottom dead center is greater than the deflection
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at the top dead center. This fact also can be seen from the figures in the appendix, Figure A.1 to
Figure A.9, where the frequencies and periods as well as the amplitudes and means of the deforma-
tion are depicted for each considered combination of Mach number and mass ratio. For example
in Figure A.4, the development of the panel’s mean deformation is plotted. With higher values of
7p, this LCO’s deformation mean is decreased to negative values.

Increasing r,, to 0.2, the deformation range of the structure is reduced, Figure 7.24(c). Inter-
estingly, the bottom dead center deformations for a Mach number of 1.04 and 1.08 show almost
identical results. For r,, = 0.05, the highest considered midpoint deformation can be observed,
although the differences to the deflection at r, = 500 and r,, = 0.1 is small, Figure 7.24(a).

Finally, the correlation of the frequency and the amplitude of the LCO is illustrated in Fig-
ure 7.25. Considering first the curve with r,, = 0.1 and Mas = 1.04 from Figure 7.25(b), it can be
seen, that the relationship is nearly linear. This situation changes with higher Mach numbers due
to the non-linearity of the structure. The same observation at lower amplitudes can be made for a
mass ratio of r,, = 0.2. For r,, = 0.05, a non-linear relationship is noticed for all Mach numbers.
Moreover, the relationship becomes non-injective for a Mach number of 1.08 and 1.12, e.g. for
Mae, = 1.12 and K = 0.27, two amplitude of the LCO are possible depending on r,.

7.5 Panel flutter stability chart

With the given analyses of the panel at sub- and supersonic flow conditions, the complete stability
boundary chart can be assembled. The stability boundary chart of the panel is depicted in Fig-
ure 7.26 for the three considered values of the mass ratio. It can be seen, that with a Mach number
of Mas, < 1.0 the stability boundary divides the Ma — r,-plane into an area with divergence and
an area with stable deflection behavior. For a Mach number Ma., > 1.0, the Ma — rj-plane is
divided into areas with a stable and with an unstable flutter behavior. This result agrees with that
obtained in [DB93]. As already discussed above, a supersonic dip occurs with its minimum value
of the stable boundary pressure at Mao, = 1.17 for r,, = 0.1 and at Ma, = 1.18 for r,, = 0.05. For
rm = 0.2, such dip is not present. Further, it should be pointed out again, that the mass ratio has
only a minor influence on the static subsonic stability, whereas for the supersonic flutter stability,
rm 18 responsible for an increase of the stability boundary. This is due to the higher fluid mass,
which has to be moved by the dynamic oscillation of the structure, i.e. the inertia load is increased
with higher r,.

It remains to analyze the panel behavior at Ma., = 1.0. In Figure 7.27, the up- or downward
deflection as well as the top and bottom dead center deformation of the panel at its midpoint is
plotted over the dynamic pressure r,, at different mass ratios.

First, the case with r,, = 0.1 is considered, Figure 7.27(b). With a value of r, = 4.5, the
deflection behavior of the panel is activated and depending on the initial conditions, the plate
deflects up- or downwards. For values 53 < r, < 165, a downward deflected panel is obtained as
the sole solution. With r, > 170, the panel starts to oscillate and a LCO is obtained. Therefore,
this case (r,, = 0.1, Ma, = 1.0 and r, = 170) is attractive and was thus chosen to study the
various numerical schemes presented in this thesis.

A similar behavior can be noticed, when the mass ratio is varied. For r,, = 0.05, the range
where the panel behavior changes from static deflection to a LCO is shifted to higher values of r,,
i.e. the first flutter case is at r, = 190. On the other hand, the panel starts already at r, > 160
to oscillate for r,, = 0.20. Moreover, the flutter amplitudes at certain dynamic pressures increase
with higher r,,, whereas the midpoint deflection behavior remains nearly unchanged.
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Figure 7.25: Midpoint deflection of the panel at the top and bottom dead center over the reduced

frequency for different Mach numbers Ma., and mass ratios r,,
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Figure 7.26: Stability boundary chart

7.6 Influence of turbulence

To investigate the influence of the Reynolds number on the panel flutter behavior, a hybrid grid is
generated, which contains 300 elements at the panel interface, Figure 7.28. To keep the boundary
layer thickness small over the panel, the grid’s left inflow boundary is situated at x = =/, i.e. the
grid starts a panel length before the panel itself. Further, the grid is designed to allow simulations
with a broad range of Reynolds numbers.

First, a flutter case with Mao, = 1.1, r,, = 0.1 and r, = 250 is analyzed. In Figure 7.29,
the midpoint deflections of the panel at different Reynolds numbers are depicted. In Table 7.1,
specific values of the LCO at further Reynolds numbers are summarized. In that table, the midpoint
deformation values of the top and bottom dead center, ((u/hy)"°P, (us/h)*°°™), the amplitude
and the mean, (0.5(Auy/hs) and (u5/hy)), as well as the reduced frequency K are listed. It can be
observed, that the main influence of the Reynolds number is given on the amplitude of the LCO
rather than on the frequency, which remains nearly unchanged. At a very low Reynolds number
of Re = 10°, the flutter amplitude is lower compared to the amplitude of the LCO at Re = 10°.
Comparing the curves for Re = 10° and 107 the amplitude decrease slightly with increasing Re.
Furthermore, the panel midpoint oscillates around a mean value which is lower than zero. This
mean offset is decreased with increasing the Reynolds number from Re = 1 - 10° to 3 - 10°. This
panel flutter behavior is mainly driven by the damping influence of a boundary layer as noted in
[GVO02].

Running the panel flutter simulation in the same point of the parameter space but in the in-
viscid mode of the CBS scheme with according boundary conditions, a significantly higher flutter
amplitude and frequency is obtained, Table 7.1. This further underlines the damping influence of
the boundary layer.

To further examine this influence, the parameters are changed to a stable flutter case, i.e.
simulations are now accomplished with a non-dimensional dynamic pressure of r, = 100, whereas
the remaining parameters are kept unchanged. In Figure 7.30(a), the panel midpoint deflections
are depicted for this stable flutter case for different Reynolds numbers. From this plot, it can
be observed, that the panel oscillations are strongly damped. For very low and high Reynolds
numbers, this damping is very distinctive, whereas for Re = (3- 10, 1- 10%) the damping becomes
smaller. A reason for this behavior is given by the factor (4 + p7)/Re in the diffusion term of the
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Figure 7.27: Panel up- and downward midpoint deflection as well as the amplitude at the top and
bottom dead center for different dynamic pressures and mass ratios at Ma. = 1.0
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Figure 7.29: Midpoint deflection of the panel for different Reynolds numbers at Ma = 1.1, r,, =
0.1 and r, = 250 - time step size At = 0.001s = At - vy o /(nly) = 0.114

non-dimensional RANS equations (see section A.2), which becomes higher for lower Reynolds
numbers and for higher ur. The dynamic eddy viscosity ur in turns increases with increasing Re.
These two contrary influences lead to a minimum value for the factor (u + ur)/Re.

To quantify the influence, the logarithmic decrement ¢ and the damping ratio ¢:

9 1 top.3
9= —In—n__. (7.6.1)

/(271.)2 + 92 ’ N, utSOp’3+N” ’

can be calculated from the time history plots. In the equations above, N, denotes the number of
peaks considered for the logarithmic decrement and uts()p 3 is the third peak in the midpoint deflec-
tion. For the calculation of the damping ratio, N, is set to 6. In Figure 7.30(b), the logarithmic
decrement and the damping ratio are plotted over the Reynolds number. For Re = 1 - 10°, a high
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7.6 Influence of turbulence

(Ms/hs)wp (us/hs)bottom 0.5(Aus/hg)  (us/hy) K

Re=1-10°:  0.366 -1.839 1.102 -0.737 0.244
Re=3-10°:  1.134 -2.162 1.648 -0.514  0.259
Re=6-10°:  1.170 -2.166 1.668 -0.498  0.260
Re=1-10°  1.084 -2.082 1.583 -0.499 0.259
Re=3-10%  1.120 -2.110 1.615 -0.495 0.251
Re=6-10%  1.056 -2.089 1.572 -0.516 0.244
Re=1-10":  0.994 -2.081 1.537 -0.544  0.246
inviscid cale.:  2.171 -2.434 2.303 -0.132 0314

Table 7.1: Midpoint deflection at the top and bottom dead center, amplitudes, mean values as
well as reduced frequency of the LCO at different Reynolds numbers - Ma,, = 1.1, r,, = 0.1 and
rp, =250

damping ratio of 15.6% is obtained. Increasing the Reynolds number, the influence of the damping
decreases and reaches its lowest value at Re = 6 - 103 with 7.5%. The damping then increases with
higher Re and a strong damping of 21.2% can be obtained at Re = 1 - 107.

Due to this damping, the stability boundary of the panel flutter problem is influenced by the
Reynolds number. In Figure 7.31, the stability boundary chart of the panel in the transonic Mach
number range is depicted for inviscid and turbulent flows at r,,, = 0.1. Compared to the boundary
of an inviscid inflow, the critical dynamic pressures for the turbulent flow are shifted to higher
values. This means, that the flutter behavior is stabilized due to the presence of a boundary layer.
This shift is between 110 < Ar, < 120, depending on the Mach and Reynolds number. Such

high shift in the low-supersonic flow regime was also found in [HANO9] for a Mach number of

e—e damping ratio
=-u Jogarithmic decrement ¢

0.25 [+ H1.25
| |

|
0.20 = H1.00
:

=0.5

‘
|
3 N | o=
= 0.15 Ho.75
= | |
< :
2 ! |
010 F0.50
| |
i
|
0.05 - 025
! !
0 10 20 30 40 50 10° 106 107
1 Vfeof (ly) Re
(a) midpoint deflection (b) damping ratio and logarithmic decrement over Re

Figure 7.30: Midpoint deflection of the panel for different Reynolds numbers as well as the
according damping ratio and logarithmic decrement for Ma = 1.1, r,, = 0.1, r, = 100 and
At =0.001s = At - vyo/(nly) = 0.072
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7 Finite Element Fluid-Structure Interaction - Panel Flutter Problem
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Figure 7.31: Stability boundary chart at different Reynolds numbers at r,, = 0.1

1.1 £ Mas < 1.3. Moreover, the supersonic dip observed for the inviscid flow is absent for
turbulent viscous fluid.

7.7 Chapter summary

In this chapter, the panel flutter problem is investigated with the finite element approach proposed
in this thesis. On the structural side, this panel is modeled with the non-linear von Karman plate
theory. With the identified input parameter set (Mdac, p, ') for a given aluminum plate, the panel
flutter problem serves as a benchmark problem to assess the numerical schemes. Due to the change
in the aeroelastic behavior, when increasing the dynamic pressure from 160 to 180 at Mas, = 1.0
and r,, = 0.1, several coupled computations are conducted at , = 170 with different numerical
schemes. A LCO should be observed at this point in the parameter space.

Investigating the different data transfer schemes, the Galerkin and the dual-Lagrange based
transfer as well as the conservative interpolation give similar results in terms of the frequency and
amplitude of the LCO. With its local accuracy together with a global load conservation property
and due to the efficiency of a matrix-free transfer scheme, the dual-Lagrange based transfer is an
attractive approach for the data transmission of the coupled system.

To reduce the computational effort by omitting the equilibrium, the simple staggered time
integration in conjunction with a structural predictor is analyzed for the panel flutter problem. Not
all predictors are capable to capture a reasonable LCO and only the first and the second order
predictor, (4.4.5) and (4.4.6), give reliable results for very coarse time steps. Furthermore, similar
results are obtained, when the Newmark or the consistent three-point backward difference scheme
for the structural time integration is used.

The comparison of the two- and three-field approach has shown, that both the frequency and
the amplitude of the LCO are only marginally affected by the type of the coupling approach.
However, the fluid field solution shows artificial shocks, when using a small number of structural
elements and the two-field coupling. A smooth data transfer can be designed with the three-field
approach and such shocks are omitted, which leads to a clean fluid solution.

This DG-CBS scheme with its advantage of a local flux conservation crossing two adjacent
elements is compared to the continuous CBS scheme. Only with the usage of biquadratic or very
fine bilinear elements, more accurate results in terms of the flutter frequency are obtained with
DG-CBS scheme.
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7.7 Chapter summary

Consequently, the panel flutter behavior is systematically investigated at sub- and supersonic
flow conditions using a simple staggered time integration scheme with the consistent time integra-
tion in the fluid and structural field and with the proposed three-field approach. At subsonic flow
conditions, the panel shows a static deflection behavior in up- or downward direction depending
on the structural initial conditions and the dynamic pressure r,,. Furthermore, the stability bound-
ary is computed at different non-dimensional mass ratios. The critical r,(Mac,), where the panel
first deflect, is mainly independent of the non-dimensional mass ratio r,,.

In the supersonic flow regime, the panel shows a LCO and the stability chart indicates a strong
dependency on the mass ratio. For low values of r,,, a supersonic dip in the stability boundary
is observed. The frequency of the LCO increases with increasing the Mach number, dynamic
pressure and mass ratio. Moreover, a linear dependency between the frequency and the amplitude
of the LCO for high mass ratios and low supersonic Mach numbers has been found.

Considering a turbulent flow, the boundary layer leads to an additional damping behavior.
Thereby, the frequency of the LCO remains unaffected by varying the Reynolds number. However,
the amplitude and the mean deformation of the oscillation strongly depends on Re. Furthermore,
the damping influence of the Reynolds number is quantified and a minimum value of the damping
ratio and logarithmic decrement is identified for a certain point in the parameter space. Finally,
due to the additional damping, the stability boundary is shifted to higher values of r,.
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8 Summary and Conclusion

In this thesis, a coupled multiphysical system is considered, whereas the focus is upon aeroelas-
tic problems. For a consistent formulation of such coupled systems, an energy based variational
formulation is chosen to describe initially the structural and fluid subsystem by Hamilton’s prin-
ciple. Both basic fluid model equations - inviscid and viscous fluid models - are employed by this
weak variational energy principle. This procedure allows to describe the coupled problem by the
classical direct two-field approach as well as by a novel indirect three-field approach.

To discretize the entire system consistently with finite elements, the CBS scheme is employed
for the fluid domain described by the Navier-Stokes equation in ALE frame of reference. This
allows the fluid domain to be temporally deformable, which is essential for aeroelastic computa-
tions. The CBS scheme is verified for a wide range of typical fluid problems ranging from inviscid,
viscous, incompressible and turbulent flows. A good agreement with data published in literature
and with the further solver TAU are found, which underlines the applicability of the CBS scheme
for different fluid flow models.

The DG-CBS scheme as a novel and attractive approach has been derived from the continuous
version. One important advantage of the DG version is the design of the element edge flux to be
locally conservative. For the example of the laminar flow over the NACAQO012 airfoil as well as
for the panel flutter problem, a comparison of the CBS and DG-CBS scheme is made on struc-
tured fluid grids including grid convergence studies. With biquadratic, more accurate results in
terms of the flutter frequency are obtained with DG-CBS scheme. Moreover, no global system of
linear equations needs to be solved at the computational expense of addidtional element edge flux
calculations with the DG version. This might be attractive for fluid grids with a high number of
degrees of freedom.

Consequently, the whole coupled system is further discretized with finite elements includ-
ing the structural subdomain, the deformation of the fluid grid and the transfer scheme. For the
fluid grid deformation, it is found, that all of the presented stiffness evaluation methods perform
similarly. The stiffness strategy based on the wall distance and the characteristic length is recom-
mended to be used for the simple testcases with the unstructured grid. For a structured grid around
an airfoil, the best grids are obtained with the stiffness methods based on the wall distance. Thus,
for general fluid grid deformations, the method, which use a combination of the wall distance and
the characteristic length, can be recommended and is hence applied for the panel flutter problem.

Based on the unified weak variational coupling schemes, several data transfer schemes are
introduced, which share the property of load and energy conservation. With a h-refinement of the
integration grid, a significant reduction of the transfer error is observed for low-curved interface
meshes. The decrease of the transfer error is limited by the facetting error, which is identified
for highly curved interface meshes and for a realistic wing configuration. For the panel flutter
problem at Ma., = 1.0 and r, = 170, the Galerkin and the dual-Lagrange based transfer as well
as the conservative interpolation gives similar results in terms of the frequency and amplitude of
the LCO. With its local accuracy together with a global load conservation property and due to
the efficiency of a matrix-free transfer scheme, the dual-Lagrange based transfer is an attractive
approach for the data transmission of the coupled system.
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8 Summary and Conclusion

A smooth transfer scheme is proposed, which uses the novel three-field coupling approach
with a higher spatial order discretization of the connectivity frame. Regarding the time integration
and equilibrium iteration, the three-field approach is assessed for a strongly coupled problem.
With the use of the Newton-GMRES iteration scheme, the number of DN cycles is reduced for
the three-field approach. Moreover, the same coupling matrices are identified for the three-field
approach, which alreay appeared within the iteration process of two-field approach. This allows
the application of a simple staggered time integration scheme for the panel flutter problem. The
comparison of the two- and three-field approach shows that both, the frequency and the amplitude
of the LCO, are only marginally affected. However, the smooth data transfer leads to a clean
fluid solution without artificial shocks, which has been observed with the two-field approach and
a small number structural elements at the interface.

Furthermore, a consistent time integration approach for the structure is proposed, so that both
subsystems use the same temporal discretization. Here, similar results in terms of the LCO’s
frequency and amplitude are obtained, when the Newmark or the consistent three-point backward
difference scheme for the structural time integration of the panel is applied.

Thus, the panel flutter problem using a simple staggered time integration scheme with the
consistent time integration for the fluid and structural subsystem and with the proposed three-field
approach could be analyzed in detail running numerous simulations. At subsonic flow conditions,
the panel shows a static deflection behavior in up- or downward direction depending on Ma., and
7p, but indepentent of r,,. On the other hand, the panel exhibits a LCO and the critical values
of the dynamic pressure strongly depend on the mass ratio. For low values of r,,, a supersonic
dip in the stability boundary is observed. It is shown, that the frequency of the LCO increases
with increasing Mach number, dynamic pressure and mass ratio. Moreover, a linear dependency
between the frequency and the amplitude of the LCO for high mass ratios and low Mach numbers
is found.

Turbulence modeling with the aid of the CBS scheme in the context of an aeroelastic problem
is employed in this thesis. The Spalart-Allmaras turbulence model in conjunction with the CBS
scheme is primarily verified with data found in literature and with the flowsolver TAU for pure
compressible fluid flow over an airfoil. For the panel flutter problem, the turbulent boundary layer
leads to an additional damping behavior. The frequency of the LCO is unaffected by the Reynolds
number, but a dependency regarding Re is noticed for the amplitude and the mean deformation.
Finally, a strong shift of the critical dynamic pressure to higher values could be observed for the
stability chart, which is caused by the damping influence.

Subsequent work regarding this thesis certainly involves the investigation of the panel flutter
phenomenon in three dimensions. This is motivated by the good performance of the CBS scheme
in 3D found in literature. Another topic, which should be considered further, is the application
of the three-field coupling approach for more than two subdomains, e.g. fluid-fluid-structure or
fluid-structure-structure interaction. In this context, the performance of the presented coupling
scheme in conjunction with an incompressible fluid could be a subject for research. Herein, the
avoidance of the added mass effect due to an artificial compressibility within the CBS scheme
is an interesting aspect. Moreover, attempts to improve the standard finite element methodology
by a NURBS based isogeometric analysis can be observed in literature, see [CHB09] and the
references therein. A NURBS based coupling scheme is a straightforward enhancement to the
present methodology. Further, an adaptive refinement - mesh, polynomial, or a combination of
both - is surely an attractive approach to improve the accuracy of the methodology. Finally, from
the CFD point of view, more precise numerical methods were established and thus, the CBS
scheme could be enhanced with a transition prediction scheme as well as with a large or detached
eddy simulation (LES/DES) methodology to capture more complex fluid flow phenomena.
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Mathematical expressions

scalar product of two vectors:

a=a'b
dyadic product of two vectors:
A =ab”
gradient of a scalar value:
a=Va
gradient of a vectorial value:
A =Va
divergence of a vectorial field:
a=V'a
divergence of a tensorial field:
a’ =V'A

product rule with two scalars:
(ab) =ab’ +d'b

product rule with a scalar and a vector using the nabla operator (gradient type):

V(ab") = aVb" + (Va)b”

product rule with a scalar and a vector using the nabla operator (divergence type):

V' (ab) = b"Va +aV'b
product rule with two vectors using the nabla operator (gradient type):
V(a'b) = (Vb )a + (Va" )b
product rule with two vectors using the nabla operator (divergence type):
Vi(ab") = a” (V") + b" (V' a)

Laplace operator:
(VIV)a = VI (Va)

(A.1.1)

(A.1.2)

(A.1.3)

(A.1.4)

(A.1.5)

(A.1.6)

(A.1.7)

(A.1.8)

(A.1.9)

(A.1.10)

(A.1.11)

(A.1.12)
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A Appendix

A.2 Turbulence modeling with the CBS scheme in the ALE frame of
reference

In chapter 3, the solution of laminar flow using the CBS scheme is discussed, i.e. a flow without
vorticities, cross flows, or mixing between the flow layers. Laminar flows are characterized by a
small Reynolds number Re. Turbulent flows, on the other hand, are unsteady, three-dimensional,
contain vorticities, are dissipative due to mixing of flow layers with different momentum, fluctuate
on broad range of length and time scales and are characterized by a high Reynolds number, [FPO1].
To simulate such flows, the method of one point closure is used in this thesis, where the governing
conservation equations are averaged in time or space leading to the Reynolds-averaged Navier-
Stokes (RANS) equations. Using this approach, additional transport equations - turbulence models
- need to be introduced and additionally computed. Such turbulence models are quite standard
in computational fluid dynamics and can handle a broad range of fluid problems with adequate
computational costs. Here, two turbulence models are investigated: first, the one-equation Spalart-
Allmaras (SA) and secondly, two-equation Menter’s Baseline (Menter-BSL) turbulence model.
The transport equations of both models are again discretized using the CBS scheme. While the
SA model is already in use in the context of the CBS scheme in [NLO06, Liu05, HicO8] for steady
and unsteady flow problems on fixed grids, to the author’s knowledge the Menter-BSL model
has been never used before in the context of the CBS scheme. Therefore, the principle ideas for
turbulence modeling with the aid of the RANS equation using the ALE form are discussed in the
next subsections.

A.2.1 Favre and Reynolds averaging of the governing equations

For a compressible flow, a pure time averaging (which is used here as Reynolds averaging)! would
lead to more additional terms rather than a mixed form of time (Reynolds) and mass (Favre)
averaging, [Bla06, Wil98]. Using the time averaging, a fluid quantity may be expressed as:

t+Aty

- 1
f=f+f with f= lim — f fdt, (A2.1)
Aty —0c0 AtT
1

where f is the mean quantity, f’ is the turbulent fluctuation and Az denotes a characteristic time
interval. The mass averaging is defined as:

t+Aty -
x ~ 1 1

A22
Py Aty—eo Aty Py ( )

t

where f is the mean and f”” denotes the turbulent fluctuation. The density and pressure are now
Reynolds-averaged and the remaining flow variables are Favre-averaged, which results in the fol-
lowing Favre- and Reynolds averaged governing conservation equation of fluid flow in ALE frame
of reference, see [Bla06, Wil98] for details:

'Indeed, three different forms of Reynolds averaging exist: 1. time averaging, 2. spatial averaging and 3. ensemble
averaging [Bla06]
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dp . o
a_tf + V! (ps0p) ~ W Vp, = 0 (A.2.3)
0@ 5 7) )
(p(;t Z 4 VT @D - @]V @ = -VE, + D +75) + /b (A2.4)
a(ﬁfgf) T_o~ ~T _ o To— T AT n r
—ar TV rep ) -0, Vppep) ==V (P + VIIQ Ty +70)] (A25)

+ V(s VI - ") +p,blor + VI R" .

Compared to the original governing conservative equations, these equations are extended by the
Favre-averaged Reynolds stress vector 77, by the turbulent heat flux vector g* and by a third order
fluctuating term R”. The quantity ¢ + is now the specific total energy including the turbulent kinetic
energy ky:

er=er+k
fen (A.2.6)
= & + 3070p + K,
where the turbulent kinetic energy is given as:
k= s A27
f_ivf vy (A.2.7)

The term R” consists of the molecular diffusion and the turbulent transport of the turbulent kinetic
energy ky [Bla06]. These both parts are neglected here, which is a valid approximation for flows
with a Mach number up to supersonic range [Wil98]. To model the six components of /" and three
components of g7, different approaches exist and the eddy-viscosity hypothesis is here applied,
which is described is the next subsection.

A.2.2 Eddy-viscosity hypothesis

The Favre-averaged Reynolds stress vector 77" in the above conservation equations arises due to
fluctuation term —(ﬁv;’v;’) r, which is modeled by the Boussinesq eddy-viscosity hypothesis. This
eddy-viscosity hypothesis assumes, that the Reynolds stress is related to the strain rate. Thus, the
eddy-viscosity hypothesis reads:

v = pr (I - 3mm") Db - Smp ks, (A2.8)

where ur denotes the dynamic eddy viscosity, which has no primary physical meaning but is a
function of the local flow properties and is therefore the main subject for turbulence modeling.
Accordingly, the turbulent heat flux vector g© is modeled as:

F_ = Cp o
q" = kT = —ur —2VT;, (A.2.9)
. PrT .

where k7 = urc,/Prr is the turbulent thermal conductivity and Prr denotes the turbulent Prandtl
number, which is usually constant over the flow field (Prr = 0.9 for air). Therefore, using the
eddy-viscosity hypothesis, the turbulence modeling reduces to the determination of one quantity
(one point closure), namely 7. From the code-implementation point of view, only a few modifica-
tions to the laminar version of the code are needed. The non-dimensional conservation equations,
where the mean quantity accents and the superscript (-)* are omitted for clarity, can be written as:
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ds T

L VTV —w[Vp, =0 (A2.10)
IV T T\qT Ty, T1T My + U 1 2 2
T F VDI WYV = Vpy+ SR D e - 3VK - pgb, (A2.11)

Myt ,UT

OE
—L VT wEp) ~ wlVE; =~V (pjup) +

> VT(erf) - 2V (Kjvy)

1 K
VT[4 K VT,
Re Pr  Prp
Here, the (non-dimensional) conservative turbulent kinetic energy Ky = pyky is introduced. Be-

fore the two turbulence models are discussed, the change in the original CBS scheme due to the
averaging should be highlighted.

(A2.12)

+ pfb}—l)f .

A.2.3 Turbulent CBS scheme

To consider the Favre and Reynolds averaging, the calculation of the intermediate momentum,
Eq. (3.3.15), as well as the computation of the energy, Eq. (3.3.22), need to be modified, whereas
the density/pressure equation, (3.3.17) and (3.3.18), as well as the momentum correction, (3.3.20),
remains unchanged. With the procedure given in section 3.3, one can obtained for the calculation
of the intermediate momentum:

AV, = M;‘Az{[—csvvf ~Keavy - 267Ky + foa| + At [-Ky Vi + Ky (py - %Kf)]} (A2.13)
and for the computation of the energy:

AE; = M_lAt{[—CSEEf = Cor(Py — 3Ky) — KepaVy — Ko Ty + 1o
. (A2.14)
+ At [-Kory — Kurpy - 3K}

where Ky is the vector of the K¢ values at the nodes of the mesh, The modified matrices are:

Ky + Hr 2T r 1 (Kf  pr
K., = B Iy - % B.dQr Kp = VN — | — + — | (VN)dQ¢;
) f i ( 0— 5mm ) +dQr; Kp f( ) AV Prr (VN) dQy;

Q; Qy
+
sz = fNT'rT [u (I() - %mmT) BTVf] de;

Hf T HT
TEz_f(VN)TQT i Re (IO_%’"’”T) B, dQy;

Qy

1 T
fro = fNTR_e (QT [(ﬂf +,UT)(10 - %mmr) Ber] + (P_ + —)(VN)Tf) ndly.
Iy

Further, using the turbulent CBS scheme for incompressible flows, an appropriate modification to
the calculation of the artificial compressibility parameter S is needed, i.e. Eq. (3.4.3) transforms

to:
- 2vr +v
B = max(se, v5°™, ?‘ff)=maX(§c, NS %) (A.2.15)
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A.2 Turbulence modeling with the CBS scheme in the ALE frame of reference

where v = ur/py denotes the kinematic eddy viscosity. Thus, the diffusive velocity v;lciff takes the
modified kinematic viscosity into account. Accordingly, using the local time stepping scheme, the
diffusive time step size At%iT from Eq. (3.4.10) is modified as:

A[dlﬁ _ the

= m (A.2.16)

to take the modified local viscosity into account. Further and similar to section 3.5, a DG version
of the turbulent CBS scheme can be designed likewise.

A.2.4 Determination of the eddy viscosity

The only additional quantities, which have to be calculated, are the eddy viscosity ur or vy and
the turbulent kinetic energy kr or K. While the latter one is sometimes simply omitted (e.g. when
using the Spalart-Allmaras model) or results as a by-product of the turbulence model (e.g. in con-
junction with almost all two-equation turbulence models), the calculation of the eddy viscosity
(and adding it to laminar viscosity) is the only additional task using the turbulent CBS scheme.
Different model levels for the turbulence exist: algebraic, one-equation, and two-equation turbu-
lence models. The Spalart-Allmaras model is a representative of an one-equation while Menter’s
baseline model is a representative of a two-equation model. Both models use additional trans-
port equations, which are then temporally discretized by the CBS scheme followed by a spatial
discretization with the aid of finite elements.

A.24.1 Spalart-Allmaras model

The Spalart-Allmaras (SA) turbulence model is widely used for aerospace application and incom-
pressible flows. The SA model uses directly a transport equation for a modified eddy viscosity.
Thus, the turbulent kinetic energy in the discretized momentum and energy equation, (A.2.13) and
(A.2.14) is omitted, i.e. Ky = 0. Adapted from [DLR09, SRO7], the transport equation for the
modified eddy viscosity ¥ with variable density and for the ALE frame of reference can be written
as:

oY) y y . C v\
aﬁ +Vipsing) —wi V(o) = Cpi(l = f)Spyy - (Cwlfw - %fzz) or (d_)
. « w/ (A2.17)
+ F[VT(M 7+ PV + Cbzpf(Vf/)T(Vi?)] :
o
where:
v 3 v
o 14 w w- 14
S =|VXvi+ ——=fi; =1-— = = —
| vfl C,%dl%fvz fv2 1+ af, vl >3 + CS] w Vs

1+, \° v (A.2.18)
w3 6 .
=g|—— ; =r+Cup@ —r); r=min|-—-—=, ;
Juw g(g6+CS)3] 9 w2 ) (S ,%d,% )
fr = Caexp(-Cuw?).

In the above set of parameters, d,, denotes the shortest distance from a node to the nearest solid
wall, V X v is the vorticity and § is a modified vorticity. The constants used for this model are:

Cp1 =0.1355; Cp=0622; Ch=% Cc=041; Cy=71

_Cp N 1+Cp (A.2.19)

Cu1 = C_,% cr Cup=03; Cyp3=2; Cs3=13 Cu=05;
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and the turbulent kinematic and dynamic eddy viscosity are finally calculated as:

vr =Vfos  pr = Pvr = PV = f . (A.2.20)

Boundary conditions for SA model can be applied at the inlet or farfield with a value of 10% of
the prescribed value for the laminar viscosity, which in turn can be evaluated from Sutherland’s
law (2.4.52):

v =9=0.1vi(Tf) on er‘” (A2.21)

This value is also given as initial conditions:
W(xp,t=0)= 190(xf) =0.1vp(xs, Ty). (A.2.22)
On solid walls the modified eddy viscosity is set to zero:
y=9=0 on TPl (A.2.23)

Non-dimensionalization according to Table 3.1 and application of Eq. (3.1.3), the Galerkin
form of Eq. (A.2.17) is obtained as:

f NTAdefz—At{ f N'V () dQy - f N’ w} ViidQy

Qf Qf Qf
+ C
+f(VN)T = def—fNT bzpf(v )T (V) dQyy
ClRe Cl.Re
Qf Qf
T s Chi 4
— N Ch](l _ftZ)S wlfw_ C2 ﬁz d2 ,ude
Q
pr+ i "
—fNT 5 C) ) ndr,
C) Re :
Ly

A y y
+ 7{— f (s7VINTVT (vsf) dQs + f (s VINT @} Vi) dQy
Q, Qr
C n
hlﬁZ) R ]ﬁdﬁf} ,

(A.2.24)

- [n (st)[cma—ﬁz)S (wlfw

Qyf

where integration by parts on second-order term is used and the 1/Re coefficients result from
the non-dimensionalization procedure. Consistent with the equation of momentum and energy
conservation, ji = p¢V is introduced as the primary variable. Further, it should be noted at this
point, that due to non-dimensionalization the following quantities need a modified calculation:

7 y
— VX0 + ——— o r= min(v—, 10) . (A2.25)
T ReC2d2 for ReS C2d2

By replacing the continuous fields with the approximations of Eq. (3.3.11) and with i = Nf, the
final matrix form of Eq. (A.2.24) can be written as:

n
Ajt = M Al (=Cft — Ki¥ + Mifi + fi0 + for) + Ar(—K g — csﬁzp)] : (A.2.26)
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with the matrices and vectors:

Ci=Cu K; f <VN)(

C
)(VN)de, fyo = f N C"zp LV (V9) dy;
Qf 0'

C
Ky =K M f [Cm(l—ﬁz)S (wlfw— ”;ﬁz)dz ]Ndszf,
Qy

T
fvr_fNT(MCfv B onyy ) ndl
Iy

1 T 5 Chi v
Cin = 3 fN [Cm(l - f)s - ( wl Jw — c2 fzz) 2R } L, dQ;.
Q
This equation is additionally solved in each step of the iteration after the energy equation. Further,
a matrix free scheme can be obtained by inverting the lumped mass matrix M instead of M. Also,

the residual smoothing procedure and the local time stepping can be applied. For unsteady flow
problems, a real time term added to Eq. (A.2.26) resulting in:

At .
Ajt = M At| (=Cgaft — Ky + Mufi + foq + for) + A(—K gt — cs,,zu) - FA R (A227)
where Afi® is again approximated with a second order backward difference as:

3 1
AR = —y — 20" + y (A.2.28)

The DG version of this matrix system is again obtained by an additional integration by parts
applied on the convective term, which allows breaking the standard finite element assembly. This
integration by parts introduces an extra element edge flux, which ensures the element-by-element
linking. Thus, according to section 3.5, the DG-CBS version of the Spalart-Allmaras turbulence
reads:

Ajt = M&™ lm[(cwp KSY + MGt — £, + £, + £0) + Ar(—K i - cwzy)] (A.2.29)
where the matrices and vectors are:

e _ (e e _ T /’lf_'-[2 e. _ TCbZ,Df e,

C,=Cly K= f(VN) (CgRe)(VN)dQ 0 fo = fN CiRe L vn)T (V¥)dQs,
Q‘f Q;{

e _ e e _ T & Cbl e.

Ksﬂ - KSE Mﬂ - N Cbl(1 - fIZ)S - Cwlfw - fl2 NdQ

e

!

fip:fNT(sjin)NﬁdFE; fjr:fNT“f TNy Yy dlY:

CyRe
Q; Fj.
co =1 NTC(1—f)S“—Cf—C”1f L, dQ°
si2 ~ ) bl 12 wlJw 12 R fe
Qe
f

Again, this matrix system is solved on element level, i.e. such system is computed for each
element. The additional element edge flux fip ensures the element-by-element linking and fS.
is modified to design a local conservative scheme, where, according to section 3.5.2, the nodal
derivative v, needs to be calculated in an extra post-processing step.
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A.2.4.2 k-w baseline (BSL) and shear stress transport (SST) model of Menter

As a representative of a two-equation turbulence model, Menter’s baseline model is chosen here.
Due to its similarity, the shear stress transport model of Menter can also be incorporated with
minor modifications and is therefore also introduced.

Both models are a combination of the classical k-w model of Wilcox, [Wil98], and the k-&
model, [JL72]. While the k-w model is used for the inner part of the boundary layer, the k- model
transformed to a k-w representation is used for the outer part of the boundary layer. The transition
from one to the other model is done by a blending function, which weights the coefficients of each
model. Adapted from [Men93, DLR09, Bla06], the transport equation for the turbulent kinetic
energy ky and the specific turbulent dissipation wy with variable density and for the ALE frame of
reference can be written as:

8(Pfkf) T T T sk T_F
——+V kivr)—w, V(prks) =V +C Vkr+ (Dos)' T
% (prkrvr) —w,Viprky) (uy + Cour)Vky + (Do) (A.2.30)
k
- Cyprwrky
prwr) )
% + VT(pfa)fvf) - wJTcV(pfa)f) = VT(/Jf + Cgur)wa
) (A2.31)

+ S—Ty(va)TTF - C";; pfa)ff
+2p5(1 = F1) C%, w; (V) (Voy),
where all coefficients with a () are subject to weight with a blending function F:
f=Fifi+(1-F)p. (A2.32)
For the inner part of the boundary layer, set 1 is used with:
Cy =05 €2 =05 Cp=0075 Cy=Cp/Ch—CeiCal\[C; (A.2.33)
whereas for the outer part of the boundary layer, set 2 is used with:
Ciy = 1.0; Cyy =0856; Cpp=00828; Cp=Chp/Ch—ChHCCh  (A234)
where the constant coeflicients are:
Cy=009; C,=041. (A2.35)

The blending function is calculated as:

’

NG 500vf] 4psCy ky

Fi = tanh(arg‘lt); arg; = min [max[

Chwsd, wsdyy )" CDy,dy (A.2.36)
CD = max (207 C%, w;' (Vkp)T (Vawy); 10720);
Finally, the turbulent eddy viscosity is computed as:
k prk
W= —f; UT = pfve = ﬂ. (A.2.37)
wy wf

A further improvement of the baseline model is the SST model, [Men93]. The difference to
the baseline model is the parameter C fr |» Which changes to C fr , = 0.85. Furthermore, a shear stress
correction is introduced, which results in modified calculation of the turbulent eddy viscosity:

ky 0.31prks

= min|-L, =P ) A2.38
T mm(a)f F2|V><Uf|) ( )

154



A.2 Turbulence modeling with the CBS scheme in the ALE frame of reference

where

(A.2.39)

N soovf)

F, = tanh(ar 2); arg, = max |2 —
2 J Clﬁc wfdw a)fdl%

The boundary conditions for the turbulent kinetic energy and the specific dissipation on the
solid walls are:

. 6uy D.wall
kf = kf =0; Wy = &)f =10————; on I"*, (A.2.40)
prCdi !

where d is the distance from the first node from the wall. On the farfield boundary the conditions
are:

UOO —_
A w . N 3 _ .
wr=wr=Cl— =Ww; Vr =97 =10"Veo = V7 c0;

lo (A2.41)

~ D,
ky = ky = vrwwe = ke on TP,

where C& is a constant, which lies in the range from 1 to 10 and /g denotes the length of the
computational domain. The values for the farfield boundary are also used as initial conditions.

Non-dimensionalization according to Table 3.1 and application of Eq. (3.1.3), the Galerkin
form from Eq. (A.2.30) is obtained as:

f N"AK;dQs = —At{ f NV (v Kp)dQy - f N'wiVK;dQ;

Qy Qy Q;
T /Jf+é§—/~1T T T_F
+ (VN) R— kade— N (.Z)l)f) T de
e
Qf Q
+Ck "
+ f N'ClwsKydQy - f N’ (’”R—:M](ka)Tndff} (A.2.42)
Qf l—‘/'
+A_f2 — | STVNTVT K p)dQ s+ | (sSTVNT @I VK /) dQ
> ¥ r&y)aldy ! YR AR
Qr Q

- f NT@V)cf,wafde} :
Qf
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Similar, the Galerkin form of Eq. (A.2.31) is:

f NTAd)fde:—At{ f NV (wsp)dQy - f N"wi Vo dQs

Qy Qy Qy
+CY C
+f(VN)T(u)wade—fNT—y(DUf)TTFde
Re ' ‘ vr ‘ '
Qf Qf
+C¥
+fNTcgwfafde—fNT(‘%)(wa)Tndrf
e
Q Ly
i (A.2.43)
- f Nszf(1—F])cgzw;l(ka)T(wa)de}
Qf

At2 . o
+7{— f (STVIN'V! (@sp) Ay + f (sF VIN' (wy Vo) dy
Q; Qy

n
- f NT(sJCV)ngfafde} :
Q

Again, integration by parts on second order terms is carried out and Ky = prky and & = prwy is
introduced as primary variables. The final matrix form of Eq. (A.2.42) can then be written as:

AKj = M_lAt[(—CSKKf — Kik; - MK + fa + fir) + A(—K kK - cusKf)]n, (A2.44)
and of Eq. (A.2.43) as:
Adoy = M™! At[(—cm(b —Kowy — Mo+ o0 +fur +Txo) + A(—Kyp; — Crgndo f)]n . (A2.45)
where the matrices and vectors are:

+Ck -+ CY
Ky = f (VN)! (u)(vmdgf; Ko, = f (VN)! (MJ(VN)dQﬁ
Re Re
of Qy

K =Ko =Kz Mg = fNT(cgwf)Nde; M, = fNT(C,g,’wf)Nde;
Q Q

., T 2 T
o [N (P2 o) mary: 1= [NT[HFEEHT o dr -
W= Re (VN)ky [ ndUy;  for = Re (VN)wy | ndl'y;

Iy Iy

C
Ciyk =Cy, =Cyp; fra = fNT(va)TTF dQp; oo = fNTV—y(Z)vf)TTFde;
T

Qf Qf
CSK2=fNTC;§a)fLsd.Qf; CS&Q:fNTCEwaLsde;
of Qy
fm:fNszf(l—Fl)cgf;zw;l(ka)T(wa)de.

Qy
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A.3 Additional panel flutter results

These both equations are solved in each time step after the energy equation. For unsteady prob-
lems, the real time terms according to section 3.4.6 are added to the above matrix equations. Local
time stepping, residual smoothing and mass matrix diagonalization can also be used here. Fur-
thermore, a discontinuous version of this matrix system is obtained by an additional integration by

parts on the convective terms to remove the standard finite element assembly.

A.3 Additional panel flutter results

Additionally to results presented in section 7.4, panel flutter results in for the nine combinations
of Mas, = (1.04,1.08,1.12) and r,,, = (0.05, 0.1, 0.2) are depicted in the following figures. In each
of the figures, the reduced frequency K, the reduced period 1/K as well as the value of the upper
and lower panel midpoint deflection and the resulting amplitude and mean are plotted over the

non-dimensional pressure.
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Figure A.1: LCO of the panel at Ma,, = 1.04, r,, = 0.05
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