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Chapter 1

Introduction

The Stochastic Dynamic Distance Optimal Partitioning (SDDP) problem -
an Operations Research problem - was the motivation for the investigations
presented in this book.

As evident from the name of the problem, investigations in two different
mathematical fields were necessary for its treatment, i.e. in stochastic dy-
namic programming and in combinatorics (”Partitioning”).

This book therefore, apart from the introduction, covers the following
three chapters

2 DA Stochastic Dynamic Programming with Random Disturbances,

3 The Problem of Stochastic Dynamic Distance Optimal Partitioning
(SDDP),

4 Partitions-Requirements-Matrices (PRMs).

DA (”decision after”) stochastic dynamic programming with random dis-
turbances is characterized by the fact that these random disturbances are
observed before the decision is made at each stage.

In the past only very moderate attention was given to problems with this
characteristic (see also Section 1.1).

Examples of DA models are SDDP problems and certain inspection-replacement
problems. (Also refer to connections with k-server problems and metric task
systems at the end of Section 1.2.)



In Chapter 2 specific properties of DA stochastic dynamic programming
problems are worked out for theoretical characterization and for more effi-
cient solution strategies of such problems.

In order to understand this chapter, and the book altogether, previous
knowledge about stochastic dynamic programming and Markov decision
processes (MDPs) is useful, however not absolutely necessary since the con-
cerned models are developed from scratch. (Basic knowledge can be found
in [7], [12], [28], [16] or [31].)

In Chapter 3 we formulate and discuss in detail the problem of Stochastic
Dynamic Distance Optimal Partitioning (SDDP).

SDDP problems are extremely complex.

Superordinately regarded, SDDP problems are DA stochastic dynamic
programming problems (Stochastic Dynamic DP).

It requires a certain initial effort, however, in order to compute the real in-
put data for the DA stochastic dynamic programming problem (SD Distance
optimal P).

Furthermore, the problem shows combinatorial aspects (SDD Partitioning).

The understanding for the formulation of the problem and the basic meth-
ods of its solution requires knowledge from Section 2.1 (at least from the
beginning of this section) and absolutely from Section 2.3.

However, an important statement concerning certain SDDP problems is
proven at the end of Chapter 4, only after several combinatorial considera-
tions.

Partitions-requirements-matrices (PRMs) (Chapter 4) are matrices of tran-
sition probabilities of SDDP problems which are formulated as Markov de-
cision processes (MDPs).

PRMs ”in the strict meaning” include optimal decisions of certain SDDP
problems, as is shown toward the end of Chapter 4.

PRMs (in the strict meaning) themselves represent interesting (almost
self-evident) combinatorial structures, which are not otherwise found in lit-
erature.

We therefore ensure that the treatise of Chapter 4 can essentially be un-
derstood independent of Chapters 2 and 3.



Relationships to Chapter 3 specifically marked and they can be omitted
if one is only interested in PRMs.

Retrospectively, in relation to the topic of "optimal dominant policies”
of MDPs, PRMs in the strict meaning include policies of certain SDDP
problems for which the ”condition of dominance” is typically infringed on,
however only to a slight extent such that a generalization of the concept of
”dominant policies” seems possible.

We now discuss the contents of the chapters in more detail.

1.1 Chapter 2 Contents

In Section 2.1 we introduce the DA model of stochastic dynamic program-
ming with random disturbances and give the corresponding functional equa-
tion.

In Section 2.2 a ”certainty equivalence principle” is formulated and also
proven in cases of DA models with linear dynamics and quadratic criteria.

Markov decision processes which result from DA models under appropriate
assumptions (DA MDPs) are investigated in Section 2.3.

In literature the state space, which is used for DA MDPs, is the cross
product set of the origin state space and the disturbance space.

However, such a state space is markedly larger than the original state
space.

Moreover, corresponding matrices of transition probabilities would have
many zeros, in general. An analogous situation is found in linear program-
ming: the classical transportation problem which can be solved by the Sim-
plex algorithm. Special solution methods for this transportation problem
have been developed (for example the "MODI-method”, refer to [30], Sec-
tion 2.8.9).

In Section 2.3 we keep the origin state space when modelling DA models
as MDPs. In this way special structures of decisions follow.
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Here, the corresponding decisions are characterized by a ”simple” struc-
ture. The transition probability matrices differ by only two elements for
corresponding "neighbouring” decisions.

An effect of this structure of decisions is that optimal decisions imply
an ”almost-partial order” of the states, if the underlying average one-step
reward functions do not depend on the decisions.

Thus, the solution of a DA MDP by solving a corresponding parameterized
DA MDP in terms of a continuation of the solutions of the parameterized
problem arises as one variant for solving DA MDPs, for which the Howard
algorithm (policy iteration) is adapted (Section 2.3.4). For this, the un-
derlying internal costs and hence the average one-step reward functions are
considered in dependence on one parameter such that these costs do not de-
pend on the decisions for the initial parameter. Then, the adapted Howard
algorithm yields a purposeful computation for the solution. Furthermore,
under certain additional conditions, this solution method is a greedy algo-
rithm.

Section 2.3.3 includes special considerations of DA MDPs with ”distance
properties” and ”dominant policies”.

”Distance properties” can also be found in flow problems, metric task
system or k-server problems. In particular, we use the statements of this
section for SDDP problems.

The ”dominance of Markov chains” can be seen in Daley 68 (see [10]).

We can apply this concept to Markov chains which correspond to policies
of MDPs. However, if we want to transfer this concept to the MDPs them-
selves then convenient properties are also required for the average one-step
reward functions (and for the corresponding policies).

If dominant policies should also be optimal, further strong conditions
(which contain comparisons of any feasible policies with the dominant pol-
icy) are required.

The question which follows is: can we find (useful) MDPs which fulfil all
of these conditions?

A certain kind of equipment replacement models with dominant policies
can be found in Puterman [31]. However, in these models only two different
decisions are possible.
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The chance of finding MDPs with more than two decisions which fulfil
these conditions is better for MDPs which are based on DA models, due to
their decision structures.

Some SDDP problems have optimal dominant policies (Section 4.6.2.2).

For other SDDP problems we will consider the above-mentioned interest-
ing effect in which the conditions of dominance are infringed on, however
only to a slight extent.

The state spaces of SDDP problems are inherently finite. Therefore, we
will also concentrate our efforts on finite-state models in Chapter 2. Notes
on countable-state models can be found in Puterman [31]; more information
can be found here at the beginning of Section 2.3.

1.2 Chapter 3 Contents

In Chapter 3 the ”Problem of Stochastic Dynamic Distance Optimal Par-
titioning (SDDP)” is described in detail. Possibilities and methods of its
exact or approximate solution are discussed.

A problem in industry, which contains an optimal conversion of moulds,
supplied the origin of investigations.
Essentially, SDDP problems include the following practical facts:

- A fixed number of machines is given. ()
(Moulds are also conceivable.)

- Different types of parts can be produced by these machines. For this
purpose the machines have to be converted to states, which in accor-
dance with the types of the parts. Costs are incurred. ()

- The production takes place in successive stages (periods).
- In a single stage, one part (at most) can be produced by one machine.

- At each stage a requirement of parts (of several types) is to be met.

Initially, probability functions of the requirements are given.
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The realizations of the requirements are known at the beginning of
the stages (before decisions about conversions of machines have to be
made).

- The objective is to minimize the expected cost of the conversions over
all stages (or the average expected cost per stage). (To accomplish
this we must decide which machine should be converted into which
state in each stage.)

Thus, SDDP problems are DA stochastic dynamic programming problems.

More specifically, from a mathematical view point, we could designate this
practical problem as a stochastic dynamic transportation problem, since
throughout the stages feasible solutions of transportation problems must
be determined (see (xx)). (We have also used this designation in previous

papers.)

Here, however designating this problem as a stochastic dynamic distance
optimal partitioning problem (SDDP) seems more appropriate. Partitioning
means partitions of the number of machines into numbers of machines which
are in the same state. The number of machines is therefore constant (see
(+)):

We will thus use this designation in the future.

(In this way we also emphasize the conceptual distinguishment of the des-
ignation of our problem from the typical stochastic dynamic transportation
problems, see Arnold [4].) 1

In this mathematical model, partitions of integers are the ”states” of the
DA stochastic dynamic programming problems (ordered partitions in gen-
eral and unordered partitions in the case of certain reduced SDDP prob-
lems).

Partitioning the integers as ”states” involves the combinatorial aspects
of SDDP problems, which can also be observed in ”"matrices of transition
probabilities” and ”average one-step reward functions” of SDDP problems,
modelled as DA MDPs.

It can therefore, only in Chapter 4 by means of combinatorial consider-
ation, be shown that decisions for feasible states with least square sums of

'Further comments in connection with transportation problems and corresponding ref-
erences can be found in the preface of [22].
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their parts are in every case optimal for special SDDP problems.

Partitions of integers as states of DA MDPs require an enormous amount
of storage space for the corresponding computer programs.

Furthermore, many transportation problems have to be solved (see (xx))
in order to compute ”average one-step reward functions” for the SDDP
problems, modelled as DA MDPs.

Thus, investigations of inherent characteristic structures of SDDP prob-
lems are also important as a basis for heuristics.

Finally, we refer to connections of SDDP problems with other problems
in operations research and informatics such as stochastic dynamic facility
location problems (refer to [27]) or metric task systems and more specific
k-server problems; see [8], Chapter 10 and [5], for instance.

Since the current request, which is to be fulfilled, is known (and without
knowing the future requests) k-server problems can also be initially labeled
as a certain kind of DA model. Furthermore, distance properties are also
assumed for k-server problems. However, on-line algorithms are often the
center of attraction for consideration of k-server problems.

In contrast, we assume probability functions for requirements of SDDP
problems and consider SDDP problems as stochastic dynamic programming
problems with the aim to minimize the expected cost or the average expected
cost per stage. Typical characteristics of SDDP problems as stochastic dy-
namic programming problems, in particular Markov decision process, are
worked out.

Furthermore, let us note that we consider a number of machines which are
in the same state (in the terms of k-server problems, on the same point), in
general, and many machines must convert at the beginning of each equidis-
tant stage.

1.3 Chapter 4 Contents

Partitions-Requirements-Matrices (PRMs) are the main topic of Chapter 4.

If SDDP problems are modelled as DA MDPs, then the matrices of tran-
sition probabilities are called ”general PRMs”.
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The strict meaning of PRMs assumes that the costs of converting the ma-
chines into different types are identical and the requirements are identically
distributed. Then in every case decisions for feasible states with least square
sums of their components lead to PRMs (in the strict meaning).

The definition of PRMs (in the strict meaning) includes that PRMs can
be initially computed by means of simple enumeration, however a laborious
method. In addition, there is a main difficulty to deal with: No formulas
are known for most of the elements in PRMs. Due to this lack of formulas,
PRMs themselves represent interesting (almost self-evident) combinatorial
structures.

Properties which are associated with SDDP problems (modelled as DA
MDPs), besides the search for effective methods to compute the elements of
PRMs, are in the realm of investigation of PRMs (in the strict meaning) in
this chapter.

Thus in Section 4.6 so-called ”Poisson equations” are considered. That
their solutions are "monotone” is shown in many cases. This means that,
in every case, decisions for feasible states with least square sums of their
components are optimal for the corresponding SDDP problems.

The above-mentioned SDDP problems, for which the ”condition of dom-
inance” is infringed on, however only to a slight extent, are also in this set
of SDDP problems.

A more detailed specification of the content of Chapter 4 can be found at
the beginning of this chapter.



Chapter 2

DA Stochastic Dynamic
Programming with Random
Disturbances

It is assumed for many concepts in the theory of stochastic dynamic pro-
gramming that random disturbances are observed after the decision is made
at each stage. (For instance, refer to Bertsekas [7], Schneeweiss [33], Dinkel-
bach [11].)

We denote problems for which this is assumed as ”Decision Before” mod-
els (DB models).

Conversely, we call problems where random disturbances are observed be-
fore the decision is made at each stage ” Decision After” models (DA models).

We began to take notice of DA models with our investigation of Stochastic
Dynamic Distance Optimal Partitioning (SDDP) problems ! (see [19], [20],
[22]).

In general, not much information exists dealing only with DA modelled
problems.
We can find some, however, included in a book by Sebastian and Sieber [34].
Here, situations in which incomplete information is given are described by

'In previous papers, SDDP problems were termed stochastic dynamic transportation
problems, see also Section 1.2.

15
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means of operators as starting points for further investigations (see [34], 2.7
with n = 1).

Dreyfus and Law give an example in relation to certainty equivalence
and also an example of a stochastic equipment inspection and replacement
model, where some components of the random vector are observed after the
decision is made (as usual) but some components are observed before (see
[12], pages 189 and 137).

(The k-server problems mentioned at the end of Section 1.3 also show the
"DA” property.)

On the one hand, DA models belong to the extensive group of stochastic
dynamic programming problems, but on the other hand DA models show
peculiarities.

The complexity of such problems (refer here also to the inspection /replacement
problem by Dreyfus and Law) is one aspect of the motivation for the further
consideration of DA models.

An introduction to the extended content of Chapter 2 has already been
given in Section 1.1.

2.1 The DA Model

In the following we use

N € NU {0} the horizon

t €41,2,..,N} numbers of stages

S state space

s €8 states

B disturbance space

w e B random disturbances
A decision space

r €A decisions (or controls)
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(Questions of measurability are skipped for the most part. In the beginning,
let S and A be Borel spaces and let the values of w be elements of a Borel
space. Afterward we often assume S C Z" (or R™) and so on. We will use
the same notations for the random vectors and their realizations.)

The above data are written with the subscript ¢ in order to attach the
time to the stages t.

Furthermore,
Ky : S x By x Ay — Ry stage - cost (or - return) functions
Gi: Sy x By x Ay — Spiq transition functions

denote (measurable) functions.

Decision spaces A; can depend on previous states and disturbances.

We now introduce the basic problem of the DA model:
(DAP):

Let DA models be closed-loop optimization problems (i.e. feedback con-
trol, refer to [7], I, page 4 or [27], Section 2.4): More precisely, this means
that we postpone making the decision z; until the last possible moment
(time t) when the current state s; and (in the case of a DA model) the re-
alization of the random vector w; will be known. We assume that an initial
state s; € S7 and an initial realization w; of the random disturbances are
given.

A policy

F = {z1(s1,w1),z2(52,w2),...,n(sn,wN)}

is to be found so that

N
E <Z Kt(St,wt,xt)\Sl,w1> — min

wW2,...,WN tZl

N
— Kl(Sl,UJl,xl) + ) (Z Kt(St,U)t,.Tt”wl, 82> — min

w2,...,WN t=2
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subject to the constraints

st € Sp,t=2,---, N,

Tt GAt(st,wt),t: 1, ,N

(dependences A;(S;, w;) with 53 = {s1,..., s} are also conceivable),
st41 = Gi(sg,w, ), t =1,..., N — 1 (dynamic constraints).

(The objective function always exists when K; > 0, but it may have the value
oo without some additional assumptions.) We assume that the distribution
functions and the densities of the sequence of disturbances
{w;:t=1,..., N} are known and that all (following) conditional expected
values exist.

Remarks 2.1.1. The dependence of Ay on wy is a peculiarity of DA models.
In DA models more information is known before the decisions are made at
each stage than in the usual DB models, namely — x; € Ay(st, Wy).

a) b)
t
G st J}N S st
I
X t ! X t
Feedback control Feedback control
DA models DB models

(with analogous symbols)

Figure 2.1.1.
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Of course DA models are also stochastic dynamic programming problems.
When a decision x; is made, then the realizations wy1, w49, -- of the dis-
turbances at the next stages are not known. The cost of the next stages also
depends on sy11 = Gy(st, wy, Ty).

The Optimal Value Function for the Remaining Periods and the
Functional Equation

We use Fy = {x¢(st, W), Trp1(Se41, Wer1), - -, xn(sy,wn)}, t = 1, ...,N for
any admissible policy F and the symbol wy : = (s1, wi, ..., wy). (An ad-
missible policy F = {x1(s1,w1), z2(s2, w2),...,xn(sy,wn)} means

Ty € At/(st/,wt/) V sy € Sy, V t' e {1, ,N})

The optimal value function for the remaining periods ¢,..., N is

N
fi(s¢ ;W) = min E (Z Ky (s, wy, xt’)@)

Fy Wit 5--,WN "

N
= n;in (Kt(st,wt,fﬁt)-i- E ( Z Kt'(st/,wt'axt’)Wt))

t Wi41,0 WN

t'=t+1
(2.1.1)
fort=1,.... N — 1,
In(sn,wN) = T%inKN(SNawNaxN)
N
for DA models.
We define
fye1 = 0. (2.1.2)
The functional equation
fi(s¢,wy) =  min (Kt(st,wt,xt) + B (ft—i—l(st—i-lawt—l-l)lwt)) )
xt€AL(St,we) W1
(2.1.3)
t=N,...,1
follows.

In the case that an optimal policy exists the functional equation can be
proved directly by means of mathematical induction (refer also to Sebastian
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and Sieber [34], general formula (2.188) and the upper remarks on page 147):

Proof.
fn(sn,wN) := r%inKN(sN,wn,xN) (for t =N).
N

Step 1.

(beginning of mathematical induction t = N — 1)
fN-1(sN—1,WN"T)

;= min (KN—l (sN—1,wN—1,2N-1) + E (Kn(sn,wn,TN) | wN—l))
Fn_q WN

(see (2.1.1) for t=N —1)
= min (KN—1(SN—1710N—17$N—1)+

TN 1€AN-—1(5N—1-wN—-1)
:CNEAN(SN,H)N)

E (Kn(sy,wn,ZN) | UJN—I))
WN

= min {KN—l(SN—th—l;xN—l)"‘
TN_1€EAN_1(SN—1,WN—1)

min (E(KN(SN,U}N,ZCN) |m))}

TNEAN(sN,wN) \WN

(Here min ... means, in detail, min e
rNEAN(SN,WN) rN(wN)EAN(SN,WN)
V wy € BN.)

We now use the relation min E{¢(z)} = E {min gb(:v)} :

€T

= min {KN—1(8N—1,UJN—1,IL“N—1)+
rN_1€AN_1(SN_1,wN_1)

) ( min KN(SN,”LUN,LL‘N) ‘ wN_l)
wN LL‘NEAN(SN,wN)
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= min (KN—l(SN—17wN—17$N—1)+E (fn(sn,wN) | wN—1))-
rN_1€AN_1(SN—1,WN_1) wN

Step N —t*:
Let us now assume

fi(st, W) =  min <Kt(8t,wt,xt) + E (fi+1(5t41, Wis1) \Wt)> (*)

T EA(St,wi) Wi41
fort=N,N—1,...,t"+1(t*+1>1).
We will then prove the functional equation for t = ¢* :
Jre (Spx, Wy ) 1= I%:H<Kt (S, Wy, Tpx )+
N

B (% Kulsy,wwaw) | )

'LUt*_;’_l,...,UJN t/:t*+1

(see (2.1.1))

N
= min (Kt*(St*,wt*,l“t*) + > E (Ky(sy,wy,zy) w_t*)>

Tyk GAt* (St* ,wt*) t/:t* +1 wt/,...7wN
:IENEAN(SN,’LUN)

= min {Kt* (8, W, Ty ) + E  (Kpg1(See41, Weeg1, Tpe 1)
:th* EAt* (St* ,wt*) U)t* +1,...,U}N

ZNGAN(SN,U)N)

+ E (K y2(Sprq2, Wi 42, Tpe42)
Wi* 425 WN

o+ B(En(sy,wyan) |78 | - | 0o5n) | @) |

= min {Kt* (st*,wt*,xt*)—l—

Ty € Ay (S5 ;W )

E ( min (Kt*+1(8t*+1,wt*+1,Zl?t*+1)
wt*+1,...,’lUN mt*+1€At*+1(St*+1,wt*+1)
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4+ 4+ E( min KN(SN,wNHM)"“)'w_“)}'

WN IL‘NGAN(SN,U)N)
Now, we use (*) for t = N, N —1,...,t* + 1.

— min )(Kt*(st*,wt*,xt*) + E (fer41(8pr41, Weet1) ‘w_t*)) L

Tp* EAt* (St* s We* Wy +1

For subsequent sections we introduce here:

The ”DA Decision Functions” and Additional Definitions
(which are based on DA models)

In DA models the state sy11 is (for given s;,w;) completely determined
by the decision (in contrast to DB models). Thus, we can introduce:
the DA decision sets

/Alt(st, wt) = {8/ ‘ Sl = Gt(st, Wt, 3725) with Tt & At(st,wt)} (214)

for given s; € Sy ,w; € By,

where s’ € flt(st, wy) are called feasible states,

internal costs

(s, wy, 8') == min {Kt(st,wt,xtﬂxt c s = G(st,wt,xt)}
) (2.1.5)
with " € Ay(se, wy)

and DA decision functions

~

dt . St X Bt — St-H
) ) (2.1.6)
with dt(st,wt) = S/ € At(St ,wt).

Finally, we use

Definition 2.1.1. The set of DA decision functions is the set
lA)t = {Cit‘ Cit : St X Bt — St_|_1 with Cit(St,’lUt) - At<8t ,wt)}
for given Si, By, Sty+1 and DA decision sets flt.
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In addition, single maps

A,

(s¢,wy) — 8" (by d)
(2.1.7)

this means d;(s¢, wy) = s’

for sy €Sy ,wy € By are called single decisions.

If S; and By are finite sets, then d; will include |Sy| - |By| single decisions
(where |S;| and |B;| denote the numbers of elements in the sets S; and B,
respectively).

With this in mind Figure 2.1.1 a) can be replaced by

Figure 2.1.2.

We can see that x; and G; are combined into cit.

(DAP) can then be represented in the following way:
(DAPa):
A policy

~

{di(s1,w1), da(s9,w2), ...,dn(sy,wy)}

is to be found so that

N
E (Z @t(St,wt,8t+1)\81,w1> — min

w2,...,WN t=1
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subject to the constraints

StGSt, t=2,--- ,N,
Czt(stawt) c At(stawt)a = ]-a 7N7

St4+1 = cit(st,wt), t= 1, “e ,N — 1.

If (DAPa) exists under the following assumptions, we use the symbol:
(DAPa).
This indicates (DAPa) with

- stationary properties: the sets and functions By, S, Ay, cit,ét are the
same at each stage and will be written as B, S and so on,

- B and S are finite sets,

- q(w)(q: B — (0,1)) denote the probabilities of random disturbances
and these ¢(-) are also the same at every stage.

2.2 The Certainty Equivalence Principle

For many DB models with quadratic cost functionals and linear dynamics
(so-called quadratic linear problems) it is possible to replace the random
disturbances with their expected values and to then solve the yielded de-
terministic problems. The solutions are the same (certainty equivalence
principle). We have found a similar statement for DA models.

Let us begin by considering the following example.

Example 2.2.1. We contemplate the stochastic dynamic programmaing prob-
lems

N=3
E <Z ((20)” + <st>2>) — min,

t=1

where s1 € R or s1 € R and w1 € R are given

and  Sip1 = St + wy + T4,
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r: € R.

Here, {w;}i=123 15 a sequence of independent random disturbances with re-
alizations wy € R.

Since the decision spaces (A¢(se, wr) =)R (at each stage) are independent
of wy, we can classify such stochastic dynamic programming problems as DA
models or as DB models (with the same data, but x(s¢, wy) for DA models
and xz(s¢) for DB models).

The optimal solution of the DB modeled problem is

zy =x3=0

—s9—F(wsy
IN-1 = T2 = D) (w2)

—3s1—FE(w2)—3FE (w1
oy — 3 — (v2)-350)

(We can calculate this by means of the Bellman-principle or the certainty
equivalence principle. )

The optimal solution of the DA modeled problem is
IN — T3 — 0

—So9—WwW
IN_1 =T = —5 2

—3s1—F(ws)—3w1
IN—2 — 1 — (5 ) .

(At the beginning we have calculated this by means of the Bellman-principle,
see (2.1.3).)

Obviously, the minimal expected cost for the DA model are not greater
than the cost for the DB model since every policy of the DB model is also
possible for the DA model (A;(s;, w;) are independent of wy).

Example 2.2.1 demonstrates the strong relationship between the solutions
of the DB and DA models.

We will now generalize the results of the example.
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Quadratic-Linear-Problems
Let us assume for (DAP) that

S =R" t=1,...,N,
Ar=R4 t=1,...,N.
The dynamic constraints are

St4+1 = (I)tSt + Ftl’t + Htwt fO’f’ t= ]., “ ey N (221)

with given matrices @4 Iy and II; and a given s; or given s; and w;.
(These symbols are taken from the model in Schneeweiss [33], Section 11.3.)
The types of these matrices are determined by the types of the states,
disturbances and decisions.

It Zt = (ul)t)avt - (Z)ayt - (xt) and Tt = (Fta q)t,Ht,O)

Ut

are used, then (2.2.1) has the form

St+1 = Liys.

The cost functional is
N . _
E { Z Yt Wt,yyyt} — mn,
t—1

where the matrices W 4, have the following structure

Wt,mm Wt,ms Wt Tz
Wt,azx Wt,xv
Wt,yy - - Wt sx Wt ss Wt sz -




27

with regard to v, s; and y;.

Let W 4y be symmetric matrices (without loss of generality) and let Wy ;.
be positive definite. Furthermore, let all matrices V,, which are calculated
by means of the backward dynamic programming procedure be positive def-
inite.

Quadratic-linear-problems can be classified as DA models or as DB models
with the same data, however x;(s;) is used for DB models and x4(s;, wy) for
DA models (compare Example 2.2.1).

Theorem 2.2.1. (Certainty equivalence principle)
Let a quadratic-linear DB model and a quadratic-linear DA model with the
same data be given.

In addition, let

N = O;
ry = p(E(we), E(wigr), -+, EBlwy-1)),t =N —1,---,1

be a representation of an optimal solution of the quadratic-linear DB model.

Then
zny =0,

Iy = @(wtyE(qu), . 7E(wN—l))7t = N — ]_7 . ,1

is an optimal solution of the quadratic-linear DA model.

Proof. The above symbols and the following representations are taken from
the model in Schneeweiss [33] (see Section 11.3) and they are applied to the
DA models here.

The functional equation for this DA problem is

fulse: ) = min{ o Wosct 8 { feon(sv T 0}

Wi 1
t=N, -1, (x1)
INy1 =0

(see (2.1.3)).
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Step 1.

(beginning of mathematical induction, t = N)

fN(sn,WN) = min (YN WN.yyN)

i (T T T
= min (xNWN,m:UN + 2e\Wh zoUN + UNWN’Uv’UN) , (%2)
N

Zl?}kv = _(WN,mx)_le,a}’UUN (*3)

= - (WN,m)_1 (WNzsSN + WN zwwn + Wi g1) (x3a)
is the optimal xy for (*2), since Wi 4, is positive definite.
If we (*3) use in (*2), it follows that
fn (s, WN)

_ . TwT ~1 T
= —ONWN 2o (WNwz) T WN 20N + Oy WN 0N

= shQnsn + 25k By + GAn(wn)

with

QN = WN,ss - Wjj\;’xs(WN,acm)_le,ms;
BN = (WN,sz - W]%;,xs(WN,a:x)_le,xz>zNa

GAN(wN) =N = 25 W 222N — z]:’\}W]:G,mZ(WMm)_lWN,mzN.

Additionally, let Gy and «y denote the following:
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By = E{Bn[wn=1}

- (WN,sz - Wjj\;’xs(WN,mm)_le,mz)E{ZN|wN—1}7

W = E{aNWN 22N [ON 1} = 23 W oo (W z2) T W 222N
where

ﬁN = E{ZN‘U}N—I}-
Step N —t+2:

Now, let us assume
fi(se,wr) = sTQuse1 + 25T By + GAy(w). (*4)
On the one hand we will prove

fro1(se-1, W 1) = s Qs_15t-1 + 2sL 1 fr—1 + GAr_1(w) (*5)

for the optimal expected value function at stage ¢t — 1, where

Qt = ‘/t,ss‘/t?;cs (‘/t,:m:)_l ‘/t,l‘Sa

Bt = (‘/t,sz - Vvt?;gs(‘/t,:mc)_l‘/t,xs)zt-

In addition, let 3;,4: and 7, denote the following:
B = E{B|[wi—1},
ﬁ/t = ZtTVi,zzZt - Z?%ﬂg(%,z$)_l‘/i,zzzta

Ve = E{Z?‘/t,zzzt‘m} - éfwgz(w,xx)_lw,xzéta Zt = E{Zt|wt—1}'

Here the sub-matrices V; ;;(i,j = x, v, z,w, s, 1) are calculated from
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Y Vit = ¥ Wegytr + yi T Quir Tyye + 2y Bi1 + i1,

where it is initially given

Qni1=0,0n11=0,7n11 = 0,7n41 = 0.

We will then show that

* —
Ly1 =

- (‘/t—l,a:ac)_l‘/t—l,xvvt—l

- (%—1,xm)_1(‘4—1,x55t—1 + ‘/t—l,mzzt—l)

is an optimal decision at stage ¢t — 1:

(1) for t — 1 and (*4) yield

ft—l(St—b wt—l)

- gtlirll {yﬁl Wt—l,yyyt—l + E{ft(Tt—lyt—l,W)\wt_l}}

= min {y;_; Wi—1,yy Y1+

Tt—1

Blyl T, Qi Trm1 yeor + 2y Ty By + GA(w) | Wi}

= gﬁlﬂl {yl s Wiy i1 +yl TR Qe Tia yee1 + 2yl Ti—1 B

+E{GA(w) | wi—1}}

= gﬁrll {yl 1 Viciyy vi—1 — v + E{GA; (w) | wi—1}}
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s T T
= Iin {2/ Vicige ®—1 + 22, Vicq go Vi1 + 041 Vie1 o0 Vp—1
t—1

=t + E{GAi(w) | w—1}}. (¥6)

* — —1
Ly 1= _(‘/t—l,xx) ‘/t—l,scv Vg—1

= _(W—l,xx)_1<‘/i—1,xszt—l + ‘/t—l,xs St—l) (*7)

follows for positive definite V;_1 4.
(*7) plugged into (*6) results in
fe—1(s¢-1,wi—1)

_ T -1 T
= — Ut—1 ‘/t—l,:cv (‘/t—l,m:c) V;S—l,xv Vi1 + U4 Vvt—l,v'v Vt—1

— v + E{GA{(w) | w1}
= sl 1 Qi1 5-1+2s] 4 Bio1 4+ vi—1 — 1 + E{GA;(w) | w1}

= sl Qi—1 81-1 +2s] 4 Bi—1+ GAi—1(w).

Now, we compare the optimal decisions (*7) of the quadratic-linear DA mod-
els with the optimal decisions of quadratic-linear DB models, see Schneeweiss
[33], Section 11.3.

The above matrices V; 4, are the same as the corresponding matrices in
Schneeweiss.

xy corresponds to uj in Schneeweiss with the exception of w; (in v; and
z). In Schneeweiss we find there E{w; | wi—1}(=FF) (refer to [33], pages
162 and 163).

This concludes the proof of Theorem 2.2.1. |
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Remarks 2.2.1. .

o We use the denotation ”certainty equivalence principle” above (for DA
models) due to of the relationship between the solutions of DB and DA
models.

e Dreyfus and Law have a differing opinion about certainty equivalence
principle for DA models (see [12], pages 275, 276). The remarks on
page 276 are, however, very short. The calculations and considerations
are not giwen n sufficient detaal.

e Sebastian and Sieber, [34], also deal with quadratic-linear-problems
(refer to 2.8.3.3). However, the disturbances do not take place in the
cost functional and an interpretation of the calculations is not given.

2.3 DA Models as Markov Decision Processes

In Section 2.3.1 some known basic results to Markov decision processes
(MDPs) with average reward criterion which are needed in the following
sections are to be found.

For this we confine ourselves to consider finite-state models since the state
spaces of SDDP problems are finite. Corresponding notes on countable-state
models can be found in Sections 8.10 and 8.11 by Puterman [31] and also in
his Bibliographic Remarks, pages 430 and 431.

In Section 2.3.2 some characteristic properties of the structure of deci-
sions within DA MDPs are considered. There DA MDPs are modelled in
such a way that the original state space is maintained (compare also to the
Introduction 1.1).

Furthermore a specification of the Howard algorithm (policy iteration)
for MDPs (with average reward criterion) leads to an optimality criterion

for DA MDPs.

An ”almost-partial order” of the states, which is based on optimal de-
cisions of DA MDPs with special internal cost, is observed in Section 2.3.2.2.
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In what follows considerations are given to DA MDPs with special prop-
erties.
DA MDPs with distance properties are investigated. (SDDP problems fulfill
distance properties.)

Then, DA MDPs with (optimal) dominant policies are considered.

Finally, ”cost-parametric DA MDPs” are discussed in Section 2.3.4. In
this process, the Howard algorithm can be used to solve DA MDPs, where
the starting decisions for the iterations are the above-mentioned optimal
decisions of DA MDPs with special internal costs.

2.3.1 Markov Decision Processes: Models and Properties

To begin we consider discrete-time MDPs with finite state and decision
spaces. We assume infinite horizons. The average expected cost per stage
will be minimized. In addition we demand stationary properties.

(Detailed representations of MDPs can be found, for example, in books
by Miiller and Nollau [28] (see Sections 2.1 and 2.4), by Puterman [31] (see
Chapters 2, 5 and 8), by Herndndez-Lerma [17] (see Sections 1.1, 1.2, 3.1,
3.2 and 3.3), by Bertsekas [7] (see Chapter 4), by Neumann [29] (see Section
3.3.2), by Girlich [15] (see Sections 5.2.6 and 5.3.4) or by Girlich, Kochel
and Kiienle [16] (see Chapter 5).)

We use the terminology:

N = o0 horizon

t€{1,2,...}  numbers of stages

S finite state space
with m elements s (S = {s!,...,s™})
AM sets of finite decision spaces 2 AM(s) (s € S)

with elements (decision functions) d,

where d : S — AM (with d(s) € AM(s)) 3

d _ U of —. d
Pl = (p(s!ls! ) s =5 (D)

l=1,....m

matrix of transition probabilities for any d
(or markov kernel)
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7d - (7(81?7 d))f:L...,m = (’Y?)f:l,...,m
vector of average (one-step) reward functions # for any d
with v(s/,d) e R Vsl €5, Vde AM.

At every stage t (t = 1,2,...) with a state s; at the beginning of the
stage such decisions d;(s') € AM(s') are to be found so that altogether the
average expected cost per stage will be minimal.

The sequence (d(;—1), d(=2), ) is called policy or strategy.
If d(4—1) = d(4=2) = - - - = d then we have a stationary policy. In this case
the policy is completely determined by the decision function d.

For such MDPs we use the notation: MDP(N = oo, S, AM, P, ).

Under the assumption that the stationary distributions (pfc’oo) F=1,..m
with

d,oc0 d,oc0
pl e Pm

lim ( (p‘}l)({:l...,m) )t =| : : (2.3.1)

)
t—o0 =1,....m

d,00 d,o0
A

exist, an optimal stationary policy d is to be found so that

gd — 7(81’ d)péliyoo +oe (8™, d)pg;boo — min (2.3.2)

(refer to Theorem 2.4.7 by Miiller and Nollau [28]).

If the condition

ph#AO0Y fef{l,...om}, VIe{l,...,m}° (2.3.3)

?As by Miiller and Nollau [28] (and by Herndndez-Lerma [17], page 2) we use for our
model only decision spaces, and not decision and action spaces.

3In order to put emphasis on the condition d(s) € A™(s) we sometimes speak about
feasible decision (functions) d.

“More detailed: (s, d(s")).

®Remark 2.3.7 in Appendix A.2.3 by Miiller and Nollau, [28] includes the weaker condi-
tion that all elements of at least one column of a matrix (P%)Y (y € N) have to be greater
than 0. However (2.3.3) will be fulfilled for SDDP problems (see Chapter 3).
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is fulfilled, then an ergodic Markov chain is implied by P¢ and the station-
ary distribution exists (see Remark 2.3.7 in Appendix A.2.3 by Miiller and
Nollau, [28]). If (2.3.3) is valid for all stationary policies of the MDP, then
an optimal stationary policy can be found (see Remark 2.3.7 in Appendix
A.2.3 and Theorem 2.4.8 by Miiller and Nollau, [28]).

Thus the simple property

v(s?,d) > 0 for at least one s/ = ¢? >0 (2.3.4)

follows.

The Poisson Equation and Properties

If (2.3.3) is valid, then the average expected cost per stage g¢ satisfies the
linear equation system, which is called the Poisson equation:

1

_ Ad d 1 -
g-€e+v=7"4+Pv, e=|: (2.3.5)

1

(or —g-€+ (P?— Iy = —%)
where I is the identity matrix and

g and (vf)y=1,.. m are the variables.

If one variable vy, is fixed in any way, then the remaining equation system
with the variable g and m — 1 variables v¢ has an unique solution (refer to
the proof of Theorem 2.4.8 by Miiller and Nollau [28]).

Furthermore, a property of the Howard algorithm implies the following
Lemma (see Theorem 2.4.9b) by Miiller and Nollau [28]).

Lemma 2.3.1. Let (2.3.8) be valid for all stationary policies of a given
MDP(N = o0, S, AM P,~). In addition, let d*' and d*? be optimal decision
functions.

Let (g*', v*) represent solutions of the Poisson equations

ge+1/:Pd*lu+'yd*l for 1 =1;2 with v}l =0,

*1 o 2

then Vi Vi for f=1,2,---,m and obviously g*> = g*'.
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In the following sections we also need the simple statement:

Lemma 2.3.2. Let (2.3.8) be valid for any stationary policy d of a given
MDP(N = oo, S, AM P,~). Furthermore, let ' be any affine transformation
of v* with

Y=ayt+B| |, a#0.

Then, (go,vp) € R x R™ is a solution of the Poisson equation (2.3.5) if
and only if (¢ = ago + B,V = ary) € R x R™ is a solution of the linear
equation system

—1
g |+ (P =—+. (2.3.5°)
-1

(Remark: If o > 0 then it obviously follows that vy, < v, < v < 1/5)

2.3.2 DA Models as Markov Decision Processes under Ap-
propriate Assumptions

If the stationary DA model (DAPa) with finite sets B and S (see Section
2.1) is transformed into a corresponding model (DAPb) with an infinite
horizon N = oo, where average expected cost per stage will be minimized

then the problem
(DAPD):

for given s; and wy, a policy

~ A

{dl(sl, wl), d2(82, wg), .. }

is to be found so that
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n
lim — (g ¢(St, Wy, St41) 81,w1> — inf,
n—oo N,

which is subject to the constraints
St+1 = cz(st,wt), t= ]., 2.
d(se,wr) € A(sy,w)(C ), t=1,2,--

remains to be solved.

We want to represent this problem as a Markov decision process. We can
do this in two ways.

We could use a method, which can be found by Neumann and Morlock
[30], page 618 or Girlich, Kéchel and Kuenle [16], page 36. A state space
S x B would follow. Obviously, this state space is markedly larger than the
original state space S. Furthermore, corresponding matrices of transition
probabilities would have many zeros, in general. (An analogous situation is
known in linear programming: If the classical transportation problems are
solved by the Simplex algorithm, then many zeros exist in the coefficient
matrices of the restrictions. Special solution methods for the transportation
problem have been developed (for example the "MODI-method”, which is
based on the Simplex algorithm, see [30], Section 2.8.9).)

Thus, we will directly convert (DAPb) into a MDP. The corresponding
state space is then S and in addition peculiarities of the DA model can be

better characterized. In this way special structures of decisions follow (refer
to Sections 2.3.2.1 and 2.3.2.2).

In order to convert (DAPbD) into a MDP with the original state space S we
use DA decision functions d, the set of DA decision functions D (see (2.1.6)),
Definition 2.1.1) and the internal costs ¢ (see (2.1.5)). The disturbance space
B and the probability ¢ merely serve to calculate the transition probabilities
of such a MDP.

~

AM(s) = {d(s) == (d(s,w"),d(s,w?),--- ,d(s,w'P))|d € D},s € S
(2.3.6)

(where | B| denotes the number of elements in the set B)



38

p(s'ls . d)=pf) = D alw) (2.3.7)

wist=d(sf w)

W D= =3 3 s w,gw)

steS wisl=d(sf ,w)

= Z Z é(sh,w, sl)% p(s'|s’,d). (2.3.8)

steS \w:st=d(sf ,w)

We define the cost

dof by — NN (C) R
(s, s") = le(f )c(s ,w,s)m =: Y. (2.3.9)

The relation

v(st,d) = Z (st sHp(sls’, d) (2.3.10)

sl

follows.

From this point on, DA MDP(N = oo, S, AM, P, ~) denotes a MDP which
is derived from the (DAPb) in the above way.

Under the assumption that the stationary distributions (see (2.3.1)) exist,
an optimal policy d is to be found so that

g* = (s ) + o (s, d)ph — min. (2:3.11)

We will now characterize:
Two Special Cases for the Cost

((a) is valid for the SDDP problem. (b) includes a more specific case, how-
ever it also leads to initial decisions for policy iteration (Howard algorithm)
in the case of more general DA MDPs.)
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(a) é(sf,w,s') do not depend on w.
That means

é(s? w, sty = é(s!, s') =: ép for each w with s' € A(s/,w). (2.3.12)

(2.3.9) then yields

cd(sf, sl) = é(sf, sl) Z q(w)

lsf d
wisl=d(sf w) p(S ’S ’ ))
= ¢(st, sh)
(b) é(sf,w,s') do not depend on s'.
Thus
é(sh w, st =: é(s?,w) for each s' € A(s/, w). (2.3.13)

In other words: é(s/,w,-) are the same for all feasible decisions.

Therefore,

v(s?,d) = Z é(s’,w)q(w) also do not depend on d. (2.3.14)

w

2.3.2.1 The Structure of Decisions within DA Markov Decision
Processes

Definition 2.3.1. d' € AM d? € AM will be called neighbouring if a unique
sfo € S and a unique w° € B exist with

d'(s) = d?(s) for each s € S and s # s/0,
d' (s7o,w) = d?(sfo, w) for each w € B and w # w° and
cil(st,wO) + j2(3f07w0).

(This means d* and d* are only different in one single decision (see (2.1.7))).

Lemma 2.3.3. .

I Let d° € AM and d* € AM. Then a sequence d°,d",d?,--- ,d" = d"
of neighbouring decisions d*,d"t! (0 <i < v —1) exists with d* € AM.
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II Now, let d € AM.d € AM be neighbouring with the different single
decisions:

ci(sf,w> = sl,

j(sf,w):sl_ (Z#D

The following relations then hold (in regard to the transition probabil-
ities, the average reward functions and the cost):

(2.3.15)

a)
ph =% — a(w),
Pl = pl+g(w), (2.3.16)
Py = vy for (£,1) # (r,v) # (f,1) (see (2.3.7)).

Therefore, the transition probability matrices differ only in two ele-
ments (of a row) for corresponding "neighbouring” decisions!

(2.3.17)
and
c)
_ f I e
A (sf,sl> _ <Cd (Sf’81> B ¢ (s ,C'lw s )q(w)> %’
Py Py
_ _ é (Sf,w, Sl) p 1 (2 3 18)
A (o1,o) = (et (sh. o)+ 0 | 2
Pyi Py



41

Of course, the computation of the stationary distributions of neighbouring
decisions is more complicated. In general pff’°° =+ p,‘f’oo for all r, however the

differences between p;‘f"” and pﬁl’oo are ”"greater” for r = [ and r = [ than for
other r € {1,--- ,m}. Moreover, we have:

Theorem 2.3.4. Let P and Pd_ be two stochastic matrices with positive
elements. Let P? differ from P® for only two elements in the following
manner )

p;lcl > p?l and pjfl— < pjﬁl—.

Then, corresponding relations are true for the stationary distributions
ph>® and p%>® belonging to P* and P?:
d,oc0

d7oo CZ,OO d,OO
Py > and p; < p

(See proof and remarks in [22], Section 3.2.3.)

Figure 2.3.1. If d and d are different as in (2.3.15), then the average
expected cost per stage are different, especially, in the bold terms

Soy(s?, d) pdoe = oy(st, d) PP+ (st d) Py A+ (s d) P
v=—— N—— N—_——

= forw# f = =

S .%o T s T de
Zl’y(sv,d)pg’oo:+7(Sf7d)pf7 ++ry($7d)pl’ +_|_fy(8’d>pi? + ...
v=

Algorithms for approximate solutions of DA MDPs from this section which
are based on the above structures are conceivable.

Finally, we want to point out a property which is naturally fulfilled for
DA MDPs.

Lemma 2.3.5. Let a DA MDP(N = oo, S,AM P,v) be given. And let

st,s%, .-, s™ be any ordering of the states.

Then, a decision function d € AM exists, such that
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mo m
Zp(]i”l S Zpgl”l fOT m = 17 , T
=1 =1

f=1,---,m and Vde AM.

Proof. Obviously, d with

d(sf,w) = s', where [ =max{l|s' € A(s/,w)}Vsf €S, YweB

satisfies the condition. [ |

Remarks 2.3.1. In the above proof, feasible states with largest indices are
chosen by single decisions d in each case.

2.3.2.2 An Optimality Criterion for DA MDP and an ” Almost-
Partial Order” of the States

To begin, an optimality criterion for DA MDP will be derived from the
Howard algorithm (policy iteration). This optimality criterion is associated
with the single decisions.

Then, we show that optimal (single) decisions imply an ”almost-partial
order” of the states if the internal cost do not depend on the decisions.

A detailed description of the Howard algorithm can be found in [28], Sec-
tion 2.4.2.1 (see also [15], Section 5.3.5). In particular, we use the addition
to the Howard algorithm at the end of Section 2.4.2.1 in [28].

In relation to the MDP(N = o0, S, AM, P,v), where (2.3.3) is valid for
all stationary policies of the MDP, the Howard algorithm includes:

If (g%, v9) is a solution of the Poisson equation (2.3.5) for a decision

d_, then a better decision can be found if a state s/ € S and a decision
d(s!) € AM(sT) exist such that

> o phit (st d) <Y phf 4 (s, d) (2.3.19)
=1 =1

(The algorithm terminates after a finite number of iterations.)

d is a optimal decision if
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Zpﬂyl + (s >prll/l—|—’7(fd) Vsl eS vde AM. (2.3.19 a)
=1
Now we want to specify (2.3.19) for a DA MDP.

For this reason we assume that the following single decisions of d and d
are different:

ci(sf,wyl) = sh, j(sf, wYl) = sh

d\(Sf7wyZ) — Slz7 j(sf’wyZ) — Siz,

Then

m 7 —
lE phvf + (st d)
=1

MS

z _
phvi+ (s d)"‘Z%Q(wyi) [é(sf,wyiy sh) = e(st wvi, s1) + vl — ”lﬂ
1=

l
<X phvi + (7, d)
=1

follows from (2.3.19), (2.3.8), Lemma 2.3.3 a), b) and (2.3.7).

1

3

Thus

z
Z q(w?") [é(sf, w¥, s4) — é(s! wYi, sb) + 1/ — l/ff < 0. (2.3.20)
i=1

Since q(w¥) > 0, single decisions d(sf, w¥) = s and d(s wYi) = sl

exist such that

é(sf wvi, sty — e(sf wvi, s + Vg — Vli < 0.

We can then modify the Howard algorithm for the DA MDP.
Namely, a better decision can be found if a state s/ € S and a single

decision d(s/,w) exist such that
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AHY(sT w, st — s) = é(sT w, s1) — é(sF,w, s) + v — vl < 0 (2.3.21)
(where s = c?(sf, w), st =d(s',w)).

(This means (2.3.19) is replaced by (2.3.21).)

The modified Howard algorithm for DA MDPs can be found in Section
2.3.5.

Continuing, an optimality criterion for DA MDPs is established in the
following Lemma.

Lemma 2.3.6. Let (2.5.3) be valid for all stationary policies of a given
DA MDP(N = oo, S, AM P,~). Furthermore, let (g%, 1) be solutions of the
Poisson equations (2.3.5) in relation to a decision d.

d is a optimal decision if and only if the equalities

AHY(s,w,5 —s') = é(s,w,5) — &(s,w,s') +v4(F) —vi(s') >0 (2.3.22)

(where s' = d(s,w) and § = c?(s,w))

are valid for all s € S,w € B and all (feasible) single decisions d(s,w).
If , additionally, the internal costs satisfy (2.3.13), then the inequalities
(2.8.22) are simplified

AHY(s,w,5—5") = v4(5)—v(s") > 0. (2.3.22a)

Theorem 2.3.7. Let (2.3.3) be valid for all stationary policies of a given
DA MDP(N = o0, S, AM P, 7).

a) In addition, let d*!' and d*? be optimal decision functions and

(g*, v*)) are solutions of the Poisson equations
ge+v= Pd*lu+7d*l for 1 =1;2 with v} = 0.

If

d*(s? w) = st £ d*2(sf,w) = s (for some sf € S and some w € B)
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then
AHY (sf w, st — s1) =0 and AHT (sT | w, s' — s') = 0.
(where AH s/ w, st — st is defined as in (2.5.21).)
b) Let d* be an optimal decision function and (g*,v*) be a solution of the
Poisson equation
g et+v =Py, (*1)

If
AHT (sF w8t —s')y =0 for some sl €8, some w € B and
some st = d(sf, w) # st = d* (s’ w),
then
d with -
d(s, ) = st if (5,0) = (s, w),
d*(s,w) otherwise

18 also an optimal decision function.

Proof:

a) Assumption: AHY (s7,w, s — s ) #£0.
In addition, as a consequence of the optimality criterion (2.3.22),
AHd*l(sf,w,sl_— sH) >0

follows.
Since d*! and d*? are optimal decisions, Lemma 2.3.1 implies

I/*l _ V*Z’
hence
AHT?(s,w,s" — §') = é(sf,w, s') — (s ,w, ) + v — 2

= —(e(sf,w, sh)—é(sT | w, sl)+y*1 vil) = AHd*l(s,w, sl—st) < 0.
This is a contradiction to the optimality of d*?.
(Similarly, AH?” (s, w, s' — s!) = 0 can be shown.)
b) We show that (g*,v*) also satisfies the Poisson equation
ge+v=Plytq2 (*2)
The Poisson equations (*1) and (*2) differ only in row f.
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According to (2.3.16) and (2.3.17), row f of (*2) can be represented
as

g+vy= p%m + - —i—p;icl_ll/l_l + (p?l — Q(w>)1/l —|—p§lc1_|_1yl+1 I
+p(]101__1yl_—1 + (p(]ic[+ Q(w))’/l_"i'p?l‘_’_lVﬁ_l + - -I—p?mum
+ 7? + q(w)[e(s!, w, sl_) —é(s,w, 8]

= phvi+ -+ P vm + S
+Q(w)[é(8f7w78[)_é(sf7w7sl)+vl__yl]' (*3)

The assumption

AHT (s w, st — s) = e(sf w, st) — é(sf,w, ) + Vi - =0
yields that (g*, ") satisfies (*3), thus also the Poisson equation (*2).

This means the value g* of the objective function for d* is the same
as for d. Hence, d is also an optimal decision function.

[
Finally, the relation
AHY(s) w, sl —s12) = AHY s/ w, s — s83) + AHY (5T, w, '3 — 512)
(where st = dli(sf w) fori =1,2,3)
(2.3.23)

follows easily from the Definition of AHY(.,.,.) (see (2.3.21)).

An ” Almost-Partial Order” of the States

Definition 2.3.2. Let a set M and a corresponding binary relation < be
glven.
(i) The relation is called almost-transitive, if
{{xl,xg,xg} CM AN 21 <x9 N 29 < I‘g} = {xg { ZCl}.

(xs £ x1 means either r1 < x3 or x1 and x3 may not be related to
each other in this way ©.)

5This possibility leads to the terminology: ”almost-" transitive.
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(i) The relation < is called an (strict) almost-partial order (and the set
M an almost-partially ordered set), if < is a irreflexive, asymmetric
and almost-transitive relation.

Theorem 2.3.8. Let a DA MDP(N = oo, S, AM p. v) be given where the
underlying internal costs do not depend on decisions (this means the internal
cost satisfy (2.3.13)). Furthermore, let (2.53.3) be wvalid for all stationary
policies of this DA MDP.

(i) Then any optimal decision d* implies an almost-partial order < of the
states in the following way

{sl <sf} = {HSES,wEB:cZ*(S,w) =/

) o (2.3.24)
A st e A(s,w) A B optimald* - d*(s,w) = sl}
(In addition, s' is called costlier than s'.)
(11) In regard to the solutions (g*,v*) of the Poisson equation
ge+v=DPV v+~ the relations
st<sl = v > (2.3.25)

are valid.
(i) If st € S,sf € S, s € S,w € B and optimal decisions d*,d* exist so
that d*(s,w) = s/, d/*(s, w) = s, then most importantly,

v = v} (2.3.26)

follows for the solutions of the Poisson equation.

Proof.

(ii) Suppose s < s/ as in (2.3.24).
This also includes

ds e S,we B:{sl s} c A(s,w)
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(iii)

and d*(s,w) = s/ for an optimal decision d*.
Initially, the optimality criterion (2.3.22 a) from Lemma 2.3.6 leads to
d* l _
AHY (s,w,s' — s) = v} —v; >0,

hence v]" > y;’;.

: . ko *
Assumption: v]" = V.

We then see that the optimality criterion (2.3.22 a) from Lemma
2.3.6 is also satisfied for the decision d’ with

d'(s',w') = d*(s', ') for (s, w') # (s,w),
d'(s,w) = s

Thus, the decision d’ with d’(s,w) = s’ is an optimal decision contra-
dicting (2.3.24).

1. Asymmetry:
Assumption: s' < s/ and s/ < s'.
Then (ii) yields

v > I/;Z and v < VJ"Z. This is a contradiction to the order of real
numbers.

2. Almost-transitivity:

Assumption: st < s/, sf < s¥ and st > sv.
Then (ii) yields
v > I/;'Z,l/;; > v, and v <.

This is also a contradiction to the order of real numbers.

v = v} follows from Theorem 2.3.7a) and (2.3.22a) under the condi-
tion (2.3.13). [

Corollary 2.3.9. Suppose that the assumptions from Theorem 2.3.8 hold.
(i) If A(s,w) = A(s',w') for {s,5'} € S; {w,w'} C B, then

an optimal deczszon d with d(s, w) = sf (sf e A(s, w)) exists
if and only if an optimal decision d' with d’(s w') = s/ exists.
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(i) If {sT, s} C A(s,w), {sf,s'} C A(s',w') for {s,s’,sf,sl} CS,

{w,w'} C B, d* is an optimal decision with d*(s,w) = s/ and
no optimal decision d with d(s,w) = s' exists it then follows that
no optimal decision d’ with d'(s',w') = s’ exists.

Proof.

(i) If d is optimal it then follows from Lemma 2.3.6, (2.3.22a) that

(i)

AHY(s,w, st —s/) =vd - z/jcl > 0 for each st € A(s,w).

Furthermore, this Lemma yields
AHY(s,w, st — sl) = AHYS v/, st — ) = v — V}i (under the as-
sumption (2.3.13)).

Thus d’ with
3 (5, w) = d(s,w) for (5, w) # (5/,w),
d'(s',w') = sf
is also an optimal decisions.
st < sl and vf — v} > 0 follow from Theorem 2.3.8(i) and (ii), respec-
tively.

Lemma 2.3.6 in connection with the latter inequality implies that
no optimal decision d’ with d'(s’,w') = s can exist. |

We additionally now establish the following Definition 2.3.3 and Corollary
2.3.10.

Definition 2.3.3. Let a DA MDP(N = o, S, AM p v) be given where the
underlying internal costs do not depend on decisions (this means the internal

cost satisfy (2.3.13)). In addition, let (2.3.3) be wvalid for all stationary
policies of this DA MDP.

(a)

If a partial (almost-partial) order < of the state space S is given, then a
solution of a Poisson equation (2.3.5) or a solution of a linear equation
system (2.3.5°) is called monotone (in v) with respect to the partial
(almost-partial) order if

sl<sf:>1/l>uf.
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(b) Let d be a (feasible) decision.
Then a solution of the corresponding Poisson equation (2.3.5) or a
solution of a linear equation system (2.8.5°) is called monotone (in v)
in relation to d if

{HSES,wEB:Cz(S,w) =sf A ste A(s,w)

o l (2.3.27)
AN Ad mitg® =g :d(s,w):s}

8 d d
:Vl >Vf.

Corollary 2.3.10. Suppose that the assumptions from Definition 2.5.3 hold.
In addition, let d be a (feasible) decision.

Then the solutions of the corresponding Poisson equation (2.3.5) or the
solutions of the linear equation systems (2.3.5°) are monotone (in v) in
relation to d if and only if d is an optimal decision.

Proof.

1. Let d be an optimal decision. Then Theorem 2.3.8(i) and (ii) imply
that the solutions of (2.3.5) or (2.3.5’) are monotone (in v) in relation
to d
(also in relation to the almost-partial order which is induced by d as
in Theorem 2.3.8(i)).

2. If the solutions of (2.3.5) or (2.3.5") are monotone (in v) in relation
to d, then the optimality of d follows from Lemma 2.3.6 (under the
assumption (2.3.13)) (and the Howard algorithm).

Remarks 2.3.2. Suppose that the assumptions of Theorem 2.3.8 hold. Fre-
quently the relation s' < s/ implies the relation (s') > ~v(s/).

"Contrary to Theorem 2.3.8 the decision d is not optimal, at first.
5(2.3.27) is analogous to (2.3.24).
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However, counter-examples also exist:

Let 4T = (5,2,1)T be a vector of average one-step reward functions
(which fulfills (2.8.14)) and p%, i = 1,2,3 three (feasible) decisions
with the following corresponding matrices of transition probabilities:

4 1 1 3, ifi—
pdi =1 1491 14+09; 1493, | where (Sji: ’ _J.
6 4 ’ ] : ] ’ ’ 0, otherwise

fori1=1,2,3,7=1,2,3.

Obviously, (2.5.3) is valid in relation to di, de and ds.
The average expected costs per stage can be computed by solving of the
Poisson equations (2.3.5). The results are:

gt =23/6, g¢%=10/3, gB=7/2.
Thus, do s the optimal decision.

If the considered MDP is a DA MDP, which means the foundation is a
(DAPb) model, ° then the relation s> < s* follows according to (2.3.24).
However, for the average one-step reward functions the relation
v(s3) < y(s?) is valid.

2.3.3 DA Models with Special Properties
2.3.3.1 Notes on DA Models with Distance Properties

In this section we will assume ”distance properties” for DA models. Such
properties can be found, for instance, in flow problems (for example see [1],
near Theorem 3.4), metric task system or k-server problems (see [8], Chap-
ter 10, for instance).

For the SDDP problems (Chapter 3) these distance properties are fulfilled.

The ”distance properties” include a ”triangle-inequality” and an internal
cost of the value 0, if the state does not change at this stage. Here, we
do not assume the ”commutativity of distances” since, for SDDP problems,
the costs can be different if a machine of type ¢ is converted to type j or a
machine of type j is converted to type i, (see Section 1.2 and Chapter 3).

For stochastic dynamic DA models the distance properties have to be for-
mulated in connection with the DA decisions sets (contrary to deterministic

9We do not discuss this here in detail.
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flow problems, k-server problems and so on).

The purpose of the procedural method of this section:
initially, we give the triangle-inequality with an additional equals sign,
which later will do not play a role for optimal decisions, according
to Theorem 2.3.13 will become clear in Chapter 3.
(In Section 3.3 certain decisions, which are not better than others can
be excluded from the outset according to Theorem 2.3.13, see Lemma 3.3.8
and Example 3.3.1. 1Y)

For DA MDPs a transition probability of a state transitioning to itself
will prove to be constant under the assumption of the distance properties.

In the following consideration we assume (DAPa) or (DAPb) models for
which

The Distance Properties

1. ¢(s!,w,s") =0if and only if s/ € A(s/,w) and s' = 7, (2.3.28)

if s € A(st, w?),s" € A(sf,w') and s' € A(sf, wh),

2. then é&(sh,w? s) +é(s/,w', s') > é(sT, w', s?) (2.3.29)

must follow,
(triangle-inequality)

are additionally satisfied.

We will show that states s” are not essential for optimal single decisions
d* (s!,w') if we have equality in (2.3.29).
For this purpose we define the smaller DA decision sets.

Definition 2.3.4. Let s/ € S,w' € B be given.
A(sf,wl) = {s" Gﬁ(sf,w1> | 3w’ e B :

¢ (sl,w2,8U> +¢é (Sf,wl,sl) > ¢ (sf,wl,s”> Ve fl(sf,wl)

°Tn other words, using ”lazy algorithms” is sufficient in order to compute optimal
solutions of SDDP problems.
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with s¥ € A (Sl,w2) st £ sl and s' # s}

is called the smaller DA decision set of feasible states for the given state s’

and the realized disturbance w?.

Lemma 2.3.11. Let (DAPa) or (DAPb) be a DA model for which the
distance properties (2.3.28) and (2.3.29) are additionally satisfied. Then
the properties

(i) A(s) wh) = {s*} if A(s?,wb) = {s*},

(i) s* €A(sT,w') if é(sf,w',s¥)= min é&(sT,w',sh)
ste A(sf wl)

and
(111) flA(sf,wl) £ 0 forany s/ € S,we B

are valid.

Proof.

(i) We set w? = w! in relation to Definition 2.3.4 and see that there exists
no s' # s¥ with s' € A(s/, w') according to (i). Thus, the inequality
in Definition 2.3.4 is insignificant, however true, and s’ € A(s/, w!)
follows.

(ii) Assume s' € A(s/,w'), s' # s and s¥ € A(s!, w?).

According to é(s/,w!,s") = min  é&(sf,w!, s (see (ii))
ste A(sf wl)
é(sh wh,s) < é(st, wt, s (*1)
follows.
Additionally, from (2.3.28) we find that
é(sh,w?, V) # 0 for s # 5. (*2)

(*1) and (*2) together result in

1

é(sh wt, sv) < é(st,wh, sh) + é(s!

7w2730)7

which means s* € A(s/,w").
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(iii) Since (DAPa) and (DAPb) include finite sets S and B,

sV €A(sf w!) as in (ii) exists.

We will now establish the following lemma and use it in the proof of

Theorem 2.3.13.

Lemma 2.3.12. Let (DAPa) or (DAPb) be a DA model for which the
distance properties (2.3.28) and (2.3.29) are additionally satisfied. Further-

more, let the condition
{{sf,sl} C A(s,w) fors e S, w € B}
= {fl(sf,w’) = A(st, w') for eachw' € B}

be valid.
If s* € A(sT,wh) however s* ¢ A(s!,w!) then

Vw? e B 3si(#£sY) ¢ X(Sf,wl) with s¥ € A (sh,w?)

é( l,wQ,s“) —I—é(sf,wl,sl> = é(sf,wl,s”>.

Proof. (2.3.29) and Definition 2.3.4 yield

{s” c A(sf wh), s ¢ AA(sf,wl)} =

(2.3.30)

for all w? e B 3 sh(#sY) e A(s/,w') with s* € A (5", w?) :

¢ (sll,wz, s”) + ¢ (sf,wl, sll) =¢ (sf,wl, S”) :
Since ¢ (sll,wz, s”) # 0 according to (2.3.28)
¢ (sf,wl, sll) < ¢ (sf,wl, s”)

follows from (*1).
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If we suppose that s ¢ A(s/,w'), then (2.3.29) and Definition 2.3.4
yield
for all w? € B 3s2(#s1) e A(s/,w') with s € A (s, w?) :

é( 2 w2 S >+c( f wl,sl2) :6<sf w! sl1>
Since ¢ (s2,w?, s') # 0 according to (2.3.28)
é(sf,w1,3l2><é<fwls )<c<fw1,s”> (*2 a)
follows from (*2) and (*1 a).

If we iteratively suppose that s'2 ¢ A(sf,w'), then (2.3.29) and Definition
2.3.4 yield

for all w? € B 3 s3(# s2) € A(s/,w') with s € A (s, w?)
c <3l3,w2, sl2> + ¢ (sf,wl, sl?’) =c <$f,w1, 312> )

(*3)
Since ¢ (s'3,w?, s2) # 0 according to (2.3.28)

é(sf,wl,sl?’) < é(sf,wl,slz) < é( F ot s > < c( ! w1,3”> (*3 a)
follows from (*3) and (*2 a).

If we suppose that s3 ¢ A(sf w'), then we can iteratively pursue the
above procedural method to:

sti-1 ¢ A(sf w!), then (2.3.29) and Definition 2.3.4 yield
for all w? € B 3sb(# sk-1) e A(sf,w!) with sti—1 € A (sb,w?)
é(sl w2 gli= 1> +c< f wl,slj) = é(sf,wl,slj—l) )
Since ¢ (s',w?, sli—1) # 0 according to (2.3.28)
é(sf w', sb )<c(fwl,slj_l)<---<é<sf,w1,3”> (*j a)

follows from (*j) and (*(j-1) a).
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Since S is finite, chains of inequalities such as (*j a) cannot be infinite.
Thus, j > 1 has to exist, so that sl e A(sf,wl).
We now substitute successively:

(*2) into (*1):

c <3l1, w?, 8”) +c (312, w?, sll) +c (sf, wt, 3l2) =c (sf, wl, 3”)

sl € gl(sf,wl), SZQAE A(sf wh) (see (*1), (*2)) and (2.3.30) imply
that A(s",w?) = A(s"2,w?). Since s¥ € A(s",w?) (see (*1))

sV e A(s2,w?) (*2 ¢)
follows.

Now we are in a position to apply (2.3.29) to the first two summands in

(*2 b).
The inequality
6(312,102,3”) —|—é(sf,w1,312) < 6(sf,w1,8v> (*2 d)
follows.

Since s¥ € A(sf,w') we can apply (2.3.29) to the left side of (*2 d):
¢ (sf,wl,sv) <é (sf,wl,sv) :

Hence equal signs can only be possible in the last two inequalities.
This means

¢ (le,w2, s”) +¢é (sf,wl, 312> — ¢ (sf,wl, s”) ) (*2 e)

Substituting (*3) into (*2 e) yields

¢ (le,wz, 8”) +c (sl3,w2, 8l2> +¢é (sf,wl, sl3) =¢ (sf,wl, s”) :
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st € A(sf,wl), st € A(sf,w!) (see (*2), (*3)) and (2.3.30) imply
that A(s2,w?) = A(s",w?). Since s¥ € A(s2,w?) (see (*2 c))
sV e A(st,w?) (*3 ¢)

follows.

We can now apply (2.3.29) to the first two summands in (*3 b).
The inequality

é(sl3,w2,s”) —I—é(sf,wl,sl:") Sé<8f,wlasv) (*3 d)

then follows.

Since sV € A(sf,w!') we can also apply (2.3.29) to the left side of (*3 d):
¢ (sf,wl, 3”) <é (sf,wl, s”) )

Hence equal signs are only possible in the last two inequalities.
This means

¢ (sl?’,wQ, s”) +¢é (sf,wl, sl3) =¢ (sf,wl, s”) : (*3 e)

We can iteratively pursue this procedural method until:

S’U

e A(sb,w?) (*jc)
é(slj,w2,s”) + ¢ sf,wl,slj) :é<sf,w1,sv> (*je)

(where sl € /AlA(sf, wh)).

Thus, the assertion of the lemma is shown for [ = ;. |
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The statement of the following theorem seems plausible, however, the
corresponding proof is not trivial.

Theorem 2.3.13. Let (DAPa) or (DAPb) be a DA model for which the
distance properties (2.3.28) and (2.3.29) are additionally satisfied. In addi-
tion let the condition (2.3.30) be valid.

Then the minimum will not increase, when smaller DA decision sets

AA(s,w) are used instead of A(s,w).

Proof. Let si(= §1) be some initial state. Furthermore let any sequences
we,t = 1,2,... with wy € B and s¢,t = 2,3... with St+1 € A(Et,wt) for
t=1,2,... be given.

We will construct a sequence sz, t = 2,3,... with s;11 Efl(st,wt) such
that
t ¢
Z C(Sp,wyp, Spiq) > Z C(Spr, Wy, Spryq) (2.3.31)
/=1 =1
fort=1,2,....

(It is possible that the original policy is not stationary. But it is well
known that in the case of an infinite horizon an optimal stationary policy
with the same set of decision spaces also exists.)

Now, we sequentially construct s¢;1 Efl(st, wy) by

( )
St+1 if 5,41 € A(se, wy),

St11 € fl(st,wt) :

ST E(Spp1, Wit St+1) + €(se, we, Seq1) = (st, we, Sp41)
with 5441 € A(St+1, wt+1)

\ if 5041 & A(se, wy).

(2.3.32)

Such a s;41 € fl(st, wy) exists in the second case according to Lemma 2.3.12.
(2.3.30) and s; = §; yield the identity of the sets

A A

A(Et,wt) = A(st,wt) for t = 1, 2, oo
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We show that s;, ¢ = 1,2,... fulfil (2.3.31) by means of mathematical in-
duction:
Obviously the inequality

6(81,w1,§2) > é(sl,wl,SQ)

is valid (see (2.3.32)).
Now, we assume that the inequality (2.3.31) is correct for 1,2, ..., t.

In the case that §;41 = siy1, the inequality (2.3.31) for ¢ + 1 follows from

C (5141 (= St41) s W1, 5¢42) = € (Sp41, Wiy 1, St42)

compare (2.3.32).
Finally, we consider cases with

St = Sy, U1 <t+1

and
Sgr # sy 1 < t" <t+1.

In the following computations we alternately use (2.3.32) and
the triangle-inequality:

é(stl ) Wt17§t1+1) + é(gtl-l-l: Wty +1, §t1+2) + é(5751-1-27 Wty +2, §t1+3) + ot
e(5¢41, Wer1, St42)

- é(Stl—H’ Wti+1, §131-i-1) + é(stl » Wiq St1+1) + é(‘§151—F17 Wty 415 §t1+2)

+¢(8y 42, Wy 42, 8ty +3) + -+ + E(8p41, Weg1, Se42)

2 é(St1_|_]_, Wt1—|—17 §t1+2) + é(Stl ) wtla St1+1) + é(*5’7514-27 wt1—|—27 St1+3) + -4

(8441, Wey1, St42)

> €(Sty 12, Wy +25 Sty 42) + E(Sty+1, Wey 11, Sty 4+2) + E(St,, Wey 5 St 1)+

(51,42, Wiy 425 54,43) + -+ 4 (8441, Wi 1, St42)
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> C(Sty4+2 W42, Stq+3) + C(St;+1, Wiy +1, Sty+2) + E(Sgy, Wiy Sty41) + -+ +

¢(St41, Wet1, Se42)

> €(S¢+1, Wet1,S641) + C(St, We, Se41) + -+« + E(Sty 41, Wiy +1, Sty 4+2)

+C(5ty, Wy, Sty +1) + E(5e41, Wit 1, 5¢42)

> €(St41, Wet1,S642) + C(St, Wy Set1) + -+ + (S, Wey, Sty +1)

Y

C(St42, Wet2,5¢+2) + €(St+1, Wet1, St+2) + (S, W, Se41) + - -+
é(sh , Wty 5 Sty +1)

> C(St41, Wit1, Se42) + (84, Wy Spq1) + - -+ (S, Wey 5 Sty41)-

Since (2.3.31) is valid for any s; and any sequence wy,t =1,2,...:

N N
E <Z Ce(St, Wi, Se41) | 81,101) < F <Z Ce(Se,we, Se41) | 81>w1)

w2,...,WN t=1 w2,...,WN t=1
for (DAPa)
and lim % FE (Z é(St, Wt, 8t+1)> S lim % E <Z é(§t,wt, §t+1)>
n—oo t=1 n—0o0 t=1
for (DAPb)
follow. [ |

If we want to apply Theorem 2.3.13, then we must first check condition
(2.3.30). This is, however, laborious in general. Therefore, in the following
Theorem 2.3.13a additional properties are assumed so that property (2.3.30)
is satisfied in an effective way.

If (DAPD) is represented as a DA MDP(N = oo, S, AM P, +) then it is
useful to give:

A Note on Transition Probabilities

Lemma 2.3.14. Let a DA MDP(N = o0, S, AM P,~) be given where the
underlying internal costs additionally satisfy the distance properties (2.5.28)
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and (2.3.29).
Then the properties

i) seA(s,w) = AA(s,w) = {s},
ii) p(sls,d)= >  qlw) ford with

w:s€A(s,w)
d(s',w') €A(s',w' )V s € S,w' € B
(this means p(s|s,d) =: p(s|s) do not depend on d)

are valid.

Proof.

i) Suppose that s € A(s,w) and s’ € A(s,w) with s’ # s.
For sf = sl =3, s¥ =4, w' = w and w? € B with s € A(s, w?)
the triangle-inequality (2.3.29) has the representation

¢ (s,wQ, s') +¢é(s,w,s) > ¢ (s,w, s') : (2.3.33)

é(s,w?, 8" + é(s,w, s) = é(s,w, s’) follows from é(s,w,s) =0

~

(see (2.3.28)). According to Definition 2.3.4 s ¢ A(s,w) and hence
{s} =A(s,w).

ii) Equation (2.3.7) and property i) yield

p(sls,d) = > qw)= D q(w)=:p(s|s).

wis=d(s,w) w:s€A(s,w)

We now consider the distance properties, the smaller DA decision set and
Theorem 2.3.13 under the additional assumptions:

é(st,w, Y (= é(s, s')) do not depend on w (see (2.3.12)),
A(s,w)(= A(w)) do not depend on s. (2.3.34)
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It is reasonable for us to assume A(w) # @ for all w € B.
Obviously, (2.3.34) implies (2.3.30).

(SDDP problems will satisfy these conditions, see Chapter 3.)

Initially we specify the triangle-inequality under these assumptions.

Let be s¥ € fl(wz) A( D), st e A(w?)
then ¢(s!,sV) +é(sf, s) > ¢(s/,s*) Vs/ € S (2.3.35)

has to follow.

The representation of the smaller DA decision sets can be simplified in the
following way (in particular, we set w? = w!):

Definition 2.3.4 a. Let s/ € S,w' € B be given.

fl(sf,wl) :{3“6121( )|C<8 s ) +c( / ) >é(sf,3”>
vsie A (wl) with s' # s° and s' # s7}
is called the smaller DA decision set of feasible states for a given state st
and a realized disturbance w' under the additional assumptions (2.5.12) and

(2.8.34).

Finally, we can replace (2.3.30) by (2.3.34) in Theorem 2.3.13:

Theorem 2.3.13 a. Let (DAPa) or (DAPb) be DA models for which the
distance properties (2.3.28) and (2.3.29) are additionally satisfied. Further-
more, let the condition (2.3.30) be valid.

Then the minimum will not increase, when smaller DA decision sets

AA(S,UJ) are used instead of A(s,w).

The following condition corresponds to (2.3.13).

é(s,sM) = =¢é(s,s) forany s e S,we B

b 4 (2.3.36)
and {s'1,--- s} =A(s,w).

Under this special assumption we show:
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Lemma 2.3.15. Let (DAPa) or (DAPb) be DA models for which the dis-
tance properties (2.3.28) and (2.3.29) are additionally satisfied. Further-

more, let the conditions (2.3.12), (2.3.34) and (2.3.36) be valid. Then the
relations

(i) é(sf,s") < é(sf,8) for any w € B, s €A(sf,w) and 5 € A(w)
however & & A(sf,w),

(ii) c(s/,s!) = min {é(sf, g |8 e fl(w)} Vsl ff(sf,w),

(iii) v(s,d) do not depend on d for d with

~

d(s',w') EflA(s’,w’) Vs e S, Vw' € B

hold.

Proof.

(i): Assumption: é(sf,5) < é(sf,s!) for 8 & A(s?,w) and s* € A(sT, w).
According to Lemma 2.3.11(ii), (iii)

5 € A(s/,w) with &(s/,5) = min é&(s/,s’) exists and
s'eA(w)

furthermore, é(s/,5) < é(s/,3) follows.
¢(st,5) < (e(sf,3) <) é(s?,s!), contradicting (2.3.36).
(ii): (ii) follows from (i) and (2.3.36).
(iii): Substituting (2.3.36) into the first equation of (2.3.8) yields (iii).
|
In [24] surrogate problems are given (these surrogate problems are a kind
of two-stage-problems), which can be used as approximate solutions for the

DA MDP with distance properties. These surrogate problems are to be
used, above all, if the state spaces of the MDPS are very immense.
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2.3.3.2 The Dominant Policy

In this Section we consider ”dominant policies” of MDPs. We will see that
it is easy to analyze MDPs which are based on DA models in the case that
dominant policies exist.

The dominance of Markov chains can be found in Daley 68 (see [10]).

We can apply this denotation to Markov chains which correspond to
policies of MDPs. However, if we want to transfer this denotation to MDPs
themselves, then convenient properties are also required for the correspond-
ing average (one-step) reward functions (Puterman [31], Theorem 8.11.3 and
Hildenbrandt [22], Theorem 3.2 or [20]).

Therefore, the dominance of policies of MDPs includes numerous strong
conditions. Hence, the question is: can we find (useful) MDPs which fulfil
the conditions of dominance?

Specific equipment replacement models with dominant policies can be
found in Puterman [31]. Although in these models only two different de-
cisions are possible (see [31], Example 8.11.1, Section 6.10.4. and Section
8.10.4).

Due to there decision structures the chance of finding MDPs with more
than two decisions which fulfil the conditions of dominance is better for
MDPs which are based on DA models (compare the Sections 2.3.2.1 and
2.3.2.2).

In Section 4.6.2.2 we will characterize SDDP problems with optimal dom-
inant policies.

For other SDDP problems we will consider the interesting effect that con-
ditions of dominance are only partially violated. It then seems possible to
modify these conditions of dominance.

Since in Section 3.3 certain SDDP problems will be reduced, we now in-
clude such a possibility in the following definitions and theorems.

Definition 2.3.5. Let a MDP(N = oo, S, AM, P ~) with states s*,--- ,s™
be given and let d € AM be a (stationary) policy for which the stationary
distribution p»> exists. Furthermore, the following conditions are assumed
to be fulfilled in relation to the sets of indices
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Iy ={hy—1+ 1, hy—1+2,--- ,hy}, v=1,2,--- |r where
ho =0, hy_1 < hy, hy =m:

(C1) (domination)

3 B T B ~
Zzpﬁllzzngzlzzzngrh \VI'F:1, » Ty

v=11€1, v=11[€l, v=11[€l,

(C2) (reduction)

d _ d L d
thq—l+137_thq—l‘f'zﬂ_“._zphqg’

yely yely yely

(C3) (comparison)

T B 7
ZngISZZpgl Vyel,Vr=1,-,r

v=11€el, v=11€l,
Vy=1,---,r and Vde AM.

Additionally, let the one-step reward functions belonging to d fulfil the
conditions

(Cr1> 7(8h17d_) > 7<8h23 d) > 2 W(Shr7 d)a

(CI‘2) 7(3hv_1+17 J) = 7(8hv_2+27cz) == ,Y(Shvvd) Vo= 17 LT
(Cr3) ~(sh,d) < v(sh,d)VIi=1,---,m and Vde AM,

Then d € AM is called a dominant policy (in relation to the sets of indices).

Remarks 2.3.3. If (C2) and (Cr2) are fulfilled in relation to the sets of
indices I, this is used for the reduction of the corresponding MDPs. Of
course, I, = {v}, v =1,---  m is also possible in Definition 2.3.5, in the
following Theorem 2.3.17 (and so on).
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Lemma 2.3.16. Let a MDP(N = oo, S, AM P,~) with states s',--- ,s™ be
given and let d € AM be a dominant policy in relation to the sets of indices

Iy ={hy—1+ 1, hy_14+2,--- Jhp}, v=1,2,--- 1 where

ho =0, hy—1 < hy, hy =m.

(i) Then (C1), (C2) and (C3) (from Definition (2.3.5)) are valid for each
of the powers (Pt of P? and (P9)! of P (t =1,2,---).

(Here, P? and P? are matrices of transition probabilities for d and d,
respectively. )

(i) Additionally, the condition

d,00 — b0 R 2 T T
Phy 141 = Phy 142 = = Pp, q=1, ) T

which corresponds to (C2) is valid for the stationary distribution pJ’oo.

(Refer to the proofs of Lemma 3.14 and Theorem 3.17(a) in [22] for (i)
and the proof of Corollary 3.15 for (ii).)

A dominant policy is always an optimal policy:

Theorem 2.3.17. . Let (2.3.3) be valid for all stationary policies of a given
MDP(N = 00,8, AM P ~). In addition, let d € AM be a dominant policy
in relation to the sets of indices

Iy ={hy_-1+ 1, hy_14+2,--- hp}, v=1,2,--- 1 where

ho =0, hy—1 < hy, hy =m.

Then the dominant policy d is an optimal policy.

(Refer to the proof of Theorem 3.17(b) in [22].)

In order to check whether a dominant policy exists for a given
MDP(N = 00, S, AM | P, ~) (where (2.3.3) is valid for all stationary policies),
we first consider the average one-step reward functions in relation to condi-
tion (Cr3):

(In Algorithm 2.3.1 we do not include the possibility of reduction of
MDPs.)

Algorithm 2.3.1. .

1. If we can find d° such that
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v(s!,d%) = min{y(s!,d) | d € AM} for any s/ € S
then condition (Cr3) of Definition 2.3.5 is fulfilled.

2. We then number the states in a new way such that

V(M dY) 2y (s?2,d0) = 2 (s d), (2.3.37)

{A, - A} =A{1,---,m} (Condition (Cr1)!).
3. Lastly, we check the conditions (C1) and (C3) of Definition 2.3.5.

Fither not all conditions are valid or d° is an optimal dominant policy

d=d).

(Clearly, if equals signs exist in (2.3.37) then the numbering of the states is
not unique in step 2.)

Now, let a Markov decision process DA MDP(N = oo, S, AM p, v) be
given, which results from a DA model (where (2.3.3) is valid for all sta-
tionary policies). On the whole we can investigate the existence of (and
construct) a dominant policy as in Algorithm 2.3.1. In step 1 we determine
d’ by means of the internal costs:

(The possibility of reduction of MDPs is included in a supplement after
Algorithm 2.3.1a.)

Algorithm 2.3.1a

1. We compute d° such that

d°(sf,w) = s, where
é(sh w, sty = min{é(s!,w, s')|st € A(sf,w)} (2.3.38)
forf=1,--- ,m, we B
and ~(s!,d°) according to the first equation of (2.5.8).

Then, condition (Cr3) of Definition 2.3.5 is fulfilled
(see the first equations of (2.3.8) and (2.3.17)).

2. as in Algorithm 2.3.1.

3. as in Algorithm 2.3.1.
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We must, however, take into consideration that d° does not have to be unique
and that equals signs can also be found in (2.3.37).

Therefore we supplement:
(a) If d° is not unique in the following way:
e(sh w, s = é(sf w, s2) = min {é(sf,w,s") | & € A(sT,w)}
and (s, d) < ~(s'2,d")

then d°(s) with d°(s!, w) = s" must be used.
(2.3.39)

This is necessary for the validity of (Cr3).

(b) If equals signs are in (2.3.37) the possibility of formation of sets of
indices I, must be considered. That means that several cases have to
be taken into account when checking the conditions of dominance. (See
also papers pertaining to lumpings of Markov chains such as [6]). ((b)
additionally requires that d° is not unique.)

Lemma 2.3.18. Let a DA MDP(N = oo, S, AM, P,v) be given.

Then condition (Cr3) is valid only for decision functions d° which are
computed as in (2.3.38).

Proof.

1. Let d” be computed as in (2.3.38). From the first equation of (2.3.8)
it follows that (Cr3) is valid.

2. Let (Cr3) be valid.
Assumption: d(sf,w) = sV and 3 s € A(sT,w) : é(sf,w,s!) <
é(sh,w, sv).

d with
a ‘ dO(s',w') if (s, w') # (T, w),
. sl if (s',w') = (s, w)

yields v(s/,d) < v(s/,d%) according to (2.3.17). This inequality is a
contradiction of (Cr3). [
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Remarks 2.3.4. For a DA MDP(N = oo, S, AM P ~) the condition (C3)

includes (single) decisions d for the feasible states whose indices are ele-
ments of indices sets with the largest possible indices.

Hence, an almost-partial order of the states follows:

Lemma 2.3.19. Let a DA MDP(N = 0, 5, AM P ~) with states s*,-- -, s™
be given and let the (stationary) policy d € AM satisfy the conditions (C2)
and (C3) of Definition 2.3.5 in relation to the following sets of indices

Iy, ={hy—1+ 1, hy—1 +2,-+ ,hy}, v=1,2,--- | r where
ho =0, hy—1 < hv, h, = m.

(i) Ifj(sf,w) = s for st € A(sf,w) with | € I,
then no s € A(s,w) with I € Iy and v' > v exists.
(ii) d implies an almost-partial order < of the states in the way
{sl <sl lel,y, fe€ Iv(f)} =
{3 €S, weBands € A(sy,w), ' € Ly, s’ e fl(sy,w), f'e Lyp)

so that ci(sy,w) = sf/.}

Proof.
(i) Assumption: 3s'" € A(sf, w) with I’ € I, and v/ > v.
We set d’ with:

From Lemma 2.3.3 Ila)

v v v
d _ d d
2.2 W =0 ) W—aw) < ) >
v=1]cJ, =1 eIy v=1 eIy
follows contradicting (C3).
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(ii)  (See Definition 2.3.2 for the almost-partial order.)
Asymmetry:
Let s’ < s/ asin (ii) and (w.l.o.g) v(l) < v(f) .
Assumption: s' > sf. This means
3s¥ € S,w' € Band s € A(s¥',w'),l" € Iv(l),sf” e A(s¥ '),
F" € Ly

1

so that j(sy/,w’) = s,

Analogously to the proof of (i), we set d’ with:

{ j(sll7w//) if (Sl/’w//)

sl” if (s",w")=(s¥,w)

“h
—~
VA
<
g
N

ci’(s”, w//) -

and from Lemma 2.3.3 Ila)
v(l)

O ]
DD Py = DD Py —aw) <) vy

v=1 [Efg v=1 ZEI@ v=1 ZGI@

follows contradicting (C3).

Almost-transitivity:
Let s' < s¥ and s¥ < sf.
st % s/ can be proven by contradiction, similar to the proof of
asymmetry.
[ |

Remarks 2.3.5. .

a) For a DA MDP(N = oo, S, AM P, ~) it is not difficult to verify whether
a dominant policy exists. In particular, in step 3 of Algorithm 2.3.1,
the extensive condition (C3) is easily analyzed for a DA MDP (see
Lemma 2.3.19).

b) Lemma 2.3.19(ii) and Theorem 2.3.8(i) imply that dominant policies
could exist particularly for DA MDPs if internal costs with special
properties (for example (2.3.13)) are underlain.
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c) MDPs (with more than two decisions) which are not based on DA mod-
els with optimal dominant policies are rarely found.

2.3.4 Cost-Parametric Analysis of DA Markov Decision
Processes

In the main part of this section we consider DA MDPs where the underly-
ing internal costs and hence the average one-step reward functions depend
linearly on one deterministic parameter.

We assume that the internal costs and the average one-step reward func-
tions do not depend on the decisions in regard to the initial parameter (see
(2.3.13) and (2.3.14) in Section 2.3.2).

In this case optimal decisions imply almost-partial orders of the states
(compare Section 2.3.2.2). These almost-partial orders of the states mean
that the complexity of computing optimal decisions can be reduced.

If the parameter increases, then in general the optimality criterion (2.3.22)
is violated for single decisions.

Optimal decisions can therefore be purposefully computed for the increas-
ing parameter (by means of policy iteration, for example). This also means
that an adapted Howard algorithm is a greedy algorithm for cost-parametric
DA Markov decision processes.

(Furthermore, a finite number of optimal policies exist for an infinite set
of parameter values).

In a later part of this section conditions (AC1), (AC2) and (AC3) are
given. If they are valid the complexity of computation of optimal decisions
can be reduced further.

(A remaining problem is to what extent these conditions are fulfilled for
(parametric) SDDP problems.)

On one hand as we carry out the investigation in this Section we will
realize the solutions of the DA MDPs themselves (by a continuation of the
solutions of the parametric DA MDPs) and the motivation of heuristics for

DA MDPs.
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On the other hand, we will work out specific properties in relation to the
solution behavior of DA MDPs.

2.3.4.1 Some Properties of Parametric Markov Decision
Processes

Let 9 € I C R be a deterministic parameter, where I is one of the following

intervals [91, 2] or [¥1,00) or (—o0, 2] or (—oo,00) (with ¥ € R, 95 € R).

Now, we introduce a set of MDPs of the type MDP(N = oo, S, AM, P, ~)
(see Section 2.3.1), where

S, s and AM d do not depend on ¥,
v(s,d, ) and p‘]icl(ﬁ) are continuous at ¥ for each (2.3.40)
seS, fe{l,---,m},le{l,---,m},de AM.

For the set of such MDPs (which satisfy (2.3.40)) we use the notation

MDP.(N = 00, S, AM P(®9),v(9)),

where the subscript index ¢ means that P%(19) and v%(¢¥) are ”continuous”
at o.

Lemma 2.3.20. Let a MDP.(N = oo, S, AM P(9),v(9)) on I be given.
In addition, letpgicl(ﬁ) £0V f,le{l,....m}, Vde AM vy cl.

(i) The average expected cost per stage g%(1)) and the other solutions v (1)
of the Poisson equations

g()e +v(¥) = PYO)(9) +97(9), e= |
1
are continuous at 9, where (w. l. 0. g.) v&(9) =0V el
(see (2.3.5)).

(ii) If d is an optimal decision on (¥',9") C I, then
d is also an optimal decision on [, 9"].
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Proof.

(i) If vZ (9)(= 0) are fixed then the remaining equation systems have
unique solutions and fundamental rules of arithmetic can therefore
be used to solve these equation systems. Hence, the solutions are
continuous at ¥ (if P4(¥) and v¥(¥) are continuous at ).

(i) AHYs!,d,9) = l; Pl (0)+(s!,d, 19)—(;1 phrd(9)+(s7, d,9)).

According to (2.3.19) and (2.3.19 a), respectively,
a decision d is optimal if and only if

AHY (sl d,9) >0 Vsl €8, vde AM,
(i) implies that AH%(s/, d, 1) are also continuous at 4.

If AHY(sF,d,9) >0 Vsl €8, vVde AM and V9 € (¢v',9")
(optimality criterion) then

AHY(s! d,9") >0 and AHY s/, d,9") >0 follows

since AH?(s!,d, ) are continuous at 1.

When the optimal decisions change at 1 the solutions of the correspond-
ing Poisson equations fulfil the following property:

Theorem 2.3.21. Let a MDP.(N = oo, S, AM  P(9),7(9)) on I be given.
In addition, let psicl(q‘}) £0V f,le{l,....,m},Vde AM v c T be given.

If d*' is an optimal decision on [V, 9] and d*" is an optimal decision
on ¥ € [Vo,0"] where ¥ <99 < 9" then

v (9) = v* ()
for the solutions (g* (9), v* () with v (¥) =0 and (g* (9),v* (9))

with V:;;/(ﬁ) =0 of the corresponding Poisson equations.

The theorem follows immediately from Lemma 2.3.1.

For further considerations we assume that only the average one-step re-
ward functions v depend on the parameter ¥ and that (1) are linear func-
tions at 1.
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Furthermore, 7 also depend on (fixed) €.
(For DA MDPs ¢ will be related to the internal costs):

(LPCy) M Let T = [0,00), {&, £} RS, 2 ©¢(9) := & + V€ for ¥ € I.
Additionally, let v be a linear function at 9:

(W) = YO (V) = v (&0 + VE) = 74 (&) + () (Y d € AM).
(2.3.41)

Since 74 € RT (see Section 2.3), v4(¥) is an increasing function according
to (2.3.41).

For the set of corresponding cost-parametric MDPs (which satisfy (LPC}))
we use the notation

MDP/(N = 00,5, A, P,v() + 97(€)),
where the subscript index [ means that v4(1J) are ”linear” at ¥ (V d € AM).

Lemma 2.3.22. Let a MDP)(N = o0, S, A, P,v(&) +9v(£)) on I =0, 00)
be given. In addition, let (2.3.3) be valid for all stationary policies.

Then the average expected cost per stage g%(&o + V€) and the other solu-
tions v (& + V) of the Poisson equations
1

g(€o +9E)e + v(&o + 9E) = Plw(&y + 9€) + 74 (& + 9€), €=

where (w. I. o. g.) v (&) = 0,02 (£) =0
are linear functions at v:
9% (&0 +9€) = g%(¢0) + 9g°(€)
vi(&o +9€) = v (&) +9v4(€), f=1,---,m—1(,m),

where g*(&y),v%(&) are solutions of the Poisson equation

1

9(&o)e +v(&0) = Pw(&o) +9%(&), €= |

1

and g% (&), v(€) are solutions of the Poisson equation

"Parametric case where v is a linear function at 4.
2Tnitially, the type of the set which contains & and & does not play a significant role.
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g(€)e+v(&) = Pw(&) +19(E), e= |
1

g% (&0 +V€) is an increasing function at ¥ and if | with ¥2(&) > 0 exists then
g%(& +0€) is a strictly increasing function at ¥ (see (2.3.4)).

Obviously, this Lemma follows from properties of linear equation systems
in connection with fundamental rules of arithmetic.

Lemma 2.3.23. Let a MDP)(N = 00, S, A, P,v(&) +97(€)) on I = [0,00)
be given. In addition, let (2.5.3) be valid for all stationary policies.
(i) If d is an optimal decision at ¥9 € I and

¥ < 190,

, :
39 # vy wzth{ 90 < '

} . d is optimal at V¥,
. . [19/7 Q90] )
then d is optimal on { o, ] :

(i) An optimal decision d* at 99 = 0 and an € > 0 exist such that d* is
also optimal on [0, €].

Proof.

(i): From Lemma 2.3.22 it follows that AH%(s/,d, ) (s/ € S, d € AM)
are also linear functions at 9.

Hence, AH(s/,d,9g) > 0 and AHY(s! d,9") > 0 imply that the
optimality criterion AH(sf,d,9) > 0 is also fullfiled on the complete

. [19/7 190] )
interval { or [90,9] [°

(ii): From Lemma 2.3.22 it follows that
AHY(sh d,9) = AHY(sT, d, &) + 9 AHY(sT,d, €) with

AHd(Sfa J& 50) - lip?lyﬁ(€0)+7(sf, CZ, g())_<l§ p?lyld(g())_‘_’y(sfa da 60))

AHY(s!,d,€) = lip}zzvld(f)ﬂW(Sf, d, f)—(lipjlqvld(ﬁ)Jrv(sf, d,§)).
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Since AM is a finite set of decision functions, a decision d* and an

infinite sequence {¥;};=12.. with 0 <¥;Vi=1,2,--- and lim ¥; =0
1— 00

exist such that d* is optimal at ¥J; for e =1,2,---.

Then, from AH? (s/,d,9;) = AHT (s),d, &) +9; AHY (s7,d,€) >0
for i = 1,2, ---, the inequalities AH? (s/,d,0) = AHY (s/,d, &) >0
follow. According to (i) we can chose € = 9J; in order to complete the
proof for (ii).

Since ¢g%(& + 9€) is an increasing function at ¢ for any d (see Lemma
2.3.22) and the decision space is a finite set the following Lemma is valid
(refer also to Lemma 2.3.20(ii) and Lemma 2.3.23):

Lemma 2.3.24. Let a MDP(N = 0, S, AM Py (&) +9v(€)) on
I =[0,00) be given. In addition, let (2.3.3) be valid for all stationary poli-
cles.

Then a finite sequence of real numbers 0 = 91 < Vg < o0 < @y_l and a
corresponding sequence of decisions d*t € AM .. &*W=1) ¢ AM exist such
that

d*! are optimal on Iy := [0, 0p41] for f =1,2,-- ,y — 2
and d*¥=1) is optimal on I, 1 = [9,_1,00).

If d*f are optimal on Iy (f < y — 1) however d*/ are not optimal on
It 1 \{Vf41} then d*! are also not optimal on I forl = f+1, f+2,--- ,y—1.
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2.3.4.2 Cost-Parametric DA Markov Decision Processes

Cost-parametric DA MDPs mean that the underlying internal costs and
thus the average one-step reward functions (see (2.3.8)) depend linearly on
a deterministic parameter.

We also assume that internal costs and thus the average one-step reward
functions do not depend on the decisions in regard to the initial parameter
(refer to (2.3.13) and (2.3.14) in Section 2.3.2):

(LPC) Let I = [0,00), {0, 5} CR? x RIZ' x R? (or {xo, K} CR? x R?
if (2.5.12) is valid), 9 € I and O, (V) := ko + Ik for ¥ € I.
Furthermore, let the internal costs be linear functions at v

and let the internal costs not depend on the decisions in regard to the
initial parameter (see (2.3.13):

¢(s,w,s',9) = é(s,w, s, 04(19)) = é(s,w, s, kg + k)
= é(s,w, ', ko) + 10 é(s,w, s, k) for any s,s' € S, we B,Y € I,
thus
= ¢(s,w, ko) + U é(s,w, ', k)

2.3.42
for any s, s’ € S,w € B, and given {ko, K}. ( )
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(Remark: In Section 3.5 the internal costs for SDDP problems have to be
calculated as solutions of classical transportation problems with
costs k = (kij)i=1,.n. € RT xR%.)

=1 n

=1l,...,

In order to calculate the average one-step reward functions according to
(2.3.8) we set

§o = (6(87 w, KO)){S,S’}QS,’LUGB and § = (6(57 w, 3/7 H)){s,s/}gS,wEB-
(Or &o = (&(s, 8", ko)) s,s3cs and € = (¢(s, 5", K)) g5, Cs (2.3.43)
if (2.3.12) is valid.)

According to the first equation of (2.3.8)
7i(s,8) = X X dswsk) qw),

s'€S s =d(s,w)

’Vd(sa€0) - Z é(s7w”{0) Q(w)

and
fyd(sa 19) = /Yd(sa 50 + 19&) - /Yd(sa g()) + 9 ,}/d(& g)
follow for any s € S, d € AM and ¥ € [0, 0).
Hence v%(s,9) satisfy (LPC)), if é(s,w, s',99) satisfy (LPC).

For the set of corresponding cost-parametric DA MDPs (which satisfy
(LPC) and (2.3.43)) we use the notation

DA MDP,(N = 0, S, AM, P, ~(9)).

In relation to the initial parameter and the increasing parameter the follow-
ing Lemma is valid for such DA MDPs:

Lemma 2.3.25. Let a DA MDP(N = 00, S, AM, P, ~(¥9)) on I = [0,00)
be given. And let (2.8.3) be valid for all stationary policies.

(i) If (2.3.43) is assumed, then v%(s,&) do not depend on d.

i) AHC sf,w,sl_—sl,ﬁ :ésf,w,sl_,ﬁ — (st w, st 9) 4+ v4(9) — vi(Y
l l

are linear functions at ¥ for any {s/, sl_, sV C S,we B,de AM
V(9 are solutions of the Poisson equations as in Lemma 2.3.22).
(Refer to (2.3.21) and also the optimality criterion (2.3.22).)
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(iii) Let d* be optimal on [9',9g] and d*" optimal on [Jg, "]
where 0 < ¥ <99 < 9.
Then
{d*l(sf,w) = sl £d"(s/,w) =5 for ans’ € S and aw € B}

= {AHd*/(Sfawa SZ_ Sl,ﬁo) =0 and AHd*” (vawv Sl - Sia 190) - 0} )

() Let d* be optimal on [9',00] and d* optimal on [9g,?"]

whereOSﬁ’§ﬁ0<19”. A i
In addition let d* (s7,w) = s # d*" (s',w) = s' for an s/ € S and a
w € B.

Then

a) AHY (sf,w, st — s, 9) is decreasing at ¥ and
AHT (sf,w, st — st 0) is increasing at 9.

b) If, additionally,
AHd*”(sf, w, st — s, V) is strictly increasing at ¥,
AH (sf,w, sl — sl V) is strictly decreasing at ¥
then optimal decisions
{ d*' with ci*l(sf, w) = s on (V9,0 + €],

. _ do not exist for
d*? with d*?(s/,w) = st on ¥y — &,7)

any e >0
thus

d*' is not optimal on (9o, 0y + €,
for any e > 0.

d*" is not optimal on [0y — €,9q)

Proof.
(i) follows from (2.3.14) under the assumption of (LPC).

(ii) According to the assumptions of (LPC) and Lemma 2.3.22 together
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with (2.3.43) the relations

AHY (sl w, st — &, 9)
= o(sf w, s, 9) — e(sf w, s 19)—|—1/—(19)—1/l( )
= &(sf,w, s, ko) + 9e(sh, w, st k) — (e(sF,w, 8!, ko) + Vé(sf,w, s, k)
+v(€0) + 9 v (€) — (v (€0) + 9 v(€))
v

[e(s w, ', k) — & w, s, k) + v(€) — vHE)] + v (&) — 1 ()
_ (2.3.44)
are valid. H(s/ w,s' — s!,99) are therefore linear functions at 1J.

(iii) follows from Theorem 2.3.7.

(iv) a) AHY (s, w, st — s, 0) and AHY (sf,w,s' — s, 9) are increasing
or decreasing at ¥ on [0,00) since these terms are linear functions at
Y (according to (ii)).

In addition, since d*’ is optimal on [¢,,] and according to (2.3.22)
and (iii) the relations

AHE (sf,w,sl_— st,9) >0 for all ¥ € [0/, Y]
and H® (s/,w,s' — s',19) = 0 are valid.
Hence AHE (s, w, sl — s',19) is decreasing at .

That AH® (s/,w, s — s!,99) is increasing follows similarly.

b) AHd*/(sf,w, st — st,99) = 0 and AHT (sf s — sl 9g) =0
is valid according to (iii).
If, additionally, AH?" (s/,w, s'—s! 1) is strictly increasing at 1 then
AHT (s, w, s —s',9) > 0 on (99, 00) (*1)
follows.

Assumption: d*! with cz*l(sf ,w) = s’ is an optimal decision at g + ¢’
for some &’ € (0, ¢).

(AHT (57w, s'—s!, dg+e') = 0 and) HY (s/,w, s'— ', 9g+¢') = 0

according to (iii) (in relation to ¥g + €’) is in contradiction to (*1).
(The other case can be shown similarly.) [
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Definition 2.3.6. Let a DA MDP,(N = o0, S, AM, P, ~(¥9)) on [0,00) be
given. In addition, let (2.3.3) be valid for all stationary policies.

Furthermore, let d* be an optimal decision at ¥y however not on the
interval (99,99 +¢€) for ane > 0.

If unique s' € S, sl e S and corresponding s/ € S, w € B (not necessarily
unique) with d*(s!,w) = s* exist so that

AH* (sf, w, st — sl,ﬁo) =0 (*)

and if, additionally, in the case that Yo = 0 the differences

é(st w, st k) — é(st,w, st k) for st € S and w € B from (*) are equal to
each other, then the wviolation of the optimality on (Yg,9¢ +¢) by d* is
called a single violation.

Lemma 2.3.26. Let a DA MDP,(N = oo, S, AM P ~(¥9)) on [0,00) be
given. Also, let (2.8.3) be valid for all stationary policies.

Furthermore, a single violation of the optimality on (¥9,% +¢€) by d*
with

AHY () w, st —5',199) =0 (%)
1S grven.

(i) In the case ¥y > O the differences é(sf,w,sl_, k) — ¢(s! w, st k) for

s/ € S and w € B from (*) are equal to each other (as in the case
Yo = 0, according to Definition 2.3.6).

(ii) € > 0 exists such that d* with
o o f ' ifAHd*(Sf/7wlasz_Sl7190) =0,
w) = :
d*(sf',w')  otherwise

is optimal on [J9, 09 + £'].
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Proof.

(i) In the case Y9 > 0

AH (s),w, sl — st 9)
= &(st,w, st,00) — é(st,w, st,90) + Vlfl* (Vo) — v (Yo)
= ¢(st,w, si, ro) + Vg (s, w, SZ, k) — (¢(sf,w, s, ko) + Yo ¢(sT,w, s, K))
+4 (90) — v (o)
= o [o(sF w, s, ) — 6P w, sty )] A (90) — v (99) = 0
yields
é(sh,w, st k) — é(st w, s k) = ﬁio(ulgz* (Vo) — v (9)).
(i) follows since I and [ are unique.

(ii) According to Lemma 2.3.25(iii) d* (optimal at ¥y) and an optimal
decision d*” on [Jo, Vo + €] (see also Lemma 2.3.24) can differ only
in single decisions d*(sf, w) = st and d*" (s/,w) = s’ if
AHY (sf,w,sl — sl 9g) = 0.

Since d* is not optimal on (Jg,Jg + €’), f° and w® with
AHT (s w0, st — st 9) = 0 and d*" (s/”,w0) = ' # st = d*(s/°, w?)
exist.

Moreover, that d* is optimal on [y, g + '] means

AHT (Sf wO, st — st )
=9 (&(s”, w0, s, k) — e(s” w0, st k) + v (9) — Vlgl* (9)
>0 Ve [190,190 -I—E/].
According to (i)
é(sfo,wo, s K) — é(sfo,wo, sl_, K) = c(sf/,w’, s K) — é(sf/,w’, sl_, K)
is valid for any s/’ w’ with AH? (s/" W/, sl — sl g) = 0.
Thus,

HT (s ,wo,sl—sl_,ﬁ) = HY (sf/,w’,sl—sl_,ﬁ) >0 Ve [Vg, 0+
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follows.

Hence, d* (= d*") from (ii) is optimal on [0, 9 + €'].

We can now solve the cost-parametric DA MDP,(N = oo, S, AM, P, ~(¥)),
where (2.3.3) is valid, in the following way:

Algorithm 2.3.2. .

1. Solve DA MDP;(N = o0, S, AM, P,v(09)) for?¥ = 0 (initial parameter)
(by means of the common Howard algorithm, if necessary 13).

Let d*° be an optimal decision at Y1 =0 and
let, in addition, d*V satisfy (ii) from Lemma 2.3.23.

2. Solve DA MDP;(N = 00,5, AM P, ~(1)) for 9 € (0,00) (or, if suffi-
cient for 9 € (0,1]):

Fori=20,1,2,---:

2.1 Compute Yir1 € Ry U {oo}, so that d** is an optimal decision on
[ﬁi,ﬁi_ﬂ] however not on (Y;11,%;41 + €) for any € > 0 in the
case Viy1 # oo (see also Lemma 2.3.24):

In greater detaal:

Calculate )
AHT" (s/ w, s — s, 9) according to (2.3.44)

where Vd*i(fo), v?" (&) are solutions of the corresponding
Poisson equations (see Lemma 2.3.22),

Div1 = min {0 | AHY (sf w, st — st,9) = 0 and
AHd*i(sf,w,sl_— s, ') < 0 fordy > 9,
sl €8, SZ_ES, ste S, we B}
(Vi11 > V; follows from step 2.2.)
2.2 Compute d*t1) in the case Yir1 # 00, so that d* Y s an opti-
mal decision on [Viy1,9;11 + €) for some € > 0:

In greater detail:

13 Also see the following remarks.
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Case 1: Single violation of the optimality on (¥;11,¥i11+€)
by d** (refer to Definition 2.3.6)

Set
D (s w) =

{ st if AHd*i(sf,w, sl — s, 9i11) =0,

d*(sf,w) otherwise

(refer to Lemma 2.3.26 (ii)).

Case 2: No single violation of the optimality on
(Vig1, Vi1 +€) by d M
Use the common Howard algorithm in relation to

Yiy1 + € for sufficiently small e > 0.

Remarks on Algorithm 2.3.2:

Step 1 We have assumed that the internal costs and the average one-step re-
ward functions do not depend on the decisions in regard to the initial
parameter v = 0. The optimal decisions therefore imply an almost-
partial order of the states (see Section 2.3.2.2).

— This almost-partial order of the states means that the complez-
ity of computation of optimal decisions in regard to the initial
parameter can be reduced (refer also to Corollary 2.3.9).

— In some cases theoretical investigations yield the almost-partial
order of the states and the optimal decisions in regard to the initial
parameter. As a result computation is then not required.

(For instance, see Sections 3.4, 3.5 and 4.7.)

— It is possible that the consideration of the objective function (scalar
product) (refer to (2.3.2) or (2.8.11)) can help to find optimal de-
cistons if the average one-step reward functions do not depend on

these decisions.
(Increase pjlcl and thus p?’oo (Theorem 2.8.4) if y(s') is small.)

14See also the following remarks.
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Step 2

— If the parameter increases then the violations of optimality are
single violations (Definition 2.5.6) in general and the optimal de-
cistons can be purposefully computed for the increasing parameter
(see Case 1 in the above algorithm). Step 2 of the algorithm is
a greedy algorithm for the cost-parametric DA Markov decision
process in this case.

— Only single degisionsicz*i(sf, w) with
AHY (sf w, s — s, 0;41) = 0 would have to be perhaps changed
in Case 2 (refer to Lemma 2.3.25 (iii)).

— A finite number of optimal policies exists for an infinite set of
parameter values (refer to Lemma 2.3.24).

In addition to step 2 of Algorithm 2.3.2, we will deal with the following two
topics in relation to an increasing parameter:

— The meaning of the internal cost in relation to the optimality criterion,

— Changes of optimal single decisions and monotonicity of the functions
AHY(sh w, st — st 09) at 9.

Meaning of the Internal Cost in relation to the Optimality
Criterion

Remarks 2.3.6. Violations of the optimality criterion (see Lemma 2.5.6
and (2.3.44))

AHY(s) w, sl — st )

=9 [¢(s),w, s, k) — é(sh,w, st k)] +

v (&) — v (&) + 0 [ V4(E) — v (€)]
<0 (¥ >0)

seem to occur especially if

l

é(sh,w, st k) — é(st,w, st k) < 0.
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Therefore we formulate a corresponding additional condition for
DA MDP,(N = 0,5, AM P, ~(¥9)) on [0,00), where (2.3.3) is valid for all
stationary policies:

(AC1) Let an almost-partial order of the states be implied by the optimal de-
ciston at the initial parameter ¥ = 0.
Optimal decisions (for ¥ > 0) for costlier states (refer to Theorem
2.8.8 (i)) can occur only if the corresponding internal cost are lower.

(AC1) is always valid at least for sufficiently small values:

Theorem 2.3.27. Let a DA MDP)(N = oo, S, AM, P,v(9)) on [0,00) (or
on [0,1]) be given. In addition, let (2.3.3) be valid for all stationary policies.

Then, some ¥ > 0 exists such that optimal decisions at any ¥ € [0,1]
satisfy the additional condition (AC1).

Proof. Let d* be an optimal decision with respect to 9 = 0.

If a state s’ is costlier than a state s (meaning s' < s!) (see Theorem
2.3.8(i)), then
v (0 =0)— v (9 =0)>0 (*1)

is valid for solutions of the corresponding Poisson equation (see Theorem
2.3.8(ii)).

We show that (AC1) is true on [0,19'] for some ¥ > 0 in such a way that
no change of an optimal single decision for a costlier state for any 9 € (0, ¢']
occurs.

Since

é(sf,w,sli,zﬁl =0) —é(sf,w,sH,9=0)=0
for s/, w with {s', s'} € A(s,w) according to (LPC) and (*1)

AHd*(sf,w,sl_— s, 9 =0)

:é(sf,w,sl_,ﬁzo)—é(sf,w,sl,ﬂ:O)—I—Vld*(ﬁ:O)—Vld*(ﬁ:O) >0
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follows.

If d* is not optimal on (0, ¢) for any € > 0, then some real number ¥ > 0
and a decision function d* exist such that ¢* is optimal on [0,4] according
to Lemma 2.3.23(ii).

d* and d* can be different only in relation to single decisions
d* (s w') = s and d* (s, w') = s if AHY (s 0/, s" — s, 9 =0) =0
and AHT (s w', 8" — s, 9 =0) = 0 (see Lemma 2.3.25(iii))).

Thus, according to (*2) s! cannot be costlier than s’ |

Changes of Optimal Single Decisions and Monotonicity of the
Functions AHY(sf, w,s! —s!,9) at ¥

If a change of an optimal single decision at 15 > 0 occurs, then property
(iv), a) from Lemma 2.3.25 is valid.

A stronger property is contained in the following additional condition for
the DA MDP,(N = 00,58, AM P v(9)) on I = [0,00) (or ¥ € I = [0,1]),
where (2.3.3) is valid for all stationary policies:

(AC2) In accordance with Lemma 2.8.24, let a finite sequence of real numbers
0=11 <V < <y (withdy_1 <1, if I =[0,1]) and
a corresponding sequence of decisions d*' € AM ... d*W=1) ¢ AM pe
given so that

d*" are optimal on I; == [9;,9;41] fori=1,2,--- ,y — 2
and d*=1) is optimal on I, 1 = [9,_1,00) (or I,_1 = [J,_1,1]).
If

for certain iy € {2,3,--- ,y}, {s/,s1} C S, we B and

deo(sh w) = s ifig <y (ste S, sl £ s

then
AHd*i(sf,w,sl_— 31,19) are decreasing at ¥ for alli=1,--- ig — 1

and
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AHd*i(sf,’w, st — si, V) are increasing at 9 for all i =ig, -,y —1,
ifi() <.

If (AC2) is valid, then the complexity of computation in step 2 of Algorithm
2.3.2 can be estimated in the following way:

Theorem 2.3.28. Let a DA MDPy(N = oo, S, AM, P,v(9)) on [0,00) (or
on [0,1]) be given where (2.3.3) is valid for all stationary policies.

If (AC2) is valid, then at most Y. |A(s?,w)| single decisions have
sfeS:weB
to be changed (in relation to d*!) in step 2 of Algorithm 2.5.2 in order to
compute optimal decisions on (0,00) (or (0,1]).

Proof. Let us note that d*! optimal at ¢ = 0.

1. Initially, we construct d “ifor 4 =1,2, ,y — 1 such that
d’*l — d*l
S d =D (sl w) if AHd*i(sf, w, st — s, 9) =0,
sfw) = (*1)

d*(sf w) otherwise

fori=23,---,y—1, s/ €8 weB.

Successively using Theorem 2.3.7b) yields that d i are also optimal
on I; := [¥;,9;41] fori =2,3,--- ,y — 1.

2. Next, we will show that AH d*i(sf , W, ] ,¥) are also increasing at
¥ for i > ig. (The proof that AH" (sf,w, st — sl/,ﬂ) are decreasing
at ¢ for i < iy is analogous.)

Let

J*i(sf,w) =gl d
(sl w) = s, d
case a)

CZ*i(sf’w) = 3l37 Ci’*i(sf,w) — g3 for i = 19, (Sh 7& sls # Slz)

/.

“i(sl w)=sl for i=1,--- i3 —1,

/.

“i(sf w) = sl for i =iy, ,ig—1, (s # sh),
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case b)

cz*i(sf,w) = s'2, (j/*i(sf,w) = sl2 for i=is.

Then,

AHd*i(sf, w, s' — s2,19) are increasing at 1) for i >i; and

AHT" (s w, s2 — 53 9) are increasing at ¥ for i > iy (case a)
according to (AC2).

Since

AHd*i(sf, w, s — 53 19)

= AHT (sf w, s — 52 9) + AH" (sf,w, 52 — 3, 9)

according to (2.3.23)

AHd*i(sf, w, s’ — s'3,99) is also increasing at 9 for i > is.
If we use the denotation I; =1, Iy = [ and I3 = [, we then see that

AHd*i(sf, w, s — sl_, 9) is increasing at 9 for i > is.

(In case b it follows immediately, according to (AC2) that
AHT (sT w, s’ — s',9) are increasing at ¥ for i > ia(> i) (where
h="0U1,=1).)

If we successively continue the above consideration the more general
relationship follows:

If

d*(io_l)(sf, w) = s, czl*(io_l)(sf,w) = s

d¥io(sf w) = st and d*0(sf w) = s
then

AHT (sf w, s — s, 9) are increasing at 9 for i > 4. (*2)
. Now, let d (o= (sf ) = s

and d *(0)(sf w) = d*0) (sf | w) = s, (*3)

We can then show that

AHY (sf w,s" —s',9) >0 on I\ {d,} for i =iy or (*4)
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on I; for 1 =149+ 1,50+2,---,y— 1.

Initially,

AHd/*(iO_l)(sf, w, st — st 0;) = AHT(sf w, s — s, ¥i,) = 0 (*5)
is valid according to Lemma 2.3.25(iii).
Furthermore,
AHT (5T, s — §19) >0 on I
according to the optimality criterion (Lemma 2.3.6).

AHT(sf w,s!" — sl 9) is a linear function at ¥ (refer to Lemma
2.3.25(ii)) and together with (*2)

AHT (sF w, s — s'.9) >0 on [V45,00) (or ¥ € I = [9;,,1])
follows.
If AHY™ (sFw, s — ', 9) = 0 for some ¥ > ¥y,
then AHT™ (s w, s" —s!,9) = 0 (refer to (*5) and Lemma 2.3.25(ii)).

d "0 (sf w) = s would then follow according to (*1) which is in
contradiction to (*3).

Thus,
AHT (sF w, s — &', 9) > 0 for 9 > 0;,.
and in particular,

AHT™ (sf,w,s" — s, Vigr1) > 0.

Since d*© and d*(0t1) are optimal at §i0+1, the relation
AHT™ (s/,w, s — sl_, Digs1) = ot (sf w,s" — sl_, Dig+1)(> 0)

is valid according to the definition of AHY(.,.,.) (see (2.3.21)) and
Theorem 2.3.21.

prdtot (sf,w, s — s, ¥) >0 for ¥ > ;41
follows since H 0+ (sf,w, st — SZ, ) is increasing at ¢ according to
(*2).

If we continue these considerations, successively, in relation to
io+ 2,99+ 3, -+ ,y — 1, then (*4) is shown.
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4. We now show that if
d (0= (sf w) = s (ig < y) and d *0(sf w) = s, st £ s (*6)

then there exists no decision d* with d*(s’,w) = s which is optimal
at some ¥ > 9;,:

" is optimal at some ¢’ € I/

where i’ > ig, 9 # ;.

Assumption: d* with d*(s/,w) = s

(*6) together with (*1) means

d¥io (sf w) = st (*7)
and

AHE (s/,w, s

follows from (*4).

/!

— sl 9) >0

However,
AH (7w, sl — st 0")
= AH" (s w, s — sl_,19’) =0

follows from (*7), the previous assumption and Lemma 2.3.25(iii).

The statement of 4 means that after a change of a single decision
d *(s/,w) = s", this single decision can not be repeatedly optimal.

5. In step 2 of Algorithm 2.3.2 single decisions are changed only if viola-

tions of the optimality occur in d **. Thus, at most, > |A(s/, w)]
sfeSweB

single decisions have to be changed (in relation to d*!) in order to com-

pute optimal decisions on (0, 00) (or on (0, 1]).

The complexity of computation of optimal decisions on (0, c0)
(or on (0,1]) can be reduced further if the following strong additional con-
dition is satisfied:

(AC3) Let d*° be an optimal decision at ¥ = 0 (refer to step 1 of Algorithm
2.3.2).
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Single decisions CZ*O(Sf, w) have to be changed at most once in order
to compute optimal decisions on (0,00) (or on (0,1]).

Thus, at most |S| * |B| single decisions have to be changed (in relation to
d*) in order to compute optimal decisions on (0,00) (or on (0, 1]) if (AC3)
is valid.

In addition, step 2 of Algorithm 2.3.2 is a greedy algorithm in relation to
the DA MDP itself, which corresponds to the cost-parametric DA MDP at
v =1

The SDDP problem from Example 3.5.1, Section 3.5 satisfies (AC1),
(AC2) and (AC3).

2.3.4.3 Remarks on the Parametrization of DA Markov Decision
Processes

If we want to attempt to use Algorithm 2.3.2 for solving of a given DA MDP
(in terms of a continuation of the solutions of the parameterized problem)
then the internal cost should be parameterized in a logical way.

The parameterized internal costs at 9 = 0 and the given internal costs of
the DA MDP should not differ greatly (*)

so that the almost-partial order of the states at ¥ = 0 (refer to Theorem
2.3.8) does not completely change.

(Since the parameterized internal costs at 9 = 0 have to satisfy (2.3.13)
(see (LPC)), the demand (*) can be met only to a certain degree).

Example 2.3.1. Let a DA MDP be given where, in particular,

S = {s!,5%}, B={w!,w? w3}, qlw') = % fori=1,2,3,

the DA decision sets A(s',w') = A(s2, w?) = {s!, 5%},

A(sh,w?) = A(s%,w®) = {s'} and A(s?,w') = A(s',w?) = {s?}
(hence (2.3.3) is valid for all stationary policies of this DA MDP)

and the internal costs  (¢(s!, %)) jo12 = <§,?) ?2) (which satisfy (2.3.12)).
1=1;2

Then, the parametrization
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P1: (é(s?,s',9)) =1,
l

1,2 =
1;2

_(25(4+09) 25+
(14 + 160 14(+019)> - 0 el0]

18 better than

. 1+249 1+ 250
. <l R
P2: (é(s!)s ,19)){__11;,22 = <2 539 9 1219>, v € [0,1].

(st < 52 is valid (at ¥ = 0 under the terms of Theorem 2.3.8) in relation to
P1 contrary to s*> < s in relation to P2.)

For certain DA MDP a parametrization of the internal costs arises in
"natural” way (compare SDDP problems, Section 3.5).

2.3.5 Remarks on the Solutions of DA Markov Decision
Processes

e In principle, DA MDP(N = oo, S, AM P,~) can be solved by means
of the Howard algorithm (policy iteration).

Here, the computation of a better decision at a step of the iteration

can be formulated using the definition of single decisions (see (2.3.21)):

Algorithm 2.3.3. .

1. Let a (feasible) decision d° be given.
Set vi =0 fori=0,1,---,
1:=0.
2. Compute the solution (g', (l/jc)le,m’m) (with v, :=0) of the
Poisson equation

—1

gl | +PT-Dr=—"
—1

(where I is the identity matriz).

U according to

3. Compute single decisions d*i(sf, w)=s
_min AH (sf w, st — )
steA(sf w)
(= min (é(sf,w,s") —e(s!,w,s) + Vl—i — ).
steA(sf w)
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(where s = di(s,w))
for sl € S,w € B.

Set
I di( f I
N s if AH® (s),w,s" —s") <0,
dlﬂ(sf, w) = f ( )
st = di(sf,w) otherwise.
4. If dtY £ d" then set i:=i+1 and go to step 2,
otherwise d'T'(=d") is an optimal decision function.

If DA MDP(N = oo, S, AM P,~) can be parameterized in sensible way
(*)
(refer the remarks at beginning of Section 2.3.4.3), then the optimal

decision d*¥ of the parameterized problem at ¥ = 0 can be recom-
mended as d° in the above Howard algorithm.

e On the other hand, we can compute an optimal decision of a DA
MDP itself (under the assumption (*)) by solving the parameterized
DA MDP on [0,1] by way of a continuation of the solutions of the
parameterized problem.

Often the violations of the optimality, if the parameter is increasing,
are single violations (Definition 2.3.6):

— advantage: purposeful computation,

— disadvantage: Poisson equations have to be solved, repeatedly
if only single decisions are changed.

(However, in Algorithm 2.3.3 it can also occur that changes
of single decisions are, in the end, not optimal and further
changes of such single decisions are necessary.)

Consideration of Simple Heuristic Solutions of DA MDPs

Let us assume that a DA MDP can be parameterized in sensible way.

The optimal decision d*° of the parameterized problem at ¥ = 0 implies
an almost-partial orders of the states (see Section 2.3.2.2).
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(Sometimes theoretical investigations yield the almost-partial order and
no computation is required.)

If the parameter increases, the (different) internal costs have an effect on
optimal decisions.

Often, cheaper internal costs imply cheaper average expected cost per
stage (see Remarks 2.3.6), especially if (AC1) is valid.

If almost-partial order and internal costs in relation to single decisions
are "balanced”, simple heuristic solutions d* follow. In greater detail this
means:

If J*O(sf, w) = s!, in principle, we set
st if st e A(s!,w) and
d* (st ,w) = e(st w, ) < é(sf,w, s,
st = d*9(s/ w) otherwise.

Such considerations are very important if the state space of a DA MDP is
extremely large and exact methods of stochastic dynamic programming are
not practical.






Chapter 3

The Problem of Stochastic
Dynamic Distance Optimal
Partitioning (SDDP)

In Section 3.1, we initially make a few statements about non-balanced trans-
portation problems, which we will then need in the following sections.

The SDDP problem is introduced in Section 3.2 from the view of a pos-
sible practical application.
Formulation of the mathematical model then follows as a DA stochastic

dynamic programming problem with random disturbances and afterwards
more specific as a DA MDP (see Sections 2.1 and 2.3).

Additional properties of the SDDP problem and its characteristic param-
eters are addressed in Section 3.3.

In particular the SDDP problem proves to be a DA MDP with distance
properties.

In this section, we will also introduce the idea of the ” conversion number”
and show that optimal decisions with a minimal conversion number always
exist.

Special cases of the SDDP problem are the focus of interest in Section
3.4.

Under the assumption of identical ”basic costs” (in other words of "unit

97
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distances” ), formulas for the average one-step reward functions are derived
and a conjecture of optimal solutions of corresponding SDDP problems are
given.

Under the assumptions of identical ”basic costs” and independent and
identically distributed requirements, the corresponding SDDP problems can
be reduced. However, the conjecture for optimal decisions in certain cases
can only be proven after several combinatorial considerations, which are dis-
cussed in Section 4.6.

In Section 3.5 we will discuss possibilities of exact and approximate solu-
tion methods for SDDP problems. For this purpose we orientate ourselves in
addition by Section 2.3.5, whereby we also use the special cases from Section
3.3 for the initial solutions.

3.1 Preliminary Notes on Non-Balanced Transporta-

tion Problems

In this section we make a few statements about non-balanced transportation
problems (TPs) in order to understand the following SDDP problems.

We use the following variables and symbols

n
a - availabilities, a € Z", > a; = su, su € Z,
i=1

b - requirements, b € Z,
(kij) i=1,...n - basic cost, (kij) i=1,.... € R} x R
j=1,....m Jj=1,....m

(or in other words ”distances”)

and

n mn
Cb, su] - denotes the case > b; < > a; = su (surplus-situation,
j=1 i=1
the requirements can be completely fulfilled),

n n
Clsu, b] - denotes the case > b; > > a; = su (scarcity-situation,
j=1 i=1
the requirements can not be completely met,
however they should be met as much as possible)
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and

X f(easivie)(a,b) - set of feasible solutions:

Z Lij < a; Vi, Z Lij = bJVj in C[b, SU],
Xi(a, )= xezt xzv|7,} .

Z Lij S bj V], Z Tij = aNz’ in C[su, b]

1=1 J=1

(3.1.1)

hence if C[b, su| and C[su, b] are valid it is immediately seen that

Z Ti5 = Q4 \V/i, Z Tij = bj\v/j

Xp(a,b) = x ez x 71 | =1 .=t
if Y b;=> a;=su
i=1 i=1
(3.1.1a)
Then,

TP*(a,b) - denotes the transportation problem:
n n
> > kijxyj — min, v € Xg(a,b), where
i=1j=1

the basic costs (ki;) i=1,...,» still have to satisfy the distance properties:

j=1,....m
ki =0V 1, kij >0\V/Z'7éj,

3.1.2
kij + kj > ky Vi # j # 1 (triangle-inequality). ( )

Established statements are that X¢(a,b) # @ and TP*(a,b) is solvable (see
Sections 2.8.7 and 3.1.2 in [30], for example).

If + € X¢(a,b), then we can also define slack-variables

'In case C[su,b], the scarcity-situation, the relations secure that in no case are the
availabilities dissipated.
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n
Tintl = aj — Z Tij, i=1,2,---,n in case C[b, su],
j=1
n
Tjnt1:=—(bj — > wij), j=1,2,--- ,n in case C[su,b], (3.1.3)
=1

In+1 :— (:Bj n+1)j:1,--- -

We will later use the following definition:

Definition 3.1.1. Let a transportation problem T P*(a,b) and a feasible so-
lution x € X¢(a,b) with the corresponding slack-vector x,41 be given.

Then, TP*(a,b + xp41) is called balanced transportation problem with
respect to TP*(a,b) and x € X¢(a,b).

Lemma 3.1.1. Let a transportation problem T P*(a,b) and a feasible solu-
tion x € Xs(a,b) be given.

(i) If the relationship

xi = min{a;, by} for i=1,2,--- .n (3.1.4)
is not valid, then a feasible solution & € Xyf(a,b) with lower cost:
n n n n
E Z kij 572']' < Z Z kz’j Tij (and with b + Zp41 = b+ xpy1 in case
i=1j=1 i=1j=1

C[b, su]) exists.
(i) The relation (3.1.4) is true for optimal solutions x of T P*(a,b).

(iii) Let T P*(a,b+xy,11) be the balanced transportation problem with respect
to TP*(a,b) and x € X¢(a,b).
Then & with

Tii + Tint1 =a; — ), Ty ifi=]
Tij = Ll in case C|b, su|
wij ifi £ J
and

T=x in case C|su, b]

is a feasible solution of TP*(a,b+ xpi1)-
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Proof.
(i)
Case C[b, su| and b;, < a;,:
Assumption: x;yi, # bi,-
Tigig < bio
follows from (3.1.1).
If b, < a;,, then

=N 75%'02 Zigjo >0 (j() € {1,--- ,TL+1}).
Furthermore, (3.1.1) yields:

Jyo #i0: Tysip >0 (yo €{1,---,n}).
We now define 7 as:

xij + 1 if (27]) = (i07i0) or (Za.]) - (y07j0)7
Tij = § xi; — 1 if (4,7) = (40, J0) or (4,5) = (yo, %0),

x;; otherwise.

Obviously, & € X¢(a,b) and Zp41 = Tpq1 thus b+ Ty = b+ 241

Using the distance properties (3.1.2)

mn mn
_Zl kij Tij = _Zl kij ij + Kigig + Kyojo — Kiojo — Fyoio
)= v]=

n
= 2. kij ij + Kyojo — Kiojo — Kyodo
1,J=1

n
< Z kl‘j Tij
1,5=1
follows.

If b;, > a;, in case C[b, su], then (i) can be proven analogously to the
above statement.

It is now necessary to discuss a set of subcases corresponding to
case C[su,b]. These are either carried out exactly as case C[b, su], or
with slight modifications, as shown in the following subcase example.
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Case C|[su, b] with b;, < a;,:

Assumption: x;u;, 7 bi,-

Assumption (subcase): x;y;, < by, and F yo # i with Tyoio > 0.

Since i, < biy < a4, (3.1.1) yields:
=N 75 10 : Tigjo > 0.

We now define 7 as:

x;; otherwise.

Obviously, Z € X¢(a,b).

Using the distance properties (3.1.2)

mn n
> kig Tig = D0 kij i + Kigio — Kiojo
ij=1 ij=1

mn
= > kij wij — kigjy

ij=1
n

< Y0 Ky oy

1,=1

follows.
(ii) follows from (i).

(iii)

In case C[b, sul:

n n n
Do Eig = Y Wi+ Tt g1 = D Tijtai— >
j=1 jii#i jii#i jii

n n

> Fij = D0 Tij +Tjj + Tjnt1 = bj + Tjpta,
i=1 itij

is valid. This means & € X¢(a,b+ xp41).

(3.1.5)
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In case C[su,b], £ € X¢(a,b+ x,41) follows directly from 2 = 2. W

Lemma 3.1.2. Let a transportation problem T P*(a,b) and b € 7 be given.

x € Xt(a,b), which additionally satisfies (3.1.4), with b = b+ x,41 exists
of and only of

bi < b; < max{a;,b;} fori=1,---,n in case C[b, su] and
min{ai, b} < b; <b; fori=1,---,n in case C[su,b].
Proof.
1. (=): Let an z € Xf(a,b), which additionally satisfies (3.1.4), be
given.

Case C[b, su]: xp4+1 > 0 is valid according to (3.1.3),
thus b; < Bz =b; + Xint1 fori=1,2,--- ,n.
Subcase a; < b;: x;; = a; follows according to (3.1.4).

Utilizing (3.1.3) we find:

Ei =b; + Xint1 :bi—i—ai—inj, (3.1.6)
j=1

Bi =b;+xint1 = b; — Z Tij <b; = max{ai,bi}.
JijFi
Subcase a; > b;: x4 = b; follows according to (3.1.4).
According to (3.1.6)

bi = bz + Tint1 = a; — Z Tij <a; = max{ai, bz}
JijFi

Case Clsu,b]: z,+1 < 0 is valid according to (3.1.3),
thus b; > 52 =b; + xjpy fore=1,2,--- nis also valid.
Subcase a; < b;: x4 = a; follows according to (3.1.4).

Utilizing (3.1.3) we find:

bi = bi + Tins1 = b; — (b — Z%z) = ijz', (3.1.7)
j=1 =1
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B@- =b; +Xint1 = a; + Z XTji = a; = min{ai,bi}.
jigti
Subcase a; > b;: x;; = b; follows according to (3.1.4).

According to (3.1.7)

l;i =bi+ Tint1 =bi + > rj; > by = min{a;, b;}.
J:J#

2. (<) : Let b, which satisfies the corresponding relationships of the
Lemma, and an 2 € X(a,b), which additionally satisfies (3.1.4), be

given.
Case C[b, su]: (b < b is implied in this case):

We set x, so that
Ty — (b — by) if i =7,
Lij = o .
if 2 # 7.

Together with Z € X¢(a, 5), the relations

Fij
Yoxii < > %y < a; and
j=1 =1
n n - _
> Tij = ) Tij — (bi — b)) = b — (bi — b;) = by,
i=1

1=1

follow. Thus, x € X¢(a,b).

Furthermore,
max{a;,b;} = a; and, according to (3.1.4), T;; = min{ai,gi} = b
follow
if b; > b;.
Thus, z;; = &5 — (b — b)) = b; — (b; — b;) = b;.
xy = Ty = min{a;, l;z} = min{a;, b;} follows directly if b; = b;.

x also additionally satisfies (3.1.4).

In case C[su, b] we set = Z, then it is yielded in a simple way that

r € X¢(a,b) and x additionally satisfies (3.1.4).
|
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In the subsequent sections we use the following extension of the set of feasible
solutions X ¢(casibie) (@ b):

Z Lij < a; Vi, Z Lij > bj Vj in C[b, su],
Xypela,b) = € 2" x 2 | 7 o

Z Lij < bj Vj, Lij = Q4 Vi in C’[su, b]

=1 1

J:

(3.1.8)

From a theoretical point of view it is necessary to consider SDDP problems
with extended sets of feasible solutions initially, in order to not lose the
generality.

(In relation to the objective function of the T'P*(a,b), obviously, the in-
equality

.Zl k‘ij Lij Z .Zl kij x;‘j is Valid,

L,)= L,)=
where z* is an optimal solution of TP*(a,b) and x € Xye(a,b) \ X¢(a,b).)

3.2 Model Formulation

Before we formulate the mathematical models of SDDP problems, we
discuss the SDDP problems from a practical point of view. Nevertheless,
we will proceed with the introduction of the symbols of the mathematical
models. (Refer also to [22] or [20].)

Parts of different types are produced by means of machines. For this pur-
pose, the machines have to be converted into states, which are in accordance
with the types of the parts. 2 Thereby, costs are incurred.

(It would also be conceivable to repeatedly place a fixed number of work-
ers in different factories or buildinge sites.)

Each machine can be converted into each state.

2One may think, for example, of concrete moulds, see [19] and [22], Section 1.2.
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The number of machines is denoted by su and the number of types of parts
by n.

If a machine is converted from a state i (i € {1,2,---,n}) into a state
j(j€{1,2,---,n}) (which are in accordance with the types ¢ and j of the
parts), then the incurred cost are denoted by k;;. Without loss of generality

ceey

Finally, x;; is the number of the machines which are converted from state
1 into state 7.

The production takes place in successive (equidistant) stages (periods).

In one stage one part can be produced (at most) by one machine.
In each stage a requirement of parts (of several types) is to be met.

At first, probability functions (denoted by ¢; (i € {1,2,---,n})) of the
requirements are given.

The realizations of the requirements for a stage are known at the begin-
ning of the stages (before the decision of conversions of machines has to be
made).

The maximum number of produced parts in a stage of type ¢
(1 € {1,2,...,n}) is denoted by k,.

The stages are numbered by subscript ¢, ¢ = 1,2,--- (as in Section 2.1).

We use the same notations wy, wy € Z'} for the random requirements of
parts of different types and their realizations at stage t.

Principally, two cases in relation to the requirements (which correspond
to the cases C[b, su| and C[su,b] from Section 3.1) have to be considered at
each stage:

n
— Clw, su] : denotes the case ) wy; < su, (3.2.1)
i=1

which means the requirements can be completely fulfilled.

n

— Clsu,wy] : denotes the case > wy; > su 3 (3.2.2)

=1 N

n
3In this instance it is not necessary to distinguish the case > w;:; = su.
i=1
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in which the requirement w; cannot be completely met, if ” >" is valid.
In this case the machines su are not sufficient. However, in no case
should availabilities be dissipated. 4

The objective is to minimize the expected cost of the conversions of the ma-

N n
chines over the stages altogether (E()Y_ > kijxti;)) (orin the case of an in-
t=14,j=1

N n
finite horizon, the average expected cost per stage A}im %E Yo >0 kijxe;
—00 t=11i,j=1

(Therefore it must be decided which machine is to be converted to which
state in each stage.)

Thus, SDDP problems are DA stochastic dynamic programming prob-

lems. °

The su machines in the different states correspond to a partition of su.
Let s; denote the number of machines in state <.

Thus, the states of SDDP problems modelled as DA stochastic dynamic
programming problems are (in general restricted ordered) partitions of in-
tegers which are written as vectors:

n
s = (51,892, -+ ,8,) where > §; = su.
i=1

6

n
The cost ) ki;j x4, which are accrued if the machines in states §; at the
i,j=1
beginning of stage t are converted into states 5,11 at the end of stage ¢ (and
at the beginning of stage ¢t + 1) in order to satisfy the requirement w; of

stage t, are denoted by ¢(5¢, wy, S¢41) (adapted from Sections 2.1 and 2.3.2).

Obviously, &, 5; and 5;41 (with 24,5 = x4, for ¢ # j and

4If a possibility for the storage of parts would be given, then the mathematical model
could be extended as follows. In periods where case C[w, su] (with a ” <”-sign) is present,
additional parts could be produced as reserve for periods where the production capacity
is not sufficient. However, the extension of the mathematical model would be determined
by the concrete aims of the production process and the detailed storage possibilities.

°For dynamic models, where the requirements are deterministic, see [35].

%5 as a denotation of the states is used in adaption of Chapter 2. The additional symbol
is attached to s in order later to differentiate ordered from unordered partitions.
Unordered partitions will be states of certain reduced SDDP problems (compare Section
3.4.2).

” ~ N
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Tt 40 = min{S.i, St4+14}) are correlated in such a manner that z; is an opti-
mal solution of T'P*(8y, §t41)-
We therefore use the phrase ”distance optimal partitioning”.

If 5,41 has been chosen (such that the requirement w; has been met) then

¢(8¢, wy, Sp41) itself does not directly depend on w;. This means
¢(S¢, we, S¢41) = ¢(S¢t, Se41) (thus, (2.3.12) from Section 2.3.2 is valid).

Contrary to (z, ”)Z Lon € X e (8¢, wy)) (see (3.1.8)), the conditions
=1,...,
(@t,i5) =1, € Xf(st,wt) (See (3.1.1)) and (3.1.4) with t = 1,2,--- mean
j=1,...,

that the machlnes are not converted if they are not needed to produce parts

for the requirements of stage t. 7 It seems plausible that under these con-

ditions the expected cost of the stages altogether will not become higher.
However, we do not show the proof for this until later (see Lemma 3.3.8).

We will consider stationary models. This means (k;;)i=1,..» and the

]—1 ----- n

probability functions ¢; of the requirements are the same in all stages.

The corresponding mathematical models are now formulated as DA
stochastic dynamic programming problems with random disturbances (as
already mentioned above):

At first, let

neN, n>3, kg= (k017k027"'7k0n) with ]{3()1. € N and
su € N with su < Y ko,

1=1

(3.2.3)

and

(kij)i=1.... € R x R - the so-called "basic costs” (3.2.4)

j=1,...,n

(or in other words ”distances”)

be given. Thereby, let the basic costs satisfy the distance properties (3.1.2):

ki :OVi, kij >0\V/i7éj,
kij + kji > ki Vi # j # 1 (triangle-inequality).

"Corresponding algorithms with this property are called ”lazy algorithms”, see Section
10.2.3 in [8].
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(Refer also later to (3.3.1), (3.3.1a) and Lemma 3.3.1.)

SDDP Problems as DA Stochastic Dynamic Programming
Problems with Random Disturbances as in Section 2.1

Since we now want to consider a stationary model, we do not need the sub-
script ¢ to indicate the state space, the disturbance space and the decision
space.

Instead, we use the inferior indices n, ky and su as characteristics of the
concrete SDDP problems.

Furthermore, we use the following symbols:

~ n
Snisuky = {5 ceZl |0<5< ko, ), 5= su} - the state space  (3.2.5)
i=1

(sets of the ordered restricted partitions with at most n parts,
whereby the elements are written as vectors),

= |Shssuskol (3.2.50)

Bk, = {w cZ | 0<w< ko} - the disturbance space, (3.2.6)

q:Z% — [0,1] - probability functions
with

q(w) #0 & w € By, (3.2.7)

and

8We use the same notation for random vectors and their realizations.
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An;su;ko (37 w) -

€L XL

n n
2%3352 Vi, inj:wj Vj in C[w, su],

j=1 i=1 o . ~
n n Ty = min {8;, w;} V;
E xij:§z~ VZ N E xijgwj \V/j n C’[su, w],

- the decision sets.
(3.2.8)

(x € Ap.suk, (8, w) are thus feasible solutions of the transportation
problems T'P*(s,w) which additionally satisfy (3.1.4).)

We now consider the DA model (refer to Section 2.1):

A stationary policy

F ={z1(s1,w1), z2(s2,w2),..., N (SN, wN)}

(or

F = {331(81, wl),aﬁz(SQ, wg), e })

is to be found so that

N

n
) E E kijil?t7ij — min

t=11i,j=1

in the case of a finite horizon or

1 N n
lim —F E kiiTiii ¢ — 1N
N—oo N ~ il 1
t=11,5=1

in the case of an infinite horizon

subject to the constraints

Ty € An;su;ko(gtawt)a

~~
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n
St41,i = St — th,ij +we; for i=1,--- ,n in Clwy, su] (3.2.9)
J=1

n
St41,; = mej for j=1,---,n in C[su,w]. (3.2.10)

(In reference to (3.2.9) and (3.2.10) compare (3.1.6) and (3.1.7) in the proof
of Lemma 3.1.2, where bz = §t+1,z’, a; = §t7@' and bl = Wt-

According to (3.2.8) and (3.2.9) or (3.2.10):

n

n
Y Sth1i = (5 — Z Ttij + Wii) = su— Z Zwtw + Zw“
i=1

=1 Jj=11=
n n
=su— y, wy;+ Y, w; = su in the case Clwy, su] or
j=1 i=1
n _ n n 5 .
o Si41y = Z(Z Tyij) = Z(Z Ttij) = > S = su in the case
=1 71=1 1= =1 5= =1

]_
Clsu, wy]

are valid, of course.)

Remarks 3.2.1. The 7certainty equivalence principle” (see Section 2.2,
Theorem 2.2.1) is not valid for SDDP problems. The objective function is
not quadratic and the different kind of restrictions (3.2.9) and (3.2.10) in
the cases Clwy, su,wy] and C|su,wy| cannot be brought into a standardized

form (2.2.1).

We can convert the above problem into a stationary DA Markov decision
process for N = oo as in Section 2.3.2:

SDDP Problems as DA Markov Decision Processes as in
Section 2.3.2 )
The state space is of course Sy.sy:k, from (3.2.5).

In order to construct AM, P and ~ of the DA MDP the DA decision sets
An’ suko (5, w), the DA decision functions d and the internal costs é(8,w, 8
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(see (2.1.4), (2.1.5), (2.1.6) at the end of Section 2.1) have to be used (as in
Section 2.3.2).

A~

The DA decision sets Ap.suk, (5, w) include the states § (see (2.1.4)),
which follow from (3.2.9) or (3.2.10) for x € A, su:k, (5, w) and given
5 € Snsuko> W € Brky-

Lemma 3.1.2 (with @ = 3, b = w and b = &) yields:

An;su;ko (§> w)

. w; < 8 < max{5;,w;}, i=1,---,n, in Clw, sul
=<(§ € Sn;su;ko
min{s;,w;} < & <w;, i=1,---,n, in C[su, w]
(3.2.11)

for s € Spisukg, W E Bk -
(In Section 3.3 we will also see investigations of the DA decision sets.)

DA decision functions d;, which are based on the DA decision sets, follow
according to (2.1.6). (In addition, the set of DA decision functions is the set
D, according to Definition 2.1.1.)

The internal costs (see (2.1.5)) are calculated in the following way:

Let 5 € fln;su;ko(é,w) be determined by a DA decision function for
given s € S"n;su;ko and realized w € By, -

Then, as mentioned above, the internal cost can be compute as the opti-

mal value of the (balanced) transportation problem 7'P*(s, s):

n
é(g, 5/) = min Z kz’j-f%ij

,j=1

n n
Zfijzgi, Z.SAC”:Q/?,JAZ” c Z_|_ . (3212)
j=1 i=1

(The symbol ” 7 is used in order to formally differentiate between (op-
timal) solutions Z of the balanced transportation problems T'P*(3,5") (see
(3.2.12)) and (feasible) solutions x of the non-balanced transportation prob-
lems T'P*(8,w), which additionally satisfy (3.1.4) (see also (3.2.8)).

Thereby, £;; and x;; for ¢ # j express the number of machines which are
converted from state ¢ into state j for the production of w parts of type j.
That means z;; = &;; for ¢ # j.
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For the rest, as is easily seen, = yields a feasible x in the following way:

i ifi g
Tij = 7 7 3 . in the case Cw, su] or
Ti; — max {(8) —w;),0}ifi =7

r=21 in the case C[su, w].)

(Further properties of the internal costs can be found in Section 3.3.)

Now, the sets of decision spaces AM (5' ), the matrices of transition proba-
bilities P and the average (one-step) reward functions « of the DA Markov
decision processes can be constructed by means of d and ¢ - as in Section
2.3.2 (see (2.3.6), (2.3.7) and (2.3.8)).

Whereby the matrices of transition probabilities are called (general)
partitions-requirements-matrices (PRM).

For SDDP problems as DA MDPs optimal policies always exist, since
(2.3.3) is valid:

Ifw=4 (€ gn;su;ko C By.k,) then, obviously, fln;su;ko(é, §) = {5}
according to (3.2.11) and

p(15,.d)= > qlw)>q(F) #0 (3.2.13)

(q(8") # 0 according to (3.2.7))
follows according to (2.3.7) for any d.

The computation of average (one-step) reward functions ~ is also labo-
rious since transportation problems have to be solved in order to calculate
the internal costs ¢é(§,5") (§ € Sn;su;ko, s e S'n;su;ko), which are needed for
the computation of v (see the first equation of (2.3.8)).

In Section 3.3 (Lemma 3.2.10) we will see that SDDP problems are DA

MDPs with distance properties.
9

A representation of SDDP problems as linear programming problems can be found in
[22], Appendix A 1.
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3.3 Properties of SDDP Problems and their Char-

acteristic Quantities and Conversion Numbers

In reference to the Possibility of the Restriction of the Basic
Costs

Without loss of generality, it is sufficient for SDDP problems modelled as
DA MDPs to assume basic costs (k;j) i=1,...» which satisfy (3.1.2) with either

Jj=1,...,

0<ky<1 forij (3.3.1)
or
kij > 1 for i # j. (3.3.1a)
This statement follows from Lemma 3.3.1 with o = mai R OF o = mir} R
i)jiit] 0,511 ]

Lemma 3.3.1. If two SDDP problems (modelled as DA MDPs) are only
different in the basic cost k' and k" in such a way that k" = o - k' for some
a > 0, then the optimal policies of the SDDP problems are the same.

Proof. Obviously, ¢, = a &) for any f and [ and furthermore
v"(57,d) = o y/(5/,d) for any 5/ and d according to (2.3.8) (first equation).
Consideration of the objective function (2.3.2) completes the proof. 1N

The Conversion Number
Carrying on,

U8 =" @y (3.3.2)

denote the numbers of all (real) conversions (in a stage), if §/ are converted
into §' by means of # € X;(5/, 8'), which also satisfy (3.1.4).
The following Lemma shows that U(5/,3") for all such & are identical.

.....

.....
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satisfies (3.1.4), be given. (In particular, an optimal T € Xf(sf, 1) satisfies

(3.1.4), according to Lemma 3.1.1(ii)).
Then,

— 38l |= Z max {0, §; —sf}

CIJZ

() UGL&) =1 > |5

1=1
n

:—Z min {0, §; —~l}

@
|_|

Proof. Initially,

n n n
U(s!, s = z B = 3 Bi5— Zx =Y & = S d=su— Y @,
=1 =1 =1 =1

g
and
1S~ | o Nl oo Ay sl oaf a
5 Z:l |5, — 8 |= 3 2 (5; —min{s;, 5} + 5 — min{s;, 5;})
1= 1=
n

1

2

n L n

=3 X (5T + ) = X min{s], 5} = su— 32 min{s], 5}
i=1 i=1

are valid. Then (a) follows from (3.1.4)

n

n
> iy =Y min{s, 3}
=1

1=1

(b) is shown by U(3/,3") = 1 3 | 8] — & |= U (3, 37).

=1

Lemma 3.3.3. Let {5/,5'} C S’n;su;ko be given.
Then

U(8,53) =" max{0, w; —5{} V3 € Apsun, (37, w) in the case Clw, sul,

U(5/,5) = max{0, .§{ —w;} V& € Apgun, (57, w) in the case Clsu, w].

Proof. In the case Clw, su]
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U, 5) =Y max{0,58 -51= ¥ (-3
i i:§{<wi
= 3 (w;— &) =S max{0,w; — 5/}
i:§{<wi @

follows from Lemma 3.3.2 and (3.2.11).
The proof in case C[su,w] is analogous. [

Regarding the Internal Costs

e The internal costs of SDDP problems fulfil (2.3.12) from Section 2.3.2
as is discussed in Section 3.2 (see also (3.2.12)).

Theorem 3.3.4. Let S*n;su;ko = {51,582 -+ 3", } and the basic costs (ki;)i=1,..n

Jj=1,...,

which satisfy the distance properties (3.1.2) be given.
..... = (e(s), ') 4=, (see (8.2.12)) ful-
=

-----------

fil the following corresponding dzstance properties ( wzth an additional equals
sign)

Then, the internal costs (Cfl)f 1

éff = OfO’/’f = 1,...,7‘,
CfL+ Cy = Cpy for f# 1 # v,

Proof. Initially, let TP*(a,b) be a balanced transportation problem with

availabilities a, requirements b and »_ b; = > a;.
i=1 i=1
Along with the symbol

n

SS s = i Vi, 30 iy = by } (3.3.3)
] =1

Xy(ah) = {a ez x 2y

for the set of feasible solutions, as in Section 3.1, we use also the symbol

Xopt (CL, b) =

3.3.4
{:1: € X¢(a,b) Z kijri; < Z kijay; for any 2’ € Xy(a, b)} ( )
i,j=1 i,j=1

n
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for the set of optimal solutions.

n
Now, let 21 € X, (37,8') and 22 € Xopi(3',5Y). (Thus, ép = Y. kijiy;
i,j=1

n
A ~9
and Cpy = D kij@i;.)
ij=1
Then,

sh=> "4, (*1)
Y
5= iy (*2)

Y
Ao S -2 "
and §, = E T = E Ty (*3)
i J

Furthermore, optimal solutions (A;y;)i=1,...n of the n transportation prob-
j=1,..., n

lems with availabilities () and requirements (22
W)i=1,.n Y1) i=1,...n

(y =1,...,n) exist because of (x3).

These solutions also fulfil

> Dy = &, (*4)
J

> Diyj = d. (*5)

We set

YAk =3 Ay = Y@, =8,
Yy Y

B =20 Diyy =24y, =5
Yy 1 Y

j
follow from (x4), (x1), (x5) and (*2).
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This means 3% € X (37, 3%).
(3.1.2) then leads to

kiy +kyj > kij (1 #y#7)
> iy Diyj + 30 kyiliys = 30 ki Diy; (x6)

1,Y,J . 4,Y,]J ) 4,Y,] .
2 iy By + 2 kyy Ty 2 D ki &
1,y 7Y 1,]

Crrt+Crp 2> Zk” ‘%?j > Cpy. (*7)

0,
Thereby, the equals signs in (*6) and in the first inequality of (*7) are
valid if and only if Ajy; > 0 with ¢ # y # j do not exist (refer also to the
following Example 3.3.1). [

Since the internal costs of SDDP problems fulfil (2.3.12), Lemma 3.3.4
implies the following statement.

Lemma 3.3.5. SDDP problems (modelled as DA MDPs) satisfy the dis-
tance properties (2.3.28) and (2.5.29).

The following Lemma is needed in Section 3.5 with regard to cost-
parametric considerations of SDDP problems.

Lemma 3.3.6. Let S’n;su;ko and basic costs with (w. l. 0. g.)
kij > 1 fori#j (see (3.8.1a)) be given. Let (kij)i=1,..n satisfy (3.1.2) and

=1
Jj=1,...,n

let (kij — 51-3-);2,7.'::2, where 0;; = { (1)2; z i?a satisfy modified distance

properties in such a way that additional equals signs are also allowed in the
inequalities of (3.1.2).

Then,
C<§75 ) (513 + (kw 5@]))%?::”;)
= é(g’ §/7 (51.7) 1=1,..., n ) + 7.9 é(g, S/, (kz_] 52.7) 1=1,..., n )
j=1,..., n 7j=1,..., n
— U(g, §/) +796(§, 5/, (klj _52J>z—l ..... n)



119

of the transportation problem with availabilities 5, requirements §' and with

costs (kij) i=1,..n and so on.
j=1,..., n

Proof. At first, we show that an optimal solution 2° of the transportation
problem T'P*(5,§") with costs (kij — 0;;) i=1,...n , which additionally satisfies

=1,...,
(3.1.4), exists: '

If x is an optimal solution of this transportation problem which does
not satisfy (3.1.4), then we apply the construction step from the proof of
Lemma 3.1.1(i) (w.l.o.g. case C[b, su]) to x, where an equation instead of
the inequality in (3.1.5) is right. If neccessary, repeatedly applying this con-
struction step will finally yield the optimal solution x¥ of the transportation
problem, which satisfies (3.1.4).

Now, let z be a feasible solution of the transportation problem with
availabilities §, requirements §" and costs (ki; —0i;) i=1,....» , which additionally

satisfies (3.1.4). '

&(3,8, (kij = 0ij) i=1.m ) = 2o (kij — 035) < 2o wij (kij — 0y),
2Y) 2¥)
U(5,5) +0 Yap; (kij — 0i5) SU(5,8) + 0 Y w5 (kij — 0ij)

1,J 0]

=1
j=1

.....

follow and furthermore, by means of (3.3.2),

Doy 0y + 0 3oad; (kig — 0iy) < 3wy 055 + 9 2wy (Kij — dig),
irJ 0. 0. i
> x; (055 + 0 (kij — 0i5)) < 2o wij (835 + 0 (kij — dij)) -
i,j i\j
Hence, (and with attention to Lemma 3.1.1(ii)) x° is also an optimal de-
cision of transportation problems T'P*(§,5") with cost (d;; + 0 (kij — di5))
where 9 € [0;1]. Since the objective function of a transportation problem is
also linear in the costs
é(g, §/, (513 + ¢ (klj — 57;j));i1,.4.,n)

=1,...,m

j=1,...,n j=1,....n

is valid (for the last equation see also (3.3.2)). |
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Regarding the DA Decisions Sets

As already mentioned in Section 3.2, contrary to (z, w) ..... n € Xpe(5,wy)
1 .....

(the extended set, see (3.1.8)), (2tj)i=1,.... € Xf(st,wt) and additionally
j=1

Ly

satisfying (3.1.4), means that machines are e not converted if they are not
needed to produce parts for the requirements of a stage ¢ (see also the fol-
lowing Lemma 3.3.7 and (3.2.11)).

In Theorem 3.3.8 we will show that the expected cost of the conversions of
the machines over the stages altogether (or in the case of an infinite horizon,
the average expected cost per stage) do not become smaller if
(a;t,ij) i‘:i ..... n € Xfe(st,wt) t=1,2,--- are allowed in place of

PR 12

IRRREY 1]

Initially, we make relationships with corresponding decision sets (see
(3.2.11)):

Let 5 € Sp.suk, and w € By.g,. Obviously, for & € Sy.guik, an

n n
Z Tij + 5; — Z zi; in Clw, sul,
(@i5) i=1...n € Xye(8,w) with 3] S =

J=hen > T in C[su, w|
j=1

exists if and only if § is an element of the following set:

) . § > win Clw, sul,
Al psuke (W) = < 5 € Spisukg . (3.3.5)
§ < w in C[su, w]

10

Together with (3.2.11)

A

fln susko (8, w) C A’ gusko (w) for any § € Sn;su;ko, w € By, (3.3.6)

follows.

Thus, A'y.su:k, (w) are extensions of DA decision sets A5y, (5, w).

105" — w follows in the special case that w € gn;su;ko.
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Lemma 3.3.7. Let s € gn;su;ko and w € B, be given.

If 3" ¢ fl’n;su;ko(w) \fln;su;ko(é', w) then U(§,8") > U(8,§) for any
s e An;su;ko (§,w)

Proof. Initially, we consider the case ) w; < su.

For 5" ¢ fl’n;su;ko (w) \ fln;su;ko(iw) an 7o exists so that
87 > max{8;,, w;, }, according to (3.2.11) and (3.3.5).

e/ . L g,
85 — 8ip > max{0,w;, — 5, } follows.

Lemma 3.3.2 and Lemma 3.3.3 then yield:
U(s,8") =2

max {0,357 — &} > > max{0,w; — §} =U(s,5)
i=1 i=1

for any 5 € fln;su;k()@, w).
The case ) w; > su is proved analogously.

In the case that ) wj; = su, no §" € A’n;su;ko(w) \fln;su;ko(é', w) exists

since fl’n;su;ko(w) = Apsuko (5, w) = {w} (see (3.2.11) and (3.3.5)). |

We now consider the following simple example:

Example 3.3.1. Let a SDDP problem with
n = 2, ]CO = (3,3), sSu = 4, (kij)i:l,Q = <O 1)
j=1,2

be given.

Aoa(5,w) = {5 = @} for 5= @ w = @ (see (3.2.11)).

Furthermore, §" = <i1))> € Algus(w) (see (3.8.5)), for example.

U(5,8') =1 and U(5,8") = 2 are the corresponding conversions numbers
(see Lemma 3.3.2).

It seems intuitively evident that a transition from 5 and w to §” could not
be a deciston of an optimal solution. More is done for the concerned stage
than is necessary. (This statement is proved in the following Lemma.)
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If we compute the internal cost (according to (3.2.12)): ¢(5,8) =1,
¢(5,8") =2 and ¢(§,5") =1, then

¢(8,8")+¢(5,8) > é(s,8")
18 valid in conformance with Theorem 3.3.4 and moreover

¢(§,8") +¢(5,58) =¢(s,8").

This shows that a transition from 5 and w to 8" is in reality not necessary
for optimal solutions according to Theorem 2.3.13. 11

(Thus, the exclusion of the "=" sign after Theorem 2.53.13a leads to the
exclusion of an entire set of non-essential decisions.)

This is also generally correct for SDDP problems:

Theorem 3.3.8. Let a SDDP problem, as in Section 3.2, be given and let
SDDP’ be the corresponding ”extended” SDDP problem. This means that
the extended decision sets A,n;su;ko (wy) are used in place of An;su;k0(§t,wt)
for any s¢, wy and t.

(a) The extended SDDP problem satisfies the distance properties (2.3.28)
and (2.3.35).

Apsuko (8, w) are smaller DA decision sets (see Definition 2.5.4).

(b) An optimal policy of the SDDP problem is also an optimal policy of
the corresponding SDDP’.

Proof.

(a) That the distance properties (2.3.28) and (2.3.35) are fulfilled follows
directly from Theorem 3.3.4.

If we apply Definition 2.3.4a to fl’n;su;ko (w), (w € Byk,) then

A~

An;su;ko(gfa wl) = {gv < A’n;su;ko (wl) | éfl + G > éfv vse A’n;su;ko (wl)
with 3! # 59}

are the smaller DA decision sets, where §/ € S’n;su;ko, wl e Bk -

We will now prove:

1 Corresponding algorithms are so-called ”lazy algorithms”, see Section 10.2.3 in 8].
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~ >
~

Apsucko (8T, wl) = An;su;ko(éf,wl) for any §f € Snisusko> W € Brikg-

1. We show

s' € A/n;su;ko (w1> \An;su;ko(gfawl) = §" ¢ An;su;k:o(sfawl)-

~

n

) 1 )

Case: lez < su:
1=

Let #° € Xop (87, 3).
Since sY € A/n;su;ko (wl) \An;su;ko (§f7 wl)

JJjo: 85 > max (51wt} (see (3.2.11) and (3.3.5)), thus

Jo? ~Jo
=R #]0 : JAZ%)O]-O > 0.
We set
&y, — 1 if (4, 5) = (o, Jo),
;; otherwise,
5y — 1 if i = jo,
g 8l=1¢ 341 ifi =i,
s; otherwise.
Obviously,

§e fl’n;su;ko (wl) , §' # 5¥ and furthermore
Cr1 < Cpv — Kigjo-

Together with ¢, = k;j,
Crr+ Cy < Cpy

follows.
According to Theorem 3.3.4 that means

Cf1 + €y = Cfy, hence

5" ¢ An;su;ko <§f7 wl)-
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n
The case ) wl1 > su is proved analogously.
i=1
2. We show by contradiction:
sV e An;su;k0(§f,w1) = 5V € Apu; kO(Nf,wl).
Assumption:
sv € fln.su.ko( w') and & € An susko (wh) with 3 # 3V exist,

so that ¢y + ¢, = Cpo.
(That means 5V ¢ A, s kO(Sf w').)

Let 2! € X, (57, 8) and 32 € X (51, 3%) (see (3.3.4)).

n
Case: > w} < su:

i=1
Ay SN i
§#8" = Jjo: 55 >5,,
A2 *
= Hyo%jo.l‘yojo>0. (1)
Since £2 is optimal
Y -2
= SZO = Typyy S5 ’yo ~ Tyojo
thus s < s
In the considered case
< <l
wy, (S 35,) <3, (*2)
and 0 < 5;0 (*2a)
follow.
Since #1 is optimal (see also Lemma 3.1.1(ii))
= 0<a) o if § >0 (*3)

otherwise, y2(# yo) exists such that 0 < Z,,, .

o she A/ wl) and §Y € fln;su;ko(sf,wl)

(that means 85 < max {wj , s/}, see (3.2.11))

Since s} > 5 sk (W

1 ~[ SU ~f
wj, §s~ <s~ Ssjo

and thus 3 < sf (*3a)
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follow. Furthermore,
= 3y # jo: Tj,, >0, (*4)

~1 ~f
= T, < S, (*5)

Now, we go on to distinguish between the three cases: a) y; # yo and
0< ai";oyo, b) y1 = yo and ¢) y; # yo and 0 < 3?:11/23/0 where ys # yo.
Case: a) y1 # yo and 0 < igljoyoz
See Figure 3.3.1.
We set (see also (*3a) and (*2a)):
~N . =N =l : _
S Sy— Sy_]-lfy_y07
sl
Y

s, otherwise,

&, + 1 (i,y) = (o.do) or (i) = (yo, 1),
#oay =< @, — 1 (i,y) = (o, y1) or (i,y) = (0,%0), (*6)
sizzly otherwise
(see also (*5), (*3) and (*4)).
Obviously, 2t € X(3/,3").

Jo

Yo

Y1

Figure 3.3.1.
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22+ 1 (y,5) = (o, jo),

#7 @k =14 22— 1if (y,4) = (o, o),
:Tsfy otherwise

(see also (*6) and (*1)).
Obviously, 22 € X (3", 5Y).

Using Theorem 3.3.4 and the distance property ky,y, < Kjoy, + Kyojo» S€€
(3.1.2),

ero < 6(87,8%) + ¢85 < Zk@y /1 +Zky] B2 =
Z kzy + Z kyJ + kyoyl - kjoyl - kyojo < Cfl + Cry

follows.

Cpy < Cp1 + € means that the assumption was false in case a).

Case: b) y1 = yo:

We set s’ and £/ as in case a) but:

N Y B BN | e (s
5 By = Ty, —1if (i,9) = (Jo,vo),
aﬁlly otherwise

(see also (*5) and (*4) with y; = yo).

Obviously, 2"t € X;(3/,3") and 2% € X (3", 3v).

Using Theorem 3.3.4 and 0 < kjyy, + kyojo» see (3.1.2),
éfvﬁé(gfa )"‘C )<Zkzy All"‘zkw A/2_
E kiy &} y T Z ky; @ y] kjoyo - kyojo < ¢p1+ G

follows.

Cpy < Cf + ¢y means that the assumption was false in case b).
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Case: ¢) y1 # yo and 0 < iﬂéwo where ys # yo:

We set s’ and #/? as in case a) and

&, + 1 if (4,9) = (o, jo) or (i,y) = (y2, 1),
~11 ~ 11

Lot Ty = :%zly —1if (Z7y) - (j07y1) or (Zay) - (y27y0)7
1

;, otherwise.

Similarly to case a)
Cro < 6(87,8") + &8, 8) < X kiy @y + D kyy @y =
1,Y Y,J

/\1 /\2 A~ ~
Z Kiy Ly + Z Ky; Lyj + Eyoyr = Fyoyo — Kjoyr — Kyojo < Cpi + Cro
2y’ Y,J

follows.

mn
The case Y w} > su is proved analogously.
i=1
mn
(The case Y w} = su is not relevant
i=1
- A 1 A =f ol 1 G
since Ap.guskg (w ) = An;su;ko(sf,w ) =w (€ Snisukg))-

(b) follows directly from Theorem 2.3.13a. |

Finally, conditions that two states are elements of one decision set are
given in the following theorem.

Theorem 3.3.9. .

(i) For given states 3' € Sn;su;ko and §* € Sn;su;ko, a state § € Sn;su;ko
and requirements w € By, exist so that {51,5%} C Apsusko (5, w) if
and only if at least one of the following inequalities is valid:

(a) 5i>5 X 15 =8 1=5215 -5
i:§,}z§12 i 53765312 i

(b) (ko,—581) >3 > |81 =5 |=5> 15 —35
7 s}:gf zéll#é“f ?
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(ii) For given 5 and %, an 5 € S’n;su;ko and a w € By, exist so that
{51,5%} = Apsuko (5, w) if and only if U(3',5%) =1 and

Lozl 22
3j: 85 =357

Proof.
(i) :
1. (=): Let {8',8%} C Ay gun, (5,w).
In case Cfw, su], the conditions of (3.2.11) and

S5 =352 =35 yield
Y G-5)= ) (3i—8) forl=1;2

1w; >S5 1w; <85
According to (3.2.11)
< < S - - _
> Sz ) sz ) Gs) = ) Gims) = ) s
1511:3*3 1w >8; Wi >8; 1w; <S; Lw;<S;
for [ = 1,2 follows.

Finally, using the last inequality for [ =1 and [ = 2
and | §; — 5 [+ 5 — 57 |=] 5] — 57 |,
X oa=3( X G425 X |5-F =325
i:5} =57 i:5] =57 iw; <8 i
can easily be seen.
In the case C[su,w] we come to a similar conclusion. The
inequality (b) results in:

> (ko —5) > 3 (ko —3) = ¥ (5i—35)

3:51=32 1:5; >wW; 1:5; >wW;
1 1

2. («<): Let (a) be valid in relation to 3' € Sp.suk, and 32 € Spsusko-

We set
_ ozl el 22
=s; if 5; = 57,
w:ow;

< min{é} , 522 otherwise

_S,

=l
i
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and

2

19

s ] s maah ) s £ 2
> 8 = su.
i

Thereby, w satisfies the condition ), w; < su. In addition, an §
which fulfils the above conditions exists, since on the one hand

5 <5 ifs =3

1
> max(il = 3 @b [H -2 )<Y = s
)

el 22 el 22
:8; #5; i:8; #5;

because >3} =57 and (a) and on the other hand
' i

2
g max{5}, 57} + g 5F > su.
According to the construction of w and s:
<1 22 =2

5, =38 =w; > 5 forz'with§i1:3i,

w; < min {5}, 52} < max {5}, 52} < §; for i with 3} # 52
are valid. Hence,
5' and 32 are elements of A,,.qy.x, (5, w) (see (3.2.11)).

Now, let (b) be valid in relation to §' € S’msu;ko and §2 € gn;su;ko.

We set
1

1

2

o~ .~1_~
=5, if 5; = 57,

w: wj 1 ~9 .
> max{5;, 57 } otherwise
and
s> gl oipal 22
ko, > 5; > 5; if 5; = 57,
oo ] < mingsl 8y sl £ 8

> 8 = su.
i
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(ii) :

. («): Let U(3%,5%) =1 and Jj: &}

Thus, w satisfies the condition ) w; > su. The continuation of

this proof for (b) is analogous to the proof of case (a).

i=5
According to (3.3.2) and Lemma 3.3.2(a) indices ig and 7 exist

so that

52+1 for i =i,
~1 ~or . . ~9 . .
§ =38ig; ] =4 57 —1 for i =1,
§Z2 otherwise.
min{3;, 57} if i =g, = i1,
Swith §; =< 5 +1=5+1 ifi=j

5t =352 ifi ¢ {io,i1,75}

. max{3}, 57} if i =ig,i =iy,

and w with w; = 1 o Lo
5;, =387 ifig #1# 1

satisfy the condition {5!, 3%} = fln;su;ko({é, w) if 5} = 53 < kg.

max{3}, 52} ifi =ig,i = i1,
§with §; =14 5 —1=35—1 ifi=j

sh =32 ifi¢ {io,i1,5}
min{s}, 52} ifi =g, = i1,
st=3% ifig#£i#14

can be used for the proof if kg = 531 = 5]2(> 0).

and w with w; = {

. (=): The other direction of the proof for (ii) can easily be seen

by using the definition of fln; suko (8, w) as proof by contradiction.
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(For example, 5 = (0,1,0,1) and 5% = (0,1,1,0), where n = 4,
ko= (1,1,1,1) satisfy (a) as well as (b).)

Regarding the Transition Probabilities

As already mentioned, if the SDDP problems are modelled as MDPs the cor-
responding matrices of transition probabilities are called (general) partitions-
requirements-matrices (PRMs) and the condition (2.3.3), which requires

that pslcl > 0 for all f,1 and d, is fulfilled (see (3.2.13)).

We now show that the elements of the main diagonal p‘]ic 7 of PRMs are
independent of d (see also Lemma 2.3.14) and that they can be computed
in a straight forward way:

Lemma 3.3.10. Let § € Sn;su;ko, NS S'n;su;ko with § # 57 be given.
Then,
a) [ {w | Apouk, (3, 0) = 83 | = | {w | Apsusk, (31, w) 2 {33} |
=TI +1) + (ko — 5, +1) — 1,
i i
D) pu= > qw)+ ¥ qlw)-q(d)

w:0<w<3! w:3l <w<ko

(independent of d).

Proof.

a) & C An; susko (8!, w) is valid if and only if the inequality 0 < w; < 55 for
all i or the inequality ko, > w; > g for all 7 are fulfilled (see (3.2.11)).
Then, § = An;su;ko(él, w) and the equalities from a) follow.

b) results from (2.3.7) and the proof of a). |

3.4 Characterization of Special Cases of SDDP
Problems

Throughout this Section we investigate SDDP problems where ”identical
basic costs” (in other words, unit distances) are supposed. Without loss of
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generality (see Lemma 3.3.1) we can set k;; = 1 for i # j (ki = 0 have to
be valid according to (3.1.2)).

Optimal decisions of such problems can be used as approximate solu-
tions of corresponding SDDP problems, in which the basic costs differ only
slightly from each other. Such optimal decisions can also be used as starting
decisions if corresponding SDDP problems are solved by iterative methods,
such as the Howard algorithm, for example.

However, we will also see that is not simple to solve even such special
cases of SDDP problems or to prove that optimally conjectured decisions of
these problems are infact optimal.

Moreover, the corresponding PRMs (in the strict meaning) themselves
lead to interesting combinatorial problems (see Chapter 4). Some conjec-
tures of special SDDP problems can then only be proven in Chapter 4 (see
Section 4.7).

Throughout this section we suppose, as discussed above,

kij =1 Vi#yj,
w0 v } (3.4.1)

Then, the internal costs correspond to the conversion numbers and

> max{0, w; — 5{} in case Cw, sul,
>~ max{0, §f —w;} in case C[su, w]

A (3.4.2)
for all § € An;su;ko(éf, w)
follows (see Lemma 3.3.3).

Thus, the internal costs fulfill not only (2.3.12) (as discussed in Sections
3.2) but also (2.3.13) (see Section 2.3.2) in the case of identical basic costs.

Hence, the corresponding average one-step reward functions are indepen-
dent of the decisions (see (2.3.14)).

(Comparisons of the average reward functions are possible simply by us-
ing the formulas from the following theorem 3.4.1.)
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According to Theorem 2.3.8, an almost-partial order of the states exists
which means that the complexity of computing optimal decisions can be
reduced (refer to Corollary 2.3.9).

Furthermore, the average one-step reward functions are equivalent to the
expected conversion numbers of a stage.

We can now make the following conjecture:

Decisions for feasible states s with minimum ~(s)

are optimal, if (3.4.1) is supposed (Con3.1)

(without further conditions for the probability functions.)

(Such solutions would not be obvious for MDPs. We can think of the
demanding conditions of the matrices of transition probabilities in the case
of dominance (see Section 2.3.3.2).)

Weaker conjectures follow with additional conditions for the probability
functions.

Let w;, © =1,2,--- ,n be independent and let
q¢i:Zy — [0,1],i=1,---,n
with

ko,
¢i(2) #0 & 2¢€{0,1,--- ,ko,} and 2%(2’) =1
2=0
be the corresponding probability functions.
Then, q(z) = .ﬁl qi(z;) for z € Z follows (see (3.2.7)).
In particular, W_e designate the two cases:
gi(wi) = g i=1.2,-m (3.4.3)

(this means w; are discrete uniformly distributed)

and

w;, 1 =1,2,---n are independent and identically distributed, (3.4.4)
where ko, = ko, = --- = ko,, is assumed. o
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Then, the corresponding conjectures are:

Decisions for feasible states s with minimum ~(s)

are optimal if (3.4.1) and (3.4.3) are assumed (Con3.2)

and

decisions for feasible states s with minimum ~(s) (Con3.3)
are optimal if (3.4.1) and (3.4.4) are supposed. '

Furthermore, we will see that conjecture (Con3.3) is equivalent to:

Decisions for feasible states with least square sums of their

components are optimal if (3.4.1) and (3.4.4) are supposed. (Con3.3a)

(See Lemma 4.2.2 and Definition 4.1.1(a), (c¢) in Chapter 4.)

At this point, we have dealt in detail with conjecture (Con3.3) and have
proven this conjecture for many cases.

SDDP problems involve combinatorial aspects (in particular) if (3.4.1)
and (3.4.4) are assumed. Therefore, several considerations for special SDDP
problems can only be found in Chapter 4.

Whether the conjectures (Con3.1) and (Con3.2) are true seems more
questionable. (They are true for specific examples.) Otherwise, these con-
jectures have not been further investigated.

At the very least, the almost-partial order of the states mentioned above
exists, which means that the complexity of computing of optimal decisions
can be reduced if (3.4.1) is supposed (see the following Section 3.5 also).

In Section 3.4.1. we give formulas for computation of the average one-step
reward functions under condition (3.4.1).

In addition, in Section 3.4.2 we will see that special SDDP problems can
be reduced. This will also prepare us for Chapter 4.
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3.4.1 Average Reward Functions of SDDP Problems with
Identical Basic Costs

Theorem 3.4.1. Let a SDDP problem (modelled as MDP) with identi-
cal basic costs ((3.4.1) is therefore fulfilled) be given, (where Sp.su:ky =

{5t 52, ... 5"}).
Then, the average one-step reward functions v = (y1,--- ,7v)L are inde-
pendent of (feasible) decisions and the following formulas are valid:

(@) A = ¥ (2 max{0, 5/ — wi}) a(w) + R(n, su, ko.q).

wEBn;kO 1=1

(b) if, in addition, w;, i = 1,2,---n are independent (this also means

ofw) = [T ai(w)

s/
v(37) = Z Z (8] = wi) qi(wi) + R(n, su, ko, q),
(c) if, in addition, (3.4.4) is supposed and qo :=q =q ="+ = qn

v(37) = Z:: i: (37 — wy) qo(ws) + R(n, su, ko, q),

(d) if, in addition, (3.4.3) is supposed

v(37) = 5_2 kjjf + R(n, su, ko, q) and

(e) if (3.4.3) and (3.4.4) are additionally supposed
]{?0 !:]C()l :/{702 :---:kon

167) = 355 25 + Baln, su, ko)
where R(n, su, ko, q) = > q(w)(>_ w; — su) and
wEBn;kO:C[w,su] 1=1
Ri(n;su; ko) = (ko+1) > (> w; — su) + o)

WE Bk, :Clw,su] 1=1

are independent of st
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Remarks 3.4.1. In Section 4.2.2 we will see that
160 > & LED > LEY

if & is a successor of & (see Definition 4.1.1(a), (c)) and (3.4.1) and
(3.4.4) are assumed (see Lemma 4.2.2(a)).

Proof of Theorem 3.4.1: According to (2.3.8) (first equation), the average
one-step reward functions of DA MDPs are computed as follows

yE ) =Y > e q(w).

8 w:sl=d(3f w)

Together with (3.4.2)

UCIERCRURND VN O o USRS RTCY

WE By :Clw,su] \i=1
n
bn (w0 - wi) ow
WEBp, koD wi>su \i=l
for any d with d(37,w) € Ap.suky (37, w)

and

6= 5 (S max(0,5 - wi}) aw)

wEBn;kO =1

+ % (é (max{o, w; — 3} — max{0, 5/ — w})) g(w)

WE By :Clw,sul
(*1)

follow.
Since

n n n

Z (maX{O, w; — 55} — max{0, §f — wz}) = Z (wZ — éf) = sz — su,
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the relation

N> (imax{o,s{—wi}) aw) + Rin,su.kod)  (+2)

U}GBn;kO 1=1

where

R(n,suko,q) = 3 aw)(Q_wi—su) (*3)

WE Bk, :Clw,su]

is valid and (a) is thus proved.

If, in addition, w;, ¢ = 1,2,---n are independent, then using the defini-
tion of B, the equation (*2) can be transformed into:

kol k02 kOn n f n
T SN SIS ( max{0, 5 —wi}) [T a(w)
w1=0 wy=0 wyp=0 \2=1 =1

+R(’I’L, su, kOa Q)

n
Step by step, we now move the sum ” > ” to the left (outside):
i=1

k01 kOQ konfl n—1 n—1 ko,,
WE) =X ¥ X [( 1maX{0a5{—wz'}> 1;[1 qi(wi) < > qn('wn)>

w1=0w2=0 wWp—1=0 1= wp=0
n—1 ko,, _f
+ IT gi(wi) > (max{(),sn — Wy} qn(wn)) + R(n, su, ko, q).
=1 wp=0
ko,,
Since Y. gn(wy,) =1, the last equation can be slightly simplified.
wp=0

We then continue the transposition of the sums:
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koy Koy ko, o n—2 n—2 ko, 4
VWshHh=% ¥ - X {(Z maX{O,g{—wi}> [ %(W)( > qnl(wn1)>
w1=0wo=0 Wy, —2=0 1=1 1=1 Wy —1=0
n—2 ko, _1
F 1 atw) 3 (max{0,5]1 ~ v} gus(wnoa))
1= Wp—1=

n—2 ko,,_q ko,,
+ .];[1 qi(w;) ( > qnl(wn1)> Z;O (maX{O, 571; — Wy } qn(wn)) + R(n, su, ko

Wy, —1=0

konfl
> Gn-1(wp—1) =1 can be repeatedly used to simplify the equation:

Wy —1=0

kol k02 k0n72 n—2 ~f n—2
VEh= 3 Sy [(zmax{o,si —wi}) T gs(ws)
w1=0 w2=0 Wy, —2=0 1=1 1=1

n— ko,,_4
ST atw) 3 (max(0,5], — wa i} ans(wn )

1=1 Wy —1=0

+ R(”) su, k07 Q)

n—2 ko,,
)

- 131 gi(w;) > (maX{O, - Wy} qn(wn)>

wp=0

The summation of the middle two terms yield:

k'()l k02 kon—Q n—2 ~f n—2
16 = B % e 5 (S maxto.5f — 0 ) Tt
w1=0 w2=0 Wy, —2=0 =1 =1
n—2 n ko, f
I alw) S (max{0,§i —w;) qi(wi)) + R(n, su, ko, q)
i=1 i=n—1w;=0
n—2
Iteratively, we move the ” >~ to the left (outside):
i=1
n k?oz-
&3 =3 (max{0,§lf — w; } ql(fwz)) + R(n, su, ko, q).
=1 wi:0

The following is equivalent to this equation:
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v(37) = z:: %2 (s —w;) qi(w;) + R(n, su, ko, q)

and (b) is thus proved.
(c) follows directly from (b).

In the case of discrete uniformly distributed requirements, we set
qi(w;) = ﬁ (1e€{1,2,--- ,n}, w; €{0,1,--- ko, }) in the last equation:

=1 w;=0
= Z k01+1 E (31 _wi) +R(7’L SU ]{30 q)
1=1 v w;=0
n
- Zl k:oz,1+1 (ng(:é{ +1) - 5{(5]0 + 1)) + R(n, su, ko, q)
1=
5/ (] +1
- % - Slk:((iz—{—l ) + R(?’L, su, kO: Q)
1=
Thus, (d) is proved.
In order to prove (e) we use ko, = ko for i = 1,2,--- ,n and:

y(37) =1 > 52D 4 R(n, su, ko, q)

— hotl
= 57 i((f)—i—S)—l-R(nsuk )
T 2 ko+1 — 0,4
— LSy R k
2 ko+1 2—31( ) + 2(k:0+1) + R(n, su, ko, q)
= STt ;(55) + Ri(n; su; ko)
where Ry (n; su; ko) = gy 2 (2 wi = su) + 57,

WE Br gy :Clw,su] =1



140

follows. n

3.4.2 Reduction of SDDP Problems with Identical Basic Costs
and Independent and Identically Distributed
Requirements

To begin, we discuss the possibility of reduction of DA MDPs in general.

Definition 3.4.1. Let a matriz A = (ay;) j=1,..,m be given. If sets of indices

I=1,---,m

Iy, ={hy—1+1, hym1+2, -+, by}, v=1,2--- 7 with hg =0,
hy—1 < hy, hy = m and a matriz Ar exist so that

AR = (va)yi,:,r and

Sap=o0pVfel,Vy=1,--,r,Yo=1,-- 1 (3.4.5)
1€,

then A is called reducible (in relation to the sets of indices) and Agr is the
reduced matrixz corresponding to A.

Lemma 3.4.2. Let a MDP(N = o0,S, AM P ~) (as in Section 2.3.1), a
decision function d with the corresponding matrix of transition probabilities
P? and the vector of average (one-step) reward functions ¥* be given, where
P? satisfies (2.8.3). Furthermore, let a set of indices as in Definition 2.1.1
and a reduced matrix Pf% corresponding to P in relation to these sets of
indices exist and let

d d d
Yhy 141 = Vhy a2 =" =, Vo=1,--- 1 (3.4.6)

be valid for the average (one-step) reward functions <.
7?{ e R with 7%1; = ng Vo=1,---,r 1s the reduced vector corre-
sponding to v* in relation to the sets of indices.

Then, P% also satisfies (2.3.3). The solution (gr,vr) € R x R" with
vr, = 0 of the Poisson equation (2.3.5) for P]f% and ﬁl{ then yields the solu-
tion (g,v) € R x R™ of the Poisson equation (2.3.5) for P* and v in the
following way
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g=gr and
Uhy 141 =Vhy, 42 ="+ =Vp, =VR, VU=1,--- 71 (3.4.7)
(with vy, = 0).

This Lemma can be simply shown using (3.4.5).

Definition 3.4.2. Let a DA MDP(N = oo0,S,AM P,~) (as in Section
2.3.2) be given, which is constructed by means of DA decision functions cf,
DA decision sets A(3,w) and internal costs ¢ which satisfy (2.3.13), (where
S = {5,5%,... ,5™}). Furthermore, let I, = {hy_1+1, hy_1+2, -+, hy},
v=1,2,---,r with ho =0, hy_1 < hy, h. =m be sets of indices.

Then,
SY = {Fheotl a2 gy = 1,2, (3.4.8)

are subspaces of states related to the sets of indices.

S = {s!,s% ... 5"} is called reduced state space where
sV = ghe-1tl (3.4.9)
are representatives of the sets SV (v=1,2,---,r).

A(s?,w) = {s¥1,s%2, -+, %= is called the reduced DA decision set (in
relation to the sets of indicef), of w*e B for a=1,2, -+, hy — hy_1
with w' = w and S&’ C SY8 for B(= B(v)) =1,2, -, z(v) exist so
that

A(ghv—1+a’ w*) = {S’gl’ 5’32’ - ,S’ZZ(U)},
w') = g(w?) = --- = g(w" 1) and . (3.4.10)

ghvfl‘f'l,wl) — é(ghvfl‘i‘Q’wz) A — é(ghv’whv_hvfl)

é(s%,w) = ¢(8M who=ho-1) (3.4.11)
15 defined.

The set of DA decision sets {A(3,w) |3 e S,w e B} is called reducible
if reduced DA decision sets exist for all v=1,2,--- ,r, w € B.
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 If the set of DA decision sets is reducible, then a DA decision function
d with

d(ghv=17 ) e 890, Va=1,2, -+, hy —hy_1, (0=1,2,---,7)
(3.4.12)
is also called reducible (in relation to given the sets of indices).
In addition,

d(s*,w=w') = s%(v)(:: §hy/3<v)_1+1), v=1,2--- 1, weB (3.4.13)

is the reduced DA decision function.

Lemma 3.4.3. Let a DA MDP(N = 0,5, AM P,~) (as in Definition
3.4.2) be given where the set of DA decision sets is reducible with respect
to the sets of indices I, = {hy—1+1, hy_1+2, -+, hy}, v=1,2,---r
with hg =0, hy_1 < hy, h, = m.

If a DA decision function d is reducible (in relation to the sets of
indices), then a reduced matriz of transition probabilities PI% whaich corre-
sponds to P? and a reduced vector of average (one-step) reward functions
'yj‘é corresponding to 'yd exist.

Proof. That P?¢ is reducible follows simply from (2.3.7) together with
(3.4.12) and the second equations of (3.4.10).

This along with the first equation from (2.3.8) and the third equations
from (3.4.10) show the reducibility of the average (one-step) reward func-
tions. |

Lemma 3.4.4. Let a DA MDP(N = 0,5, AM P,~) (as in Definition
3.4.2) be given where the set of DA decision sets is reducible with respect
to the set of indices I, = {hy—1+ 1, hy_1+2, -+, hy}, v=1,2,---,r
with hg = 0,hy—1 < hy, hy, = m. Furthermore, let (2.53.3) be valid for all
stationary policies.

Then, an optimal DA decision function exists which is reducible.

Proof. Based on the given DA MDP we construct a new corresponding
reduced DA MDP, whose state space is the reduced state space (see Defini-
tion 3.4.2).
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Further characteristic quantities of the reduced DA MDP are constructed
by means of the reduced DA decision sets, the reduced DA decision func-
tions and the internal costs from (3.4.11), as in Section 2.3.2.

According to Lemma 3.4.3, a reduced matrix of transition probabilities
Pf—l{ corresponding to P? and a reduced vector of average (one-step) reward
functions 4% which corresponds to 4 (in relation to the given sets of indices)
exist for any reducible DA decision function d.

Now, let d* be a reducible DA decision function whose reduced DA
decision function is an optimal decision function of the reduced DA MDP.

Then the optimality criterion (2.3.22) is satisfied in relation to this re-
duced DA decision function and the reduced DA MDP.

Solutions of the Poisson equation (2.3.5) with respect to the reducible
DA decision function follow from solutions of the Poisson equation for the
optimal reduced DA decision function, as in Lemma 3.4.2.

Since the third equations of (3.4.10) are valid for the internal costs
and (3.4.7) for solutions of the Poisson equations, the optimality criterion
(2.3.22) is also satisfied in relation to the reducible DA decision function d*
and the given DA MDP. |

We now discuss:

The Reduction of SDDP Problems with Identical Basic Costs
and Independent and Identically Distributed Requirements

Under the conditions of (3.4.1), the internal costs satisfy (2.3.13) (as dis-
cussed at the beginning of Section 3.4).
If 5 (ordered partition of su) is a state of the state space Sn;su;ko,

then all permutations of § are also elements of this state space since
ko, = ko, = -+ = ko, (see (3.4.4)).

Hence, we use the set S),.5,:1, of the unordered partitions of su with at
most n parts with summands not greater than kg, (where the elements of
Snisu:k, are expressed as n-dimensional vectors, meaning s = (s1, 2, -+, 5p))
as the reduced state space corresponding to S‘n; suko if (3.4.1) and (3.4.4) are
supposed.

(Let 7 := | Sp.su;ko | be the number of the restricted partitions.)
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That implies that the sets of indices (see Definition 3.4.2) are determined
such that each corresponding subspace of states which is related to the set
of indices includes all permutations of a state from the original state spaces.

Since w;, 1 =1,2,---n are independent and identically distributed,
the probabilities of permutations w, of w are equal: ¢(w;) = q(w).
(Thus, the second equations of (3.4.10) are fulfilled.)

If

A

An;su;k()(g? w) = {s¥*,8%2,...  3Y%} (3.4.14)

is a DA decision set, §; a permutation of § and w, an analogous permutation
of w then the DA decision set A, sk, (57, W) is:

A o — oY1 gyY2 oYz
An;su;ko(sm wﬁ) - {Sgr L SH 737yrz}>
where 57° (8 =1,2,---, %) are permutations of 5¥8, which are analogous to

the permutation s, of s.

Furthermore, (3.4.1) yields

(8, w) = é(Sp, wy)

o>

for a permutation §; of § and an analogous permutation w, of w.

Hence, An;su;ko(é,w) are reducible for any § € gn;su;ko, w € By, (see
Definition 3.4.2).

Corresponding reduced DA decision sets are /ln; susko (S, w) = {s¥1, Y2, ... [ s¥=}
(s € Snisuske, W € Bpuk,) if (3.4.14) is assumed.

Together with (3.2.11) this implies

Apsusko (8, W)
/ : /.
3 s permutation of s :

~/ . .
= {5 € Sty | Vi < & <mazx{s;,w;}, i=1,--+ ,n, in Clw, sul,

min{s;, w;} < s, <w;, i=1,--- n, in C[su,w)
(3.4.15)
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According to Lemma 3.4.4, optimal reducible DA decision functions for
SDDP problems exist if (3.4.1) and (3.4.4) are supposed. These optimal
reducible DA decision functions can be completely described by means of
optimal DA decision functions of the corresponding reduced SDDP problems
and corresponding permutations.

Average one-step reward functions for reduced SDDP problems can be

computed by means of the formula from Theorem 3.4.1(c) (consider also
(3.4.6) and Lemma 3.4.3). 12

In Section 4.7 we will show that the conjecture (Con3.3) is true for SDDP
problems (with identical basic costs and discrete uniformly distributed re-
quirements) with arbitrary but fixed number of states, with exeption of
perhaps a finite number of such problems (see Corollary 4.7.1).

Here we also introduce the symbol d*:

Under the conditions (3.4.1) and (3.4.4), let a reduced SDDP problem be
given.

d* denotes the DA decision functions with decisions for feasible states

with minimum average one-step reward functions.
(3.4.16)

3.5 Notes on the Solution Methods of SDDP
Problems

To begin we discuss possibilities to compute exact solutions of SDDP prob-
lems.

However, if the number of states is very large, then the computation of
exact solutions is hardly realizable. Therefore, we deal in the final part of

12This cannot be more simply computed for the following reasons: The internal costs of
(not reduced) SDDP problems fulfil (2.3.12) (as discussed in Sections 3.2 and 3.3), which
means ¢(57, w, §') = &(57, ') where 8 € Ap.oun, (37, w).

However, (2.3.12) is not satisfied for reduced SDDP problems (with identical basic costs
and independent and identically requirements) since different permutations of s' fulfil the

inequalities of (3.4.15) for differing w, in general.
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this section with heuristics.

In principle, we can use all of this for the solution methods of SDDP
problems (modelled as DA MDPs), as was generally stated in Section 2.3.5
for the solution methods of DA MDPs.

SDDP problems can therefore be exactly solved by means of the Howard
algorithm prepared for DA MDPs (see Section 2.3.5).
In addition, all decision sets Aj,.sy:k, (S, w) must be determined according

to (3.2.11) and the internal costs (é(s/,s!))s=1...» (as a basis for average
=1,

ce,T

(one-step) reward functions, see (2.3.8)) must first be computed according
to (3.2.12).

Decisions as in Section 3.4, thus also optimal decisions of corresponding
SDDP problems with identical basic costs, may come into consideration as
initial decisions for the Howard algorithm.

If one would like to solve SDDP problems as cost-parametric DA MDPs
according to Algorithm 2.3.2 (Section 2.3.4.2), or theoretically investigate

in this way, then the following specifications should be applied to Algorithm
2.3.2:

Regarding the step 1 of Algorithm 2.3.2, suggesting a parameterization
of the costs (as described in Section 2.3.4.3) is to be made here on the basis
of the basic cost, for instance in the following way:

Kigjo + V(kij — Kigjo) with
kiojo = mzn{k‘m ‘ 1,] € {1,2, ...,n}, Z#]}, RS [0, 1] .

Without loss of generality, according to Lemma 3.3.5 and Lemma 3.3.1,
we can set:

(3.5.1)
and the parameterization 1 + ¥(k;; — 1)

follows.

This means (3.4.1) and thus (2.3.13) are valid in relation to the initial
parameter v = 0.

Then, (considering Lemma 3.3.6) the assumptions for (LPC) and (2.3.42)
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are also fulfilled for the resulting cost-parametric DA Markov decision pro-
cess, where

1 ifse B
{ko, K} CRY xRY, kg = | 05 = . .%J. ;
0ifi=y i=1,...m

R = (kij — 5@') i=1,...,n .
J=1,..., n
In relation to step 1 of Algorithm 2.3.2 (where ¢ = 0) and its application to
SDDP problems with the above parameterization of the costs, we find that:

- either decisions for states with minimal average (one-step) reward func-
tions are already optimal (refer to the Conjectures (Con3.1), (Con3.2)
and (Con3.3) and Corollary 4.7.1 in Section 4.7)

- or the the complexity of computing the optimal decisions can be re-
duced (see Theorem 2.3.8 and Corollary 2.3.9) since in this case an
almost-partial order of the states exists (as discussed in detail follow-
ing Algorithm 2.3.2 in Section 2.3.4.2).

If the parameter ¢ increases, then the violations of the optimality are sin-
gle violations (Definition 2.3.6) in general and the optimal decisions can be
purposefully computed for the increasing parameter ¢ > 0 (as discussed in
detail in Algorithm 2.3.2).

It is possible that the additional conditions (AC1), (AC2) and (AC3)
from Section 2.3.4.2 are satisfied for SDDP problems or for certain subsets of
such problems. If (AC3) is valid, then step 2 of Algorithm 2.3.2 is a greedy
algorithm as discussed in Section 2.3.4.2.

For the following Example 3.5.1 this is indeed the case.

Proofs of such statements have, however, not yet been completed. These

could be just as complicated as the proof of Conjecture (Con3.3) in Chapter
4.

Example 3.5.1. We consider SDDP problems with
n=3, su=>5, kg =(3,3,3),

w; (i =1,2,3) discrete uniformly distributed random variables,
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, kell,o0)

(thus the distance properties (3.1.2) are valid for all k € [1,00)).
Let the SDDP problems be modelled as DA MDPs (for k € [1,00)).

Initially, the state spaces include 12 states. However the SDDP problems
can be reduced, so that the state spaces of the reduced problems include only
7 states:

3 3 2 3 1
st=12],s2=(0].>=(0]|,s'=|1].,s°=[1],
0 2 3 1 3
2 2
sf=12],s"=[1],
1 2
by reason of the given basic costs (kij)i=1,23 and the discrete uniformly
7=1,2,3

distributed requirements w; (i = 1,2,3).

We can consider the SDDP problems (with k € [1,00)) as cost-parametric
SDDP problems (where k =1+ 19).

Calculations by means of a computer led to the following results:

Decisions for feasible states with minimal average one-step reward func-
tions are indeed optimal for k =1 (thus for 9 =0).

If the parameter ¥ increases, then the violations of the optimality are sin-
gle violations (see Definition 2.3.6) and the following single decisions have
to be changed for optimal solutions:

A d(sf w) =5 to d(sf,w) = s
for f =1,4,6 and certain calculated w € B,
B: d(sf,w)=s% to d(s,w) = s
for f =1 and certain certain calculated w € B,
C: d(sf,w) =s* to d(sf,w) = s
for f =2,3,5,7 and certain certain calculated w € B,

D:  d(sT,w)=5" to d(sf,w)=s"
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for f =3 and certain certain calculated w € B,
E: d(sf,w)=s" to d(sf,w) =
for f = 3,5 and certain certain calculated w € B,

more detailed:
Y 0, 272 0, 466 1, 276 2,393 5, 101
Change: C A D E B.

(Single decisions with corresponding minimal internal costs are optimal for
v > 5,101.)

In addition, we note initially that
3

S22 ()2 = (2 = 13> Y (sh2 = S ()2 = 11
; ) =1

i=1 i=1 i=1 i=1
3 3
> S (s9)2 = S2(s1)2 =9 and the changes C, A, D (for smaller 9)
i=1 i=1

include the differences of square sums of the corresponding states:
2=13—-11 for C and 2 =11 -9 for A and D contrary to the changes
B and E (for greater ¥) with differences 4 =13 — 9.

Furthermore, the additional conditions (AC1), (AC2) and (AC3) from
Section 2.3.4.2 are definitely valid for this example.
However the validity of (AC3) seems to only be based on the the small

variation between the states s', s, s°.

A great difficulty of computing exact solutions of SDDP problems is:

The number of states of the state spaces can grow rather large for in-
creasing n and k. For example, state spaces with more than fifty billion
states exist only for n = 10, kg, = - - - = ko,, = 19.

Then, obviously, B, has 2010 elements. Integers from 1 to 10 % 19 ~
200 are possible for su (see (3.2.3)). Thus, the average size of correspond-

ing state spaces is approximately % ~ 5% 1010 states.

These considerations demonstrate the usefulness of theoretical investiga-
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tions of SDDP problems and of the possibilities for rough estimations of the
quality of feasible solutions and of approximation methods.

We will now discuss a few different approaches for approximation meth-
ods.

The first approach includes only small reductions of state spaces. Parts
which are to be produced and are nearly equal, will be regarded as equal for
the mathematical modelling.

Moreover, the basic costs matrix (k;;)i=1....» can be simplified in such a

=

1,....n

manner that it only includes low and high costs kij, © # j. (Thus, without
loss of generality, ki; = 1 (low) and k;; = & > 1 (high).) Then, (as in
Example 3.5.1) the state space can be reduced to a certain extent. For the
resulting problem an exact solution must then be found.

Further theoretical investigation, for instance with regard to the validity
of the additional conditions (AC1), (AC2) and (AC3) from Section 2.3.4.2,
seems interesting for these approximation methods.

Another approach for heuristics diverts from the deductive conception
which includes all feasible transitions immediately.

In each stage such approaches use the present state s/, the present real-
ization w of requirements, the DA decision set fl(sf ,w), the internal costs
é(st,w, s) with s! € fl(sf, w) and quantities, which are depend on proba-
bilities in a simple way.

The method at the end of Section 2.3.5 can be used in order to find
roughly approximate solutions (see this section).

Additionally, the relation sl < g (which is implied by the almost-partial
order, see Theorem 2.3.8) can be replaced by relations such as

y(sl_) = > <i max{0, sg — wi}) q(w") + R(n, su, ko, q)

w’EBn;kO =1
n
>a) = (S maxo,s— uf} ) alw)+ Rlnsu.ko.a),
UJIEBn;kO =1
thus

S (Lwaosl-up)) aw) > L (w0 - u) aw)

U)IEBn;kO =1 w’EBn;kO 1=1
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(see Section 3.4, Theorem 3.4.1).

Furthermore, the condition é(s/, w, s') < é(sf, w, s!) (see the method at
the end of Section 2.3.5) for changes of the single decision d*(s/,w) could
be connected with the differences of the states s' and s’ expressed by the
corresponding square sums of these states (see also the note corresponding
to Example 3.5.1).

Another heuristic of this type can be found in [22], Chapter 2 or [24],
Section 4.1. The probabilities of "optimum domains” are maximized as sur-
rogate problems for SDDP problems. These surrogate problems are a kind
of two stage problem and are suitable for SDDP problems with log-concave
distributed disturbances.

Finally, we note that another origin for heuristics is the on-line optimiza-
tion. At the end of Section 1.2 we have referred to connections with k-server
problems. Several ideas from on-line algorithms for k-server problems could
be included in heuristics for SDDP problems. Among other things and also
concerning probabilities, k;; themselves would be used in order to determine
heuristic solutions. ¢;; would play a role if the states of SDDP problems
modelled as DA MDPs (which means partitions) are considered as states of
metric task systems. (However, keep in mind that probability functions are
given for the requirements of SDDP problems as noted in Section 1.2.)

Investigations with regard to useful heuristics for SDDP problems are far
from being finished.






Chapter 4

Partitions-Requirements-
Matrices

Partitions-requirements-matrices (PRMs) are on the one hand matrices of
transition probabilities for certain SDDP problems which are modelled as
DA MDPs. On the other hand, PRMs themselves represent interesting
(almost self-evident) combinatorial structures, which have not yet been dis-
cussed in literature.

General PRMs are constructed on the basis of ordered restricted parti-
tions of integers and PRMs (”in the strict meaning”) on the basis of un-
ordered restricted partitions of integers.

PRMs (in the strict meaning) are matrices of transition probabilities
for reduced SDDP problems (see Section 3.4.2) and for decisions for feasible
states with least square sums of their components. In Section 4.7 it is shown
that these decisions are optimal for a great (infinite) number of SDDP prob-
lems.

In Chapter 4 we dealt primarily with PRMs in the strict meaning.
Special consideration was taken to ensure that the treatise of Chapter 4
can be essentially understood independent of Chapters 2 and 3. Relation-

ships to Chapter 3 are marked extra. They can be omitted if one is only
interested in PRMs.

153
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As a partial order on (un/)ordered restricted partitions of integers we
use dominance (or majorization) ordering (see Section 4.1) which can, for
instance, be found by Marshall, A.W. and Olkin, I. (see [26]).

The definition of PRMs (in the strict meaning) includes that PRMs can
initially be computed by means of simple enumeration. However this is a
laborious method. To date no formulas are known for most of the elements

of PRMs.

In Section 4.3 it is demonstrated that by making use of the definition of
"perturbed partitions” elements of PRMs can be computed more effectively
(in comparison to the enumeration). However, permutations with certain
characteristics must additionally be determined. This section, as also Sec-
tion 4.5 may be skipped by readers, which are only interested in results that
have meaning for SDDP problems.

Limits of elements of certain PRMs are computed in Section 4.4. In order

to accomplish this, sets of (unordered) restricted partitions of integers must
be classified before hand.

In Section 4.5 (partial) results of PRM elements are given.

A polynomial, and sometimes an exponential, dependence of the ele-
ments of PRMs on the parameters, which determines the restrictions of the
partitions, will be shown in the case of discrete uniformly distributed re-
quirements by means of perturbed partitions.

Formulas for the elements of the last row and the last column of certain
PRMs are also given.

Poisson equations which are based on PRMs are considered in Section
4.6. The "monotonicity of their solutions” is proven in many cases. This
implies that the decisions for feasible states with least square sums of their
components are optimal for the corresponding reduced SDDP problems.

The solutions of the Poisson equations, with regard to the limits of PRMs,
have an elegant structure, in contrast to the formulas for the limits of PRMs.
These solutions include in relation to the distribution of requirements gen-
eralized harmonic numbers.

We use the symbol ”s” from here on for the denotation of the partitions
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in agreement with the denotation of the states in the previous chapters. An
s with the additional symbol ~ signifies an ordered partition and serves as
distinction from the unordered partitions.

4.1 Arrangement of the Partitions

This section serves as basis for what follows.

As a partial order on (un/)ordered restricted partitions of integers we
use the dominance or majorization ordering (see [26], Marshall, A.W. and
Olkin, I.,Chapter 1. A., B. and Chapter 5. D.).

In relation to the reduced SDDP problems (see Section 3.4.2), we will
see later that the above mentioned partial order includes the almost-partial
order of the states of the reduced SDDP problems. According to Theorem
2.8.8 and Corollary 2.3.9 this is implied by optimal solutions. (This will be
proven for most cases).

The dominance or majorization (ordering) includes that

- the "difference” between neighbouring partitions is as small as possi-

ble,

- the square sums of the parts of the partitions become smaller.
(See also the following Definition 4.2.3 of PRMs (in the strict
meaning).)

The dominance (ordering) implies that sets of restricted partitions of inte-
gers are lattices.

In particular the terminology ”main minimum chain” will be introduced,

which is important for the dominance of corresponding SDDP problems (see
Section 4.6.2.2).

As usual, we introduce ordered and unordered partitions first. Then we
will consider only the unordered (in general restricted) partitions.
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A more detailed representation of the topic in this section can be found
in [21].

Initially, for y € Z™ we define the vector ylii;ia] with

y; +1 for i =11,
yi[il; ig] = Y; — 1 for 1= ig, (4.1.1)
Yi otherwise.

Furthermore, let

eneN n>3(or2),sueN

e cither ky € Z with

ko < su < n ko (4.1.2)
or kg € Z with
n
(max ko, <) su < ; ko, (4.1.3)
® ~n;SU;ko ={5e€Z |0<5; <kpfori=1,--- ,n,fjléi:su} 1
i=

- the set of the ordered partitions of su into at most n parts, each not
greater than ko, :

In this book the elements of Sn; susko are expressed as n-dimensional
vectors, meaning that § = (51, S2,- -+, 5,) (with §; < ko,).

An element of gn;su;ko is called an ordered restricted partition (of
su) and §; a part or component.

ri= \S'n, su:ko| 1S the number of the restricted ordered partitions.

® Sy.suk, - the set of the (unordered) partitions of su into at most n
parts, each not greater than kq:
The elements s of \S,.q.1, are also expressed as n-dimensional
vectors, meaning that s = (s1,$2, -+ ,$y,). ((Unordered) partitions s

"'We will continue to use the symbol ”s” for the denotation of the partitions in agreement
with the denotation of the states in the previous chapters.
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and s’ are equal if s’ is a permutation of s.)
An element of Sy, 5.k, is called a restricted partition (of su).

7= |Sn.suko| 1 the number of the restricted partitions. 2

Definition 4.1.1. .

(a) The restricted partitions sf e Shisuzko and s e Snisu:ko are called neigh-
bouring if there permutations st of s/ and st of s exist such that

%Z \si;—sﬁu | =1.
7
If Z(s{)2 > > °(s)2, then s/ is called a direct predecessor of s
i i

and s' a direct successor of s/ (with symbols: s/ - s!).

(b) A sequence of partitions sh sfo ... st s called a chain 3 if sTi is a
direct predecessor of s/it1 for each j € {1,--- ,z—1}. In this case s
is called the least element and s/= the greatest element of the chain.

(c) s! is called a predecessor of s and s' successor of s if there is a chain
with least element s/ and greatest element s (with symbols: s/ — s').

(d) Let SP be a subset of Sp.suk,- A restricted partition sf € SP is called
the least element of SP if s/ — s for each s € SP (s # s). More-
over, st € SP is called the greatest element of SP if s — s for each
s€SP (s#sh).

An equivalent definition of neighbouring partitions is yielded by

Lemma 4.1.1. Let s/ € Sh:susko s st e Shnisusko b€ given with
si>s8 > >sp fory=1,2.

Then, s! is a direct predecessor of st if and only if

di4q,19 : (Sl > gl ) VAN (Sl = Sf[ig;il]).

11 = 2

*The theory of (unordered) partitions is complicated and presents a number of inter-
esting problems, see [3].

3In the following we use the above definition of the chain, which varies slightly from
the usual definition of a chain.
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Proof.

1. (=): Let s{ > sg >0 > sfb and let s/ be a direct predecessor of s
according to Definition 4.1.1(a).

Since 3 > sic — sk | =1 for a permutation s’ of s', the partitions
(3

s/ and s are different in only two parts:

sﬁrz = s/[jo;40] with ig > jo and s{o > s/ 4+ 1 because

> (s])? > (sh2.

(3

It Szfo = Szfo+1 == 5{0+a > s{o+a+1 then si% = 3{0 — 1 should be
ol —of
exchanged with smoJra(— S ta)-
) . | f N |
If Sl = Sjo1 = =S5 _3 <S55 then 810 = o + 1 should

be exchanged with sﬁ% 5 (= S,{o)

Then, the coordinates of s. are also ordered monotonically increas-
ing and the condition from Lemma 4.1.1 is satisfied.

2. («=): If the condition from Lemma 4.1.1 is fulfilled, then it immediately
follows from Definition 4.1.1(a) that s/ is a direct predecessor of s'.

Lemma 4.1.2. S),.q,.k, has a least and a greatest element (31 and s", respec-

tively). Furthermore, for any s € Sp.su:k, @ chain with s, the least element
being s' and the greatest element s”, exists.

(The proof can be found in [20], Lemma 4.6.)

Example 4.1.1. Let Sp.su:k, with n =3, su=19 and kg = 5 be given:

—
I
=~ Ot
V)
[\)
I
W Ot
V)
w
|
DO Ot
VAl
[N
I
P~

53,955 = 4 S

(@)
—
[\)
—

V)
ot
I
w
V)
(@)
Il
w
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The relations: direct predecessor — direct successor are represented in the
following diagram:

5 5

3

(1)
/R
<2>%®\%<§>%@

s' is the least element and s% is the greatest element of 53.9:5-

Definition 4.1.2. A chain with the least element s/ and the greatest ele-
ment st is called a minimal chain if no other chain with the same least and
greatest elements and fewer partitions exits.

Definition 4.1.3. A chain s/t,sf2 ...  sl= (where, without loss of generality
S{y > sgy > 2> Sfly fory=1,---,z) with the property
P — Y e f -4 __ f - f - fz
slv = slv=1[j,:4,] where s;/7 " =max{s;" | 5;""" > 57"}

and sfi’_l = miil’l{Sny_l | s{y_l < sl*}

fory=2--- 2 1s called main minimal chain.

In Example 4.1.1 the chains s', s?, s> and s!, s?, s° are minimal chains with

the least element s' and the greatest element s°. The latter chain is also a
main minimal chain.

Lemma 4.1.3. .
a) A main minimal chain is also a minimal chain.

b) A minimal chain with the least element s/ and the greatest element
s'= includes

n
D sfl—sfz | +1 partitions, where s} > sb, > --- > sl forl = f1, f..
j=1

stv is an element of a minimal chain with the least element sf' and
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the greatest element s’ if and only if a permutation sfry of slv exists

so that

Proof. Obviously, the number

%: | sf — s;.cz | + 1 corresponding to s/2,

a direct successor of sf1, is at most one less than the number
D 3?1 — s;-cr | + 1 corresponding to s/*. Analogous to Lemma 4.1.1
J

we can suppose here that the components of s/2 are ordered monotonically
increasing. Hence, consideration can be successively applied.

Thus, chains with the least element s/ and the greatest element s/= in-
clude at least 3> | sfl — sfz | 4 1 partitions. Clearly, the main minimal

J
chain includes this number of partitions. Therefore, the main minimal chain
is a minimal chain and a) and the first statement of b) are proven.

Now, let s/v satisfy the condition from Lemma 4.1.3b) and without loss

of generality let s{y > sgy > 0> sfly. If we combine a minimal chain with

the least element s/1 and the greatest element sv and a minimal chain with
the least element s/v and the greatest element s/= then a chain with

T b P P
P s - i s s = A s s ()
J J J

partitions follows which is thus a minimal chain with the least element s/1
and the greatest element s/.

If s/v does not satisfy the conditions from Lemma 4.1.3b), then simple
computations with absolute values show that in place of the equals sign a
>-sign is correct in (*). Thus no chain with the least element s/!, the great-
est element s/=, the element s/v and 1 > | s/t — s/= | 4 1 partitions exists.

j
O

Whether a partition is a predecessor or a successor of another can also
be confirmed by the following Lemma in place of Definition 4.1.1.

Lemma 4.1.4. (Muirhead 1903, see Section 5.D. in [206])
Let s/t s72 be different partitions where (without loss of generality)
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sy > sh > > sl forl= fi, fo.
Then st — sf2 is valid if and only if
L L fo -
];sj ZZSj for n=1,---,n

j=1
n
(thus _7;1 s;»cl —s?) >0 for a=1,---,n).

Lemma 4.1.5. (See [26], Section 1.B.)

If the relation from Definition 4.1.1(c) is supplemented in such a way
that each partition * bears the relation "—7 to itself, then the relation
"7 implies a partial order ° on sets of restricted partitions (with sym-

bols: (Sn:suzkes —))-

Theorem 4.1.6. Partially ordered sets (Sp;su:k,, —) are lattices. 67

Proof.
(See, for instance, [36] for detailed explanations of the terms lattice, in-

fimum and supremum.)

Let sf1,... s/= be given, where s{l zsgl > .0 > s;fll forl=1,---,z.

Obviously, s with

§1::max{s{l\l:1,-~- ,z} and
J j=1

s;=max{ sil [l=1,---,2z} = > s8; for j=2,---,n
k=1 k=1

is a predecessor of s/ for [ = 1,2, -,z (see Lemma 4.1.4).

Since any predecessor s (where s1 > s9 > --+ > s,,) of all partitions
sfi (1=1,---,2) must satisfy the condition

j j J
Sosp<max{d sl |l=1,--- 2} = s, forj=1,-,n
k=1 k=1 k=1

1A single partition is also a chain.

®This is the ”ordering of dominance or majorization”, see [26], Section 1.B.

®For the term lattice, see [36], for instance.

"In [9] Brylawski has shown such a statement for sets of partitions, whose parts are
not restricted by a ko.
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the partition s is the infimum of {s/1, .. s/=}.

Analogously, 5 with

51::min{s{l |l=1,---,2} and
J j—1
5j : =min{ ) ng l=1,---,2}— > 5 for j=2,--,n.
k=1 k=1
is the supremum of {s/1,... s/} [ |

Properties of the Lattices (Sp.su:k, —)

a)

b)

First characteristic properties of these lattices can be found in Lemma
4.1.3.

The Jordan-Dedekind-Condition (see [36] or [14], Definition 2.1.12) is
not valid for these lattices, in general (see Example 4.1.1).

If the infimum s of two partitions s/ and s/2 is a direct
predecessor of s/t and s/2, then the supremum of s/ and s/2

is a direct successor of s/ and s/2, and vice versa.
(4.1.4)

Proof of property c): Let the components of s, s/ and s/2 be or-
dered monotonically increasing (see also Lemma 4.1.1).

Since s is a direct predecessor of s/t and s/2, indices «, 3,7, § exist
so that s, > s3+1, 5, > s;+1 and sh = s[B;al, s/2 = s[6;7].

In the case that the indices «, 3,7, § are pairwise different, the par-
tition 5 with 5 = s/1[0;] = s/2[3; o] is the supremum and obviously a
direct successor of s/1, s/2.

The cases o = v (6 # §) and 3 = § (o # y) are not possible, since

in these cases s/t or s/2 itself, however not s, is the infimum of s/ and
f2
s/2,

In the case 8 = v (analogously, 6 = «) the partition § with
5 = s[0;a] = s/1[6; 3] = s/2[3; ] is the supremum and a direct succes-
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sor of s/1 and s/? (compare with the method of computation of 5 in
the proof of Theorem 4.1.6).

If the supremum is a direct successor of s/ and s/2, the statement
that the infimum is a direct predecessor of these partitions can be
proved analogously. |

4.2 Definitions of Partitions-Requirements-Matrices
and Initial Properties and Results

General PRMs are constructed on the basis of ordered restricted partitions
of integers and PRMs (in the strict meaning) on the basis of unordered re-
stricted partitions of integers.

PRMs are uniquely determined contrary to general PRMs.

As noted in the introduction of Chapter 4, PRMs are matrices of tran-
sition probabilities of certain SDDP problems, which are modelled as MDPs
(see Chapter 3).

To ensure that the treatise of Chapter 4 can be, essentially, understood
independent of Chapters 2 and 3, the definitions of PRMs from Chapter 3
are restated in Section 4.2.1 and Section 4.2.2.

In Section 4.2 initial simple statements are noted beside the definitions
of PRMs.

In particular, PRMs for ”equivalent sets of partitions” are considered in
Section 4.2.3.

Let us use:

® n, ko, SU, Sp:suskos Onisuske - @S in Section 4.1

® B, = {w ceZl |0<w< ko}, which is called the set of
requirements.
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e We assume that the requirements w are random vectors ® with a
probability function ¢ (with > g¢(w) =1).
wEBn;kO
From Section 4.2.2 on we assume, in addition, that the require-
ments w;, (i = 1,---,n) are independent and identically distributed
for PRMs (in the strict meaning). This implies

a(w) =[] ao(wy), (4.2.1)

where the marginal or ”single” probabilities go(w;) are such that

ko
qo(w;) > 0 for w; € {0,1,--- ,ko} and Zqo(j) = 1. (4.2.2)
j=0

n
e Let Clw, su] denote the case Y w; < su and C[su,w] the case
i=1

w; > SuU. 9

1

n

K3

4.2.1 General Partitions-Requirements-Matrices

Definition 4.2.1. Let s € gn;su;ko and w € By, .
Then,

A

An;su;k‘o (39 UJ)

5 w; < 5; < max{giawi}a 1= 17 ey, imn C[U)?SU’]
=<5 € Sn;su;k:o
min{s;,w;} <& <w;, i=1,---,n, in C[su,w]
(4.2.3)

is called the set of feasible (ordered) partitions with respect to § and
w and § = §(5,w) € Ap.suk,(5,w) are feasible (ordered) partitions with

8We use the same notation for random vectors and their realizations.

mn
In this way it is not necessary to distinguish the case > w; = su.
=1
Regarding the meaning of the cases for SDDP problems refer to the explanations in (3.2.1)
and (3.2.2).
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respect to s and w.

Furthermore § = §'(8,w) is also called a feasible transition from § to §'
for w.

((4.2.3) corresponds to (3.2.11) from Section 3.2. Regarding SDDP
problems refer also to the explanation above (3.2.11).)

The elements py of general PRMs are now defined as the sum of the
probabilities of the w, for which feasible transitions from 5/ to & are given:

Definition 4.2.2. Let Sn;su;ko = {51,5%,..- 5"}, Bu., and feasible
partitions §'(5,w) € Ap.suko (5, w) with respect to every f =1,2,...,7 and
w € Bk, be given.

P = Pusuko = (1) £=1....7 with elements

.....

w:st=3" (37 ,w)
1s called a general partitions-requirements-matrix.

Computation of Maximal Values of Elements of General PRMs

Computation of maximal values (max pg;) of py is simple. (Clearly, not
all elements of general PRMs can be simultaneously equal to their maximal
values.)

For the computation of maxpy;, let ordered partitions sl e S*n; susko and
i e Shisuzky D€ given.

In the case Clw, su]

w; €{0,1,---,3} if & >3 and

w; = S if s

follows from (4.2.3) for requirements w, which satisfy (4.2.3).
The set of requirements w, which fulfil these relations is denoted by B;.
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In case C[su, w]

w; €{5,,5 +1,--- ko,} if 5 <3 and
w; = 8 if 3 > 3l

follows from (4.2.3) and the corresponding set of requirements is denoted by
Bs.

From this

maxpp = >, q(w)+ > q(w)—q(3)
we By wE By

follows if we note that w = & satisfies (4.2.3) in case C[w, su] and in case
Csu, w].

4.2.2 Partitions-Requirements-Matrices

PRMs (in the strict meaning) are constructed on the basis of lattices of
unordered restricted partitions of integers and feasible partitions with least
square sums of their parts (later referred to as ”feasible balanced parti-
tions”).

PRMs corresponding to given lattices of partitions are uniquely deter-
mined.

Following the definition of feasible balanced partitions an iterative method
of their computation will be given. From this it will be clear that PRMs
corresponding to given lattices of partitions are uniquely determined.

At the end of this section, difficulties with effective computations of PRMs
will be mentioned in an example.

Relationships to Chapter 8: PRMs (in the strict meaning) are matrices
of transition probabilities for reduced SDDP problems if (3.4.1) and (3.4.3)
are supposed (see Section 3.4.2) and for decisions for feasible states (un-
ordered restricted partitions of integers) with minimum average one-step re-
ward functions. These decisions are identical to transitions into feasible
partitions with least square sums of their parts (later referred to as feasible

balanced partitions), which is shown in the following Lemma 4.2.2. See also
Lemma 4.2.5.
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Definition 4.2.3. Let s € Sy, 5., with (without loss of generality)
81 > 89 > -+ > 8, and w € By, be given.

(a) Then

(b)

A

An;su;k‘o (87 w)

3 sl permutation of s’ :

= {8 € Spsun | Wi S Smi < maz{siwi}, i =1+ n, inClw, sul,
min{s;,w;} < s <w;, i=1,--- n, inClsu,w]
(4.2.5)

10

is called the set of feasible (unordered) partitions with respect
to s and w and s’ = §'(s,w) € Apsuk, (s, w) are feasible (unordered)
partitions with respect to s and w.

Furthermore, s' = s'(s,w) is also called a feasible transition from s
to s’ for w.

A feasible partition s* = s*(s,w) € Sp.suk, With respect to s and w is
called the feasible balanced partition with respect to s and w
of s* 1s an optimal solution of the problem

n
S (s¥)? — min
i=1
subject to
s* e An;su;k‘o (s,w)

and s* = s*(s,w) is also called a feasible balanced transition from s to
s* for w.

In addition, B}, . (s,s") = {w € By, | s* = s"(s,w)} is the set of
balancing requirements.

An Iterative Method for the Computation of Feasible Balanced
Partitions - Enumeration

Feasible balanced partitions for given s € Sk, and w € B, j, can be

1004.2.5) corresponds to (3.4.15) from Section 3.4.
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computed by the following iterative method.!!

Case Clw, su] :

Set 5% = s.
If (4.2.5) is satisfied, then s* is the desired partition (end) else:  (¥)
Determine a component S;/ of s* with s;f/ = maz{s’ | s >w;} and

. *!
a component s, with s, < w,.

Sets; :3;? —1ands;‘/ :SZ + 1.
Go to (*).

Case Clsu,w] :

Set 5% = s.
If (4.2.5) is satisfied, then s* is the desired partition (end) else:  (¥¥)

. / / . / . / ’
Determine a component s7 of s* with s7 = min{s] | s; <w;} and

< . s«
a component s, with s, > w,.

¥,

>|</_ */ */_
Setsj =5 —|—1andsy = s

Go to (*%).

(For the proof see [18].)

Lemma 4.2.1. Let Sp.suk, = {8',8%, -+ ,s"} and Bpx, be given.

(a) The feasible balanced partition s* = s*(s,w) with respect to s and w
15 uniquely determined.

(b) If 5 € Ansuno(s,w) (feasible partition), then the feasible balanced
partition s* = s*(s,w) is a successor of 3.

"' This section is taken from [18], Section 2.3.
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Proof.
(a) follows from the iterative method for the considered unordered parti-
tions.

(b) We consider the case Clw, su]. (In the other case the proof is
analogous.)

According to (4.2.5) a permutation 5, of § exists so that

S > S5 > w; for i with s; > w;. (x1)

s* is constructed step-by-step over s = s*!, 52, ... s* = s* by the

iterative method (above).

It remains to be shown that s* is a successor of s.

For this purpose unordered partitions §/ € Shisuzko are to be determined
for each s*f (f =1,---.,1) sothat 3 =35/"! or 5/ is a direct successor
of 5/=1 (see Definition 4.1.1) and & = s* in the following way:

Without loss of generality, let s; = 54, for 1 =1,--- n.
5l =3,
s/ with
'_fol 1 ifs <s(f )ands(f D — fo_lfori:io,
5 — E{l Y41 fori=i; with Eil = mm{s Y sf ' < S; - 1)} (+2)
! if an i exists which satisfies the above condltion,
L 5{ -1 otherwise
for f=2,--- L
Let 7 be given with s; > w;, then 3;-“1 =5, > 5; = 511 according to (x1)

and (*2).
If, in addition, 7 =i satisfies the first condition from (%2) then

f > sf for ig with s;, > wj, (x3)

follows successively from (*2).

Z E{:su— Z w; < Z S;kf(S Z 5;)

118, >W; 1:8; <w; 118, >W; 118, >W;

is then valid for any f € {1,---,l — 1} because of 5 =35, (¥2) and the
iterative method.
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Thus 41, which satisfies the desired condition in (*2), in fact exists.

Since S:O(f_l) = max{s; (=) K AN w;} for s RN Z)f
according to the iterative method
G o (1)
11 — zo

follows and furthermore

-1 x(f-1) *(f 1) _ /-1
5. <, =5,

(this means (S { )2 + (E{O N2 > (5)2 + (51)2). Consequently 5/ is a

11 10

successor of /71 or 5/ =35/~1 (if s, (f D _ t)(f_l), 5{1_1+1 :Ei.;_l or
- _f—1
sh=sl).

Fmally, 5l = s* follows from s* = s* and (*3). [

In the following Lemma connections with the average one-step reward
functions and the decision function d* of the reduced SDDP problem from
Section 3.4 are shown.

Lemma 4.2.2. Let Sp.suk, = {s',8% -+ ,8"} and Bpy, be given and
let the requirements w;, (i = 1,---,n) be independent and identically dis-
tributed, where (4.2.2) is additionally assumed.

(a) If s' € Shisuskg 15 @ successor of st e Shissusko (sf # sb), then the
inequality ~(s¥) > y(s') is valid for the average one-step reward func-
tions (which can be computed according to the formula from Theorem

3.4.1(c)).

(b) If 5€ Apsuy(s,w) (feasible partition) then ~(5) > ~(s*) follows
for the feasible balanced partition s* = s*(s,w) with respect to s and
w if §# s,
Thus d* (see (3.4.16)) is identical to decisions for feasible balanced
partitions.

Proof.

(a) We initially show the conjecture for a direct successor s' of s/ from
which (a) then follows.

See Lemma 4.1.1:
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sl +1 for i =i,
Let s' be such that sé[z’l;ig] = Szf —1 for 1= 19,
slf otherwise,
where si; > 8{1 + 1.

Let s € Sy.su:ko- The corresponding average one-step reward function
v(s) can be computed according to Theorem 3.4.1(c)) for independent and
identically distributed requirements:

v(s) = zn: i (si — w;) qo(w;) + R(n, su, ko, q).

1=1 wi:()
And
st s
f ! 2T L f
Y(s') =(s") = >0 (85, —wiy) qo(wiy) + > (83, — wiy) qo(wy)
wiQZO wilzo
sf —1 s +1
12 f /Ll f
—| X (si, = 1—wi,) qolwiy) + > (s7, +1—wi) qo(wiy)
wi2=0 wilzo
352—1 slfl
- Z QO(wiQ) - Z qO(wh)
Wiy = Wiy =0
sﬁ;—l
= > q(w)>0
w:s{l—i—l
follow.

(b) is yielded by Lemma 4.2.1(b) and (a) of this Lemma.
|

Now, the elements of PRMs p}il are defined as sum of the probabilities

of the requirements w, for which feasible balanced transitions from s’ to s
are given:

Definition 4.2.4. Let Spsur, = {s',s% - ,s"} and Bpy, be given

and let the requirements w;, (i = 1,---,n) be independent and identically
distributed, where (4.2.2) is additionally assumed.
pP* = P>

= (p};) with elements

n;su;ko
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p?l:p*(sl‘sf): Q(w>f07'f:1777a7l:1777a (426)

w:st=s*(s/ w)
15 called the partitions-requirements-matrix.
Obviously, since p}; > q(w = s'),

Relationships to reduced SDDP problems:

Lemma 4.2.3. PRMs are matrices of transition probabilities of reduced
SDDP problems for decisions d* (see (3.4.16) in Section 3.4.2).

Proof. PRMs are matrices of transition probabilities of reduced SDDP
problems, since sets of feasible partitions (see (4.2.5)) and DA decisions
sets of reduced SDDP problems (see (3.4.15)) are the same, and also due
to Definition 4.2.4 (and to (2.3.7)). That PRMs are matrices of transition
probabilities for decisions d* follows from (3.4.16), Lemma 4.2.2(b) and Def-
inition 4.2.3(b). |

Example 4.2.1. Let n = 3,ky = 3,su = 6 and qo(w;) = ﬁ = % for
w; =0,1,2,3 be given (hence q(w) = (}1)3 = &; for all w € Bsg).

Then the set S3.6.3 includes the elements

3 3 2
st=|3],s2=[2],$3=[ 2
0 1 2
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3 3 3
s‘lst=|( 3 |, w=1 2 =1 2 (: 32)
0 3 1

However, in order to compute the partitions-requirements-matrixz we need to
know all of the r - (kg + 1)™ feasible balanced partitions (with respect to all
s € Sn;su;k()a w e Bn;ko)-

For exzample, pi; can be computed by means of s> = s*(s',w) for
0 1 0 1 2 0
w € Bis(s', s%) = o, o), 1 }|,l1].{o].|l 2],
2 2 2 2 2 2
2 1 2 2
2 1,0 2 1,11 |, 2
2 2 3

and we obtain

Piz = > q(w) = %

weB3 3(st,s%)

Further enumerations yield

21 33 10

* 1
Pr=g | 3 49 12
3 27 34

4.2.3 Partitions-Requirements-Matrices for Equivalent
Lattices of Partitions

In this section relationships between certain lattices of partitions are given
and equalities of corresponding PRMs are shown if the probability functions
of the requirements are suitable.
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Definition 4.2.5. Let Sy.su:kys S sa:Fo and k. € Z, be given such that

n;su;

ke > ko, ke > ko and 5T =n k. — su.

(a) s € Spsuk, and 5 € Sn;%;% are called complementary partitions if
permutations s of s and sy of 5 exist with sy + sz = (key ..., k)T .

() If | Snsuko | = | Spzum, | then Snsum, and S, o7 are called
equivalent (with respect to the partial order) (see also the following

Lemma 4.2.4).

c Czoz_o,ten 15 fulfilled, see the following Lemma

(c) If k k ko, (then (b) is fulfilled he foll L
4.2.4(ii)) and Sy.suk, and Spsak, are called equivalent with regard
to the Poisson equation. 2

Lemma 4.2.4. Let Sy.su:ky> S, =7, and ke € Zy be given such that

n;su;ko

ke > ko, ke > ko and 5T =n k. — su.

(i) If | Spisusko | = | Sp5um, |+ then a one-to-one correspondence of the
partitions of Spisuky and S, 7. 1 yielded by sz +sr = (key oy k)T
Jor permutations s of s € Sp.su:k, and sy of 5 € Sn;%%o.

- sl e Shisuzko 15 a direct predecessor of st e Snisuzko 4f and only if

sf = (ke ..., k)T — sl (€ S\sude) 18 @ direct predecessor of

st = (keyeoorke)” — 8" (€ 8, u7)-

(ZZ) If k.= ko :EO then ’ Sn;su;kzo | = | S

n;@;%o
13

| follows and (i) is valid.

Proof.

(i) The one-to-one correspondence of the partitions is obvious.
The relationship concerning the direct predecessors follows from the
one-to-one correspondence sy + §; = (ke, ..., k)T, (4.1.1) and Lemma
4.1.1.

12This denotation follows from Lemma 4.6.2 in the subsequent Section 4.6.2.1.
Bl Spsuko | = | S,=u%, | can also be found in Andrews [3], Theorem 3.10, page 47.
The corresponding proof is time consuming.
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(i) Clearly, 5 = (ko,...,ko)T — s implies a one-to-one correspondence
between all elements of the set S),.q,.1, and all elements of the set
Shisusko, from which the statement directly follows.

Theorem 4.2.5. Let Sy.su:kys Snsuk, With su = n ko — su and By,
be given and let the requirements w;, (i = 1,---,n) be independent and
identically distributed where, (4.2.2) is additionally assumed. Furthermore,
let

qo(w;) = qo(ko —w;) fori=1,2,...,n, w € By, (4.2.8)

also be valid. Then, the corresponding partitions-requirements-matrices

* *
Pn;su;k:o and Pn;%;k,0 are equal.

Proof. Initially we show:
S € Snisusk, satisfies (4.2.5) with respect to a given s’ € Sy.gu:k, and
w € By, if and only if 5 € Sy, gk, satisfies (4.2.5) with respect to
5 € Snisuko and w € By, where s and s are complementary partitions
as well as s’ and 5 and w +w = (ko, ..., ko)’

Obviously, if Clw, su] is present for w € B, then C[su,w] is present for
w = (ko, ..., ko)T —w (and vice versa).

In the case Clw, sul

w; < 8p, < max{s,w;} (see (4.2.5)) implies

min{§;, U_)z'} = min{ko — 8;, ko — wz} < Sp, = ko — S;rl < ko — w; = w;
and vice versa).
( )

Case C[su,w] is handled analogously.

Simple computations with respect to the square sums of components of s
and 5 then yield: s is the feasible balanced partition with respect to s’ and
w if and only if § is the feasible balanced partition with respect to s and w
(refer to Definition 4.2.3).

That the PRMs P:;; susko and P;;,@; k, are equal then follows from

Definition 4.2.4 and (4.2.8). |
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Example 4.2.2. .

a) S3.4.3 and Ss.5.3 are equivalent with regard to the Poisson equation
(thereby k. = ko = ko = 3).

b) S3.4.4 and Ssa77 are equivalent (with respect to the partial order)
(thereby k. =T).

4.3 The Computation of PRMs by means of
Permutations of Perturbed Partitions

Based on the definition of ”perturbed partitions” elements of PRMs can be
computed more effectively than by enumeration.

If we use the iterative method from Section 4.2.2 for the computation
of feasible balanced partitions with respect to a given sl e Snisuk, and
w € By,.j,, then the complete row f of the corresponding PRM is computed
by these enumerations.

In contrast single elements of PRMs can be computed by means of the
method of ”perturbed partitions”. However, permutations with certain char-
acteristics must additionally be determined.

Perturbed partitions are otherwise used in Section 4.5 in order to show
a polynomial and sometimes an exponential dependence of the elements of
PRMs on the variables n and kg in the case of discrete uniformly distributed
requirements (and similar relationships for other distributions).

This section can be skipped by readers, which are interested only in Sec-
tions 4.4 and 4.6.

If a single element p;‘cl of a PRM is to be computed according to Definition
4.2.4 as sum

p}?l = . q(w)
wisl=s*(sf w)
then a substantial difficulty is the fact that a w together with various per-
mutations s. of s’ can satisfy the inequalities (4.2.5):
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If

and st =

»

~

|
NN D
DO W &~ Ot

are given, for instance, then the inequalities in (4.2.5) are satisfied by

lay

oy _ or S; =

and the permutations sy’ =

Ot Ot DN W
Ot N W
U= DN W

for example (and s' = s*(s/,w) is of course valid).

If, now, w are determined for each permutation s' of s' so that (4.2.5)
is fulfilled, then one w could satisfy (4.2.5) together with different permuta-
tions of s' (see above). However, the corresponding ¢(w) may only include
in the sum > q(w) one time in order to compute p}!

w:isl=s*(sf w)

. l l .
Instead of the permutations sV and 5,2 we will use the "perturbed par-

tition”.

IS VROV

4
in this section (see the following Definitions 4.3.3 and 4.3.7).

The reversed situation considered:

If s*(s/,w) is computed by the iterative method from Section 4.2.2 for
given s/ and w, then different permutations of s*(s/,w) may be possible in
the last iterations if 7o with sj(; = maz{s’ | s¥ >w;} is not unique in case

Clw, su| or ig with s:‘(; = min{s! | s’ < w;} is not unique in case C[su,w].

In addition, we use the following terminology:

Let us assume in this section that (without loss of generality) the compo-
nents of the partitions s/ € Shisuzko and st e Shisusko  are initially ordered
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monotonically decreasing:
3{2352---23£ and 81128%2--->8£L

and furthermore we use the notation and symbols:

F: the number of components of s/ which are not equal to 0,

L: the number of components of s* which are not equal to 0. (4.3.1)
st 3{:---:(9?1 >3£1+1:---:s{;2 >--->8£71+1:---:s£ >0
(3{:0fori2F2+1isz<n)
(4.3.2)
(with Fi < Fo < - < F,=F(< F,y1=n for F, <n)),
Sisl=msl Ssl me=sh >
> 8L, a1 = =Sp, > SL, = =8y, >8p, =
~=s’LJ0Jr1 >--->ley_1+1:---:ley >0
(O:SlLy+1:"':3lLy+1 = s, if L, < n)
(4.3.3)

(with Ly < Ly < --- < Ly = L(< Ly41 =n for L, < n), further-
more Lo := 0).

Moreover, we define

al; ::leJ for J=1,2,...,y(ory+1 for L, <n).

0-l1>0-l2>'°'>0-fro_1>o-ffo >0-f70+1 >>0-,'ly (>0-§j+1:0

for L, < n)
(4.3.4)
follows.
5(st, sy = 6 Lol =4, (4.3.5)
sl s") =0 := 3.
/! 0 ifs/ £ sl
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We now compute the requirements w with s*(s/,w) = s in the cases
C[su, w]| and C[w, su] by means of sets of perturbed partitions.
The elements p}l of the PRMs are then calculated in the following way

1,2
i = Pi 05— Py

with pf; = > q(w), ph = > q(w)
Clsu,w],w:st=s*(sf w) Clw,su],w:st=s*(sf w)
and pj;* = > q(w) = > q(sh).
Clsu,w] N C[su,w],w:st=s*(sf ,w) sk: permutation of s!
(4.3.6)

Case C[su, w]| (the requirements cannot be completely fulfilled):

Let a partition s € Shi:susko and a permutation sk of a partition s € Sy.su.k,
be given. We then compare the components of s/ with the components of

l

. . l
s, in order of decreasing s .

Definition 4.3.1. Let J, € {1,2,...,y}, jo€{1,2,..., Ly, — Ly _1}.
If

8{ > Sﬁri for any Sﬁri > 050_1, (d1)
szf > st for Ly, — Lj,—1— jo of the st = af,o, (d2)
and szf < sﬁri for j, of the sﬂrl = Jf,o, (d3)

then we refer to a (Jo, jo)-perturbation of the relation ”>" between

sf and s!.

Formally, we define the (J,, j,)-perturbed partition & of s'.
Contrary to s, the (Jo, jo)-perturbed partition §' has exactly j, compo-

nents which are reduced from ofjo by 1 to Jf,o —1:

Definition 4.3.2.  Let J,, j, be given with J, € {1,2,...,y},
jo € {1,2,...,LJ0 —LJO_l}.

5 = 5; for  je{L2 Ly, o}
g and for je€{Lj, +1,--- ,n} (d4)
sj=s3—U=0y,—-1) for je{ls, —jo+ 1, Ly} (d5)

is called the (Jo,jo)-perturbed partition of s'.
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Thus, Z §é = su — j, follows. (4.3.7)
j=1

Definition 4.3.3. Let a (J,, j,)-perturbation of the relation ”>" between s'
and st be given. Furthermore, let ji denote the number of i’s with:

s{ﬁsirizafjo—l. (d6)
(Obviously, j1 € {0,1,--+ , Ly 1 — Ly} if ijo —1= OroJrl and
j1=0 if o, —1>0l 1) (d7)
Then 3L with
st.—1  for sf <sh = af,o (d8)
g = (see (d3) from Definition 4.3.1),
st otherwise (d9)

is called a (Jo, jo,j1)-perturbed permutation of the (Jo, jo)-perturbed
partition §! with respect to sf.

Sg’l(Jo,jo,jl) is the set of all (J,, jo, j1)-perturbed permutations 8. of
permutations sk of s', for which a (J,, j,)-perturbation of the relation 7>
between s/ and s\ is present.

(See also Remarks 4.3.1 following Definition 4.3.4.)

Lemma 4.3.1. A permutation 3. of a (J,, j,)-perturbed partition 3 is an
element of a set Sf:’l(JO, Jo, J1) if and only if 8- fulfils the following conditions
regarding s :
sf >3 if sk >l (d10)
s{>§§” for Lj 11— Lj, — j1 components §£rz = af,o —1

z'faf,o —1= Uf]o+1’ (d11)

s{ < §£n for jo + 71 components éﬁrl = afjo — 1. (d12)

Proof. )
1. (=): Let sl € Sf;’l(Jo,jo,jl) be given.

d10) is valid for §¢. > ol according to (d1
Jo—1

Uz
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and for 8. = alJO according to (d2) and (d8).

The condition (d11) is fulfilled for the remaining Lj 11 — Ly, — j1
components 8, = af]o — 1 according to the Definition of j; (see (d6)).

(d12) is valid according to (d3) together with (d8) (jo components for
this case),

and to (d6) (j; components).

2. («): Now, let 5. be a permutation of & satisfying (d10), (d11) and (d12).

A permutation s. of s' may then be constructed in the following way:

‘§§n +1 for Jo components '§£rz = 030 —1>s;
st = (which thus also satisfies (d12)),

sl otherwise.
7

(4.3.8)
We show that s fulfils the conditions from Definition 4.3.1:

(d1) follows from (d10) (specifically for 3L > af,o_l(> Uf,o)).

™
(d2): According to Definition 4.3.2 (and (4.3.3)) 84 = o is valid for
Lj — Lj,_1 — jo components. Only (d10) can be present in Lemma 4.3.1

for these components, which means slf > 8L (see also (4.3.8)). (d2) then
follows.

(d12) (and (4.3.3)), Definition 4.3.2 (see (d5)) and (4.3.8) yield (d3).

Vice versa, the permutation s' leads to 4., according to (d8) and (d9).

Keep in mind (d12) and (d11) then, 8’ is an element of the set gﬁi’l(,]o,jo,jl).
|

Definition 4.3.2 and Lemma 4.3.1 obviously yield:

Lemma 4.3.2. . Let S;J(J(},jg,j%) and g;’l(Jg,jg,j%) (with respect to s)
be given with JX # J2 or ji # j2 or ji # j3.

Then, SE'(J3, 5830 N SE(I2,32,33) = @ follows.
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Proof.

Case J} # J2: o 71 and o 72> which were reduced by 1 for perturbed permu-

tations of Sf:’ (JL, 5L 91) or S;Z(Jg,jo,jl) (see Definition 4.3.2), are
different.

Case {01 = J2 and j! # j2: Perturbed permutations of S%’Z(Jg,jg,jll) and
S ’l(J2, j2,7%) then have different numbers of components with the
value o J1=2) since different numbers of components were reduced by 1
(see Definition 4.3. 2).

Case J} = J2, jl = j2and ji # j? : Perturbed permutations ofS';’Z(J(},jg,j%)
and S’f:’l(JOQ, §2,4%) have different numbers of components for which
(d11) or (d12) from Lemma 4.3.1 is valid.

Definition 4.3.4. Let a permutation s of a (Jo, jo)-perturbed partition gt

from the set SL'! (Jo, Jor J1) (with respect to st) be given.
The set of requirements w € B,, i, which fulfils the properties:

wi € {8, 8L 41,0 ko) if sl =38 >0l (d13)

w; € {8, _UJ — 1,8 +1,... ko}

with at most 31 coordz'nates w; = Jf]o — 1,

if s} <& =0l —1, (d14)
w; = & otherwise (d15)

is denoted by B?L;ko (s, 8L).

Remarks 4.3.1. (d14) (and (d13)) shows that the reduction of components

of the wvalue af]o by 1 in order to determine a (J,,jo)-perturbed partition

and corresponding permutations for B?m (Sf, 77) s in fact not necessary in

the case Jf]o -1> of]oﬂ, which means j1 = 0 (see (d7)). However, this

method leads to clearer and more uniform representations of the Definitions
4.8.2, 4.3.3, 4.3.4 and so on, where then distinctions in certain cases for
the representations are not necessary.
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Lemma 4.3.3.  Let a permutation 5 of a (J,, jo)-perturbed partition 3

from a set gﬁ’l(JO,jo,jl) (with respect to s ) be given. In addition, let
we B2, (sf,3).

Then, in Definition 4.3.4 the case ”otherwise” with w; = §- is valid if

s
3,{ > 8L or (d16)
l -l l
1=
A I A (a17)
Jo Jo Jo+1"
Proof.
Case 8t > 030: The equality s{ > gl follows according to (d10) from
Lemma 4.3.1.
3,{ =3l (> Jf]O) can be found in (d13) of Definition 4.3.4.

szf > §£n belongs to "otherwise” in this definition.

Case 5L = Jf]O -1 Szf <8 (= ijo — 1) can be found in (d14) of Definition

T
4.3.4.

3{ > 321 belongs to ”otherwise” in this definition.

! el !
. ) R o ifot, —1=0
Case §¢ < ol —1: This means § < Jotl 7 7o Jot+12
™ Jo 4 O'l lf Ul — 1 > Ul
T, Jo Jo+1"

If in addition s{ < 8, then (d17) is valid and if s{ > g, then
(d16).

Lemma 4.3.4. Let a set Bi;ko(sf 8L as in Definition 4.3.4 be given.

» =T

Then exactly (JO j Jl) requirements w € Bi.ko(sf L) exist, which satisfy
o )

) =TT

the cases C[su,w| and Clw, su] simultaneously.

(Probabilities of w from Lemma 4.3.4 are added in order to compute p}i}
and also pﬁ Therefore, these probabilities must be subtracted once from
p}% + p*ﬁ for the determination of p}, (see (4.3.6)).
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Proof.
Case af]O —1= ijo+1 . (j1 > 0 is possible in this case, see Definition 4.3.3).

If the components of sﬂr and of the permutation §£T of a (J,, jo)-perturbed
partition § from Sfrt’l(Jo,jo,jl) (with respect to s/) are compared, then

§£n < sﬁrz may only be possible if s{ < '§£rz = O’SO —1 (*1)
(see also Definition 4.3.4)

is valid according to (d3) of Definition 4.3.1 and (d5) of Definition 4.3.2.
The condition (d14) from Definition 4.3.4:
slf <§ = af,o — 1 is valid for exactly j, + j1 components 8 (*2)
according to Lemma 4.3.1, (d12).
In relation to (d14) from Definition 4.3.4 let:
w; = O'ZJO — 1 for jy coordinates w; where jo < j7. (*3)

From (*3) and (*1) (refer also to (*2))

n
2 Wi = ja(oly, = 1) + [Jo + (1 — ja2)lo’, + ) St
=1 i: i f not slfg% :afjo—l
n
=Y sho 4+ (1 —j2) = su+ (j1 — j2) > su. (*4)
i=1
follows. In (*4) the left side of "= su” is only correct, if jo = j; and w;

are as small as possible, according to Definition 4.3.4. This means that, in

relation to (d14) from Definition 4.3.4, j; coordinates w; = Jf,o — 1 and jp

coordinates w; = alJo (see also (*2)).

Thus, exactly (‘70 + jl) different requirements w satisfy the cases C[su, w]

Jo
and C[w, su] simultaneously.

Case 030 —-1> 030 41 ¢ J1 = 0 follows according to Definition 4.3.3.

Hence, in relation to (d14) from Definition 4.3.4, the possibility that

w; = 030 — 1 (for any i with s{ <l = af,o — 1) does not exist.

Since (]O +(,) - ]O> = 1, there is only one possibility, in which all coor-

Jo
dinates w; from Definition 4.3.4 are as small as possible, which then implies

n
> w; = su. [
i=1
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Theorem 4.3.5. Let s! € Shisusko and s e Snisusko be given. In the case
Clsu, w/ the following relationship is valid:

w e Bo%;ko (s/,5L) where 5L is an element of a

l set gg’l(JO,jo,jl) (with respect to s),
s*(sf,w) = s <
or w € {w € By, | wi > 3{, i=1,...,n}

if st = st.
Proof.
n
1. (=): Let a requirement w € By, 4, with Y w; > su and s*(s/,w) = s' be
i=1
given.

The trivial case in which w; > szf for 2 = 1,...,n, so that a permutation
sk of s, s/ and w satisfy (4.2.5), is only possible if s{ = sﬁri fori=1,...,n.

Now, let s # s! be a permutation of s such that sk, s! and w satisfy
(4.2.5).

Zf = S;i = w; (thus also 5! < sf) (*1)

wiSS Uy )

follow from (4.2.5), case C[su, w].
We next consider the iterative method from Section 4.2.2, case Clsu, w]:

. ¥ « 3 ! ! -
Since s7 = s7 + 1 for s7 =min{s] |s] <w;},

components of different permutations of s' which, together with s/ and w,
satisfy (4.2.5), differ by at most 1.

(This can be possible only if j with sf;l = min{s’ | s
unique in the final iteration steps).

Explained in greater detail, sﬁ% can be different if:

< w;} is not

Sy = maz{s’. | s{ < sh <wg} (*2)

and if 7; exists so that

/ <sl =8l 1 <w;. (*3)

Si1 — Ty Tig
(Then sﬁéil could be increased by 1 instead of sgio in the final iteration steps
if the iterative method from Section 4.2.2 (case C[su, w]) is used.)

f l

Other relationships between s; , w;, s;. and s;io from (*2) (in relation to



186

(*1)) can be:

{ = 771- = Sirio < Wy, (*4)

i; 37712 = si% — 1 = w, for i = is. (*5)
If s{ < w;, then the relationship

SZf <sho=w; < 37% —1 (*6)

f !
between s; , w;, S;..

previous (*2),(*3),(*4) or (*5), according to the iterative method from Sec-
tion 4.2.2, case C[su, w].

and Sﬁrio as in (*2) remains possible, in addition to the

With regard to Definition 4.3.1, we now use

l * l
St (from (*2)) as 0¥ ,

and the number of ig, for which (*2) is satisfied, as jo.

(Jo, Jo) is then a perturbation of the relation ”>” between s/ and sﬁr,
according to (*1), ..., (*5) :

(d1): st > Jf]o_l(> Jf,o) can only be possible if (*1) is valid,
from which (d1) follows,
(d2) and (d3): s, = 030 is only valid if (*2)

and (*4) are valid,
then (d3) follows from (*2) and (d2) from (*4).

Now, 5L with
s { st —1 if (*2) is satified for i = i,
l

T

. otherwise
K3

is a permutation of the (.J,, j,)-perturbed partition 5’ of s'.

With regard to Definition 4.3.3, we set

j1 equal to the number of iy’s for which (*5) is satisfied.
Obviously, 8% € SE'(Jo, jo, ji1)-

Finally, we show that the considered w is an element of 32 (sf ,8L) (see
Definition 4.3.4):

(d13): follows, in particular, from (*4) and (*¥1) with s = szf > sl

0
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(d14): follows, in particular, from (*2), (*3) and (*5)
(considering the previous determination of &),

(d15): follows, in particular, from (*1) and (*6).

2. (<) Let w € Bg;ko(sf, sh).

If w; > s{ for i = 1,...,n, then s*(s/, w) = s/ (= s!) follows immediately.
/

Now, let ¢ exist with w; < s;.

We will show that the iterative method from Section 4.2.2, case C[su, w],
initially leads to 4. (from this theorem), and then to a s! (as in (4.3.8)).
This means that s*(s/,w) = s'.

At first, we note that

Sl —w)y= > (sh —s) (*7)

i:s{>wi i:sﬁri>s{
is a necessary condition for s*(s/,w)(= sl) = s since according to the
iterative method from Section 4.2.2, case C[su, w]| (together with (4.2.5)),
f

and w;, in the cases that 5{ > w;, are used in order

l l
™

differences between s;
to increase szf to a certain s;.

permutation of s' = s*(s/, w)).

in the cases that 5{ < w; (where s is a

We prove that the necessary condition is valid:

szf > w; is only possible in the case (d15) of Definition 4.3.4 where w; = §

Then

l

v

S (sl —w)= Y (s] -8 (*8)

I

1:8; >w; 18] >§£Ti
follows.
n n
According to (d8) (together with (d3)), and since s{ =3 st = su,
i=1 i=1
> Gl-d)= > G -sh+io (*9)
i33{>§£ri i >s{

is valid.
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N . l
ST oG —shrge= Y (sh—s]) (*10)
i:§;.>s{ )

follows for sl as in (4.3.8).
Now, (*8), (*9) and (*10) imply (*7).

Lastly, the consideration of the following cases shows that the iterative
method from Section 4.2.2, case C[su, w|, indeed initially leads to 5. (from
this theorem) and then to a s’ (as in (4.3.8)):

Case 3{

> wj:

According to the iterative method (and also according to (4.2.5))
w; = 8 (= s..) follows in this case which corresponds to (d15).
Case 3,{ = w;:

The relationship slf = siri remains according to the iterative method and

also as in the relevant case of Definition 4.3.4 (s; f = st (=35)).

!
o
Case 5! < w; < { Jotl

oy ifafjo —1 >0{l]OJrl
sf are increased up to w; using the iterative method. This means
st = w;(= 8L ) which corresponds to (d17) (partial case of (d15)).

Uy

: l _ 1
1f0JO—1—0J0+1, :

Case s/ < w; and w; > { 0?"“ Tf U‘ij b= U{O“’ > s
oy ifto; —1>0; 4

Initially, sf are increased up to af,o — 1 using the iterative method (which

corresponds to 8! from (d14)) of Definition 4.3.4. jo units then remain,

which can be used in order to further increase the jo parts of the value

alJO — 1 by 1 (if w; > alJo) (which corresponds to 8 from Definition 4.3.4,
(d13) with sf = aJ ), according to the iterative method.

f

Case s; < w; and w; > s; i

oy ifago—l >0!l]OJrl
A further increase of parts is no longer possible according to the iter-
ative method (see also (*7), (*8), (*9) and (*10)). Only the relationship

= 3{(: 8L) remains possible, as also in (d13). [

l e _ -l

S
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Theorem 4.3.6. Let &' € SFH(JL i1 Y and 347 € SFH(J2,52,52)
(with respect to s/ ) be given with

Al 1 7£ al, 2 (*1)
(JL=J2 jl =342, ji =42 are also possible. In the case
SPHIL, 5L g0 #£ S%’Z(Jg,jg,jf), the relation §4* # &% follows
from Lemma 4.3.2.)
Then,
A1 A1,2
B’?L;k?o (8f7 Sm ) m B'r%;k}o (Sf’ Sm ) = d.
(Furthermore, B,,%;ko(sf, 88) N{w € Bugyl wi > 84, i=1,..,n} = is
valid in the case s/ = s' where 5 ¢ S;’Z(Jo,jo,jl) (with respect to s').)

Proof. Let w! be any element of the set B?yk:o (s', 85" and w? of B?L,k,o( st 8%,
Furthermore, let

Al,1 ~l,2
Sty £ St

according to (*1).
In order to show that w! # w? we consider 3 cases.

Case 1: Let sirll < slfo.
According to Definition 4.3.4

w}rz §£er (in particular, see (d15)and (d10)),
§£r? if Sl 2 o< 57{)7
wy,
> §£}? if sl 2 > slfo

follows. Thus, wmo 7£ w?rio.

Case 2:

Let sf <3S Al2 <.§$T’1

(+2)

anda <0

The relationship
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A1,
Sy, = aJ1

is not possible according to (*2), Definition 4.3.4 and Lemma 4.3.1
(in particular, see (d10)).

Hence the relationship

ALl
S7T’L < UJl - 1

remains to consider.

1 ALl

w"ri > Sﬂ-lo

follows for requirements w! € BTQL; ko(sf : §£%1)

and with regard to (*2)

1,2 1
875, < (87, <0J%—1§)0Jg—1
is valid.
Thus,
2 _ Al72
wﬂ‘io - 87"1’0

is valid according to Definition 4.3.4 (see (d15) together with (d17)),

hence w} w7 wmo

Case 3:
Let sf < 3l2 < §£r1
(*3)
and 0 > ol g2
Now,
. L1 _
34, : f < sp o= dn 1= J1 (*4)
according to (d3) and (d8).
In relation to §£T’2 and 77 either
sw, < ol (*5a)
or
1,2 f X
o < sz, < s (see also (d1)) (*5b)

is vahd.
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(*4),(*5a) and 051 > 052 or (*4) and (*5b), respectively yield

1,2 A 11

Sy < 0J2 < le 87, +1=s7, (*6a)
or

2 A1 1

sgr” < sf < 351'11 +1= 351'11 = UZJ(}- (*6b)

From (*6a) and (*6b) together
g
1,2 11
ST‘-’L]_ < 87‘(’21 — O-lJl (*7)

o

follows (where i, = i1 is possible).

. 12 . . I,1
Since s;” is a permutation of s;

o (i #i1) : 57 = sy, (= 0l > ol + 1), (*8)
Furthermore,
AL,2 1,2

is valid (see also (d1)).

If &b ! , < §£r? (<sj ) then wl = §£r11 < §5”22 < w2-22
follows accordmg to Definition 4.3.4 and Lemma 4.3.3. Thus

In addition, if sl L> st( sﬁé sinl ) (see also (*8) and (*9)),
then we can conclude similarly in the two possible subcases

11 1,2 1,2 . . 1,2 . 1,1
St = Sti, and 37”2 > Sx,, again, with s;” as a permutation of s; :

. . . . . 1,2 [,1
Jig (i3 #ia Nig #i1) sz, = 87, (> 031 > af]g + 1) and so on.
Since the numbers of parts of 37r and 37T are finite, w ;é w

follows any times for a certain m analogous to (*10).

(Finally, the Definition 4.3.4 of BEL;,{O (s/,5) and Lemma 4.3.3 directly yields
Bg;ko(sf,,%r) N{w € Bug| wi >si,i=1,...,n} =@ if s/ =5') |
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Example 4.3.1. Let n =11, su= 37, kg = 8 and
sl =(6,5,5, 4,4, 4,3,2, 2, 2,0),
st =(5,5,4,4,4,3, 3,3, 2,2, 2)

(this means all =9, aé =4, aé = 3, Jfl = 2 (compare to the beginning of
Section 4.3, (4.3.4))
and (for example)

sl =(5,5,4,4,3,2, 3,4, 3,2, 2)

be given.
(a) ® According to Definition 4.5.1 a (J, = 2,j, = 1)-perturbation (with

af]o = aé = 4) of the relation " >" between

sl =(6,5,5,4,4,4,3,2, 2,2, 0)
and (*1)
sk =(5,5,4,4,3,2, 3,4, 3,2, 2)

15 valid, since

~

s; > sﬂrl for any 35” > 5,
l
T

Wy, =
=V

/ l N Y R R
s3 > Sy, and sy > sy (where s, = s, =4d=0y=0) )

3

A |
and sy < sp. =4 =0 .

o

e Formally,
s =(5,5,4, 4,3, 3,3, 3,2, 2, 2)
is a (2, 1)-perturbed partition of s' according to Definition 4.3.2.

e In relation to Definition 4.3.3 we find that

J1 =2, since slf < sﬁri =3 = O'é — 1 for the two indices
t=7andi=09.

Then, according to (d8) and (d9)
st =1(55,4,4,3,23,3,3,2, 2)
is an element of the set S1'(2,1,2).
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e Continuing our ezample the set B%l,g(sf, 8L is (see Definition 4.3.4):
B%l,s(sfv 5)
={w| w = (5, we, 4, wy, 3, 2, wy, wg, wy, 2, 2)
with wy € {5,6,7,8}, ws € {4,5,...,8}, w; € {3,4,...,8}

for 3 =17, 8, 9 and with at most 2 coordinates

w; =3,j € {7,8,9}}.

(b) e Altogether STJ:’Z(Z, 1,2) includes 360 = 3 - 12 - 10 elements:
According to Lemma 4.3.1 the components

- 5; 5 (of 8') must be under the first 3 components of the elements

of S';’l(Q, 1,2) (see (d10)), (= <g> = 3 possibilities),

- 4; 4; 3 (of 8') must be under the first 6 components of the
elements of S41(2,1,2) (see (d10) and (d11)),

(this means: <6 ; 2) -3 = %12 possibilities),
- 3; 3; 3 (of 8) must be under the last 5 components of the

elements of S;’l(2, 1,2) (see (d12)) (= <§> = 10 possibilities).

(c) ® We now return to our discussion about the motivation for the
concept of perturbed partitions based on this example:

If we use the iterative method from Section 4.2.2, case Clsu, w],
in relation to the given partition s’ and a requirement w € B%l’g(sf, sl)

(with wy g9 > 3), then this method yields exactly one s* in the

second to last iteration step:

Al
s* =3§.

In the last iteration step three possibilities for s* follow :
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(5, 5, 4, 4, 3, 2, 4, 3, 3, 2, 2)
or (5,5, 4, 4, 3, 2, 3, 4, 3, 2, 2)
or (5,5, 4, 4, 3, 2, 3, 3, 4, 2, 2)

(as permutations of s').

Sets Bg,k (s/,8L) of requirements, which imply transitions from s’

to st (see Theorem 4.3.5), are disjunct for different permutations
L of perturbed partitions (see Theorem 4.5.6). An analogon for

Y
permutations of partitions st themselves would not be valid.

Now, we want to determine all requirements w with
n
S w; > su and st = s*(s/, w) (%)
i—1

for given s/ and s’ in order initially to compute pﬁ and later the elements
P = > q(w) of PRMs.
w:isl=s*(sf w)

For this purpose we can determine the perturbed permutations §£T of all
permutations s. of s (see Definition 4.3.3). If identical 5. follow for differ-
ent si then these 5. are naturally used only once in order to compute the
corresponding 32 (sf "), according to Definition 4.3.4.

Then the set

UB?L]{ ($f7§£1_) Ufwe Bk | wi > si, @ =1, ,n}if s/ = Sl)
Al o
includes all requirements w, which satisfy (*) (see Theorems 4.3.5 and 4.3.6).

A slightly different method would be for J, € {1,2,...,y},
Jo € {1,2,...,LJO —LJO_l} and
, {0,1,...,Ly+1— Ly} Whenaf] 1—UJ+1,
J1 € i
{0} when o, —1 >O'J 4
sl from sets S5 (Jo, jo, j1) (as in Example 4.3.1(b)) if it is possible.

to determine all

(Sets Sf’ (Jo, Jo, j1) are disjunct for various (J,, jo, j1), see Lemma 4.3.2.)

According to Definition 4.3.4, Theorem 4.3.5 and Theorem 4.3.6
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pE= % > S qw)
SH o o) (£2) $h€SH! (Jorjordt) WEBT 1y (s7.51)
(4.3.9)
+ Of * ) q(w)
wWE{WE By kg | wi>si, i=1,...,n}
or, in more detail
) y Lj,—Lj,-1
p?l N le 'Z—l >
o= Jo= e {0,1,...,Lj41— Ly} whenol, —1=0' .,
{0} when alJO —1> UlJo+1
> > qw)+ dp * > q(w)
8l €SP (Ts50,91) weBi;ko(sf,ﬂr) we{wE Bk | wi>si, i=1,...,n}
(4.3.10)
follows.

In the case of discrete uniformly distributed requirements, Definition 4.3.4
yields:

S g =gt | T Got1od)

wEBg;kO (sf,8L) i:8L :S{ZUSO
o474 '+j1 i— jo+j1
ko — ol +2)iotii — (J° ko — ol + 1)t — o = (P TI) (g, — gl 1)
(ko= b, + 23— (o * 1) (hy ot 4 2T -ty 11|
n

Op1 * > q(w) = 61 * (ko}rl)n (ko+1—s).

wG{wEBn;k0| w;>8;i, 1=1,....,n} i=1

(4.3.11)

Remarks 4.3.2. If ‘§£r¢ #0= s{ = 0, then S’f:’l(Jo,jO,jl) # 0 at most for
JO = 1,j0 = L2 - L1 and j1 S L3 - LQ, ile —1= () (otherwise j1 = 0)
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Case C[w, su] (the requirements can be completely fulfilled):

The considerations are analogous to the case C[su, w|. By that reason we
present only definitions, lemmas and theorems in this part of the section
however no corresponding proofs, which would be very similar to the proofs
in the other case.

Let a partition s/ € Shisuzke and a permutation sﬁr of a partition
st e Snisu:ko be given. We then compare the components of sf with the

components of st in order of increasing s’ .
T Us

Definition 4.3.5. Let J, € {1,2,...,y (or y+ 1 for L, <n)} (see (4.5.3))
and j3 € {1,2,...,LJO —LJO_l}.

If
.s;i >s;  for any sﬁri < af,o+1, (d18)
szf < sirl for Ly, — Lj, —1 — j3 of the sﬁri = USO (d19)
and s; > sﬁri for js of the sﬁri = O'ZJO, (d20)
then we refer to a (Jo, js)-perturbation of the relation ”<” between
sf and s!
-

Formally, we define the (.J,, j3)-perturbed partition ' of s'.
Contrary to s' the (J,, j3)-perturbed partition §' has exactly j3 compo-
nents which are increased from alJO by 1 to 030 + 1:

Definition 4.3.6. Let J, and j3 be given with
Jo€{1,2,...,y(ory+1 for L, <n)} and jzs € {1,2,..., Ly, — Ly 1}

gh = st for jef{1,2,---,Lj_1}
§l : and fOr ] - {LJO +j3 + 17 v 7n} (d2]‘)
sh=sk+1(=0h +1)  for je€{Lls—1+ 1, Lj—1+js} (d22)

is called the (Jo,j3)-perturbed partition of s'.

Thus, Z §§ = su + j3 follows. (4.3.12)
j=1
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Definition 4.3.7. Let a (J,, j3)-perturbation of the relation "<” between s!
and sﬁr be given. Furthermore, let j4 denote the number of i’s with:

3,{ > st :05,0+1. (d23)
(Obviously, j4 € {0,1,--- Ly 1 — Lj,—o} if Jf]o = af]o_l —1 and
ja=0 if o, <o) _—1.) (d24)
Then 8- with
st.+1  for 3{ > b= afjo (d25)
§£n = (see (d20) from Definition 4.5.5),
st otherwise (d26)

s
is called a (Jo,j3,ja)-perturbed permutation of the (J,, j3)-perturbed
partition §! with respect to sf.
éfr’l(.]o,jg,j4) is the set of all (J,,j3,j1)-perturbed permutations 5 of
permutations st of s', for which a (J,, j3)-perturbation of the relation "<’
between st and s is present.

(See also Remarks 4.4.1 following Definition 4.3.5.)

Lemma 4.3.7. A permutation 3. of a (J,, j3)-perturbed partition 5 is an
element of a set Sﬂi’l(Jo,jg,le) if and only if 3L fulfils the following condi-
tions regarding to s :
sf<sl if s <ol (d27)
s{<,§§rl for Ly, _1 — Ly _2 — ja components §£T1, = af]O +1
ifalJO +1= alJo_l, (d28)

Szf > 3 for js + j4 components §£r2 = Jf]o +1, (d29)

l
i
Definition 4.3.6 and Lemma 4.3.7 obviously yield:
Lemma 4.3.8. Let ST{’Z(Jg,j?},ji) and g%c’l(JOz,jg,ji) (with respect to s')
be given with J} # J2 or ji # j3 or ji # j3.
Then, S{’Z(Jj,jé,ji) N STJ:’Z(JOQ,jg,jz) =@ follows.

Definition 4.3.8. Let a permutation 8. of a (J,, j3)-perturbed partition 3

from a set STJ:’Z(JO,jg,j@ (with respect to s/ ) be given.
The set of requirements w € By, ., which fulfils the properties:

w; €{0,1,..., 8 if s{ =3 <ol (d30)
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w; €{0,1,...,8% =0l +1}
with at most j4 coordinates w; = ol g, T1
zfsf>s —JJ +1, (d31)
l

w; = 8§ otherwise (d32)
is denoted by B}L;ko (s, 8L).

Remarks 4.3.3. (d31) (and (30)) shows that the increase of components

of the value af]O by 1 in order to determine a (J,,js)-perturbed partition

and corresponding permutations for B}l;k (s/,8L) is in fact not necessary in

the case afjo +1< Jf]O_l, which means j4 = 0 (see (d24)). However, this

method leads to clearer and more uniform representations of the Definitions
4.3.6, 4.3.7, 4.3.8 and so on, where then distinctions in certain cases in the
representations are not necessary.

Lemma 4.3.9. Let a permutation s of a (J,,j3)-perturbed partition gt

from a set Sf’( Joy j3,ja) (with respect to sf) be given. In addition, let

w e Bn ko(sf,éﬁr).
Then, in Definition 4.3.8 the case ”otherwise” with w; = 8. is valid if
s{ < §£rl or (d33)
l
f>"l JJo—l ZfUJ+1—UJ
2_87”>{030 szJ —|—1<0J (d34)

Theorem 4.3.10. Let s/ € Shisuko and st e Shisusko be given. In the case
Clw, su/ the following relationship is valid:
w e B}l.k (s/,5L) where 3 is an element of a
; set ST J,, js, 1) (with respect to sf),
s*(sf w) =5 <
or w € {w € By, | wi < sf, i=1,..,n}
if st = st

Theorem 4.3.11. Let s4' e Si’l(Jol,jgl),ji) and 8% € Sf:’l(Jg,j%,jf)
(with respect to s!) be given with

ol,1 al,2
82 £ §7%.
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(JL = J2, ji =32, jt=j% are the possible. In the case
Sf:’l(e]ol,jé,ji) + S;’Z(Jg,jg,jz) the relation %' + 8%% follows from
Lemma 4.3.8.)
Then,
B%k (s/,825 N Bnk:o( L850) = @.
(Furthermore, B} ko( 8D N A{w € Bl wi <54, i =1,...,n} = @ is
valid in the case s¥ = st where §- € SE(J,, i3, j4) (with respect to sf).)

We now compute the probability of requirements w with s*(sf,w) = s' in
the case C[w, sul:

pil= % 5 S qw)

SI (Jorj,ja) (#2)  8L€SL (Joyjsga) WEBL . (s7,3L)

+ 5fl % Z Q(w)

we{weBn;ko | w; <si, i:l,...,n}

or, in greater detail:

x1 Y Ljo—Lio—1
Ph = 2 2 =
Jo=1 Jjs=1 {0,1,...,L;,—1 — Lj,—2} when JJ t1= Uf] -
{0} WhenaJ —|—1<0J_1

) > q(w) + op * > q(w)

SLeST! (Jo,ja.a) WEB) ., (s7,5%) wE{wEBnsky | wi<si, i=1,...n}
(4.3.14)

follows according to Definition 4.3.8, Theorem 4.3.10 and Theorem 4.3.11.

In the case of discrete uniformly distributed requirements, Definition 4.3.8
yields:
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2 g(w) = Gy [T G +1
'UJGB}L;]CO (sF,8%) z':§£r,:sf§afjo
l i3+j J3+Ja\ (i —1 J3+Ja\ 0
oy 4+ 2)13TI4 — ¢ ol 1)yl ... (Y _ ol +1 :
(8, + 2655 = (B4 ) 01, 1) (219 (o, 1),
T W
5ﬂ * Z q(w) = 5fl * CESE H(Sz + 1).
WE{WE By, k| wi<s;, i=1,...,n} =1

(4.3.15)

Theorem 4.3.12.  Elements p;‘cl of PRMs can be calculated by:

1,2
Ph =P + 05— Dy

where p}‘,«% is computed as in (4.3.13) or in (4.3.14), p*ﬁ as in (4.3.9) or in
(4.3.10) and pj}}’Q = S q(sh).

sk: permutations of s

In the case of discrete uniformly distributed requirements (4.3.15) and
(4.83.11) can be used in particular to compute elements p}il.

4.4 Limits of Partitions-Requirements-Matrices

In this section limits of elements of PRMs are determined as n — oo and
ko — oo if the numbers of rows and columns of the corresponding PRMs

are fixed. (Only limits as su — oo are not possible since su is limited by
n ko, see (4.1.2).)

At first, we classify the sets of (restricted) partitions in order to find
classes with an infinite number of sets Sy.q,.k, Where all sets 5,51, have
the same number of partitions so that the corresponding PRMs all have the
same numbers of rows and columns. We use such classes in this section and
in Section 4.6.
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4.4.1 Classification of the Lattices of the Restricted
Partitions

Let the sets of restricted partitions be arranged in a 3-dimensional lattice
with respect to n, su, kg with

n=2,3,;su=12 -k =[2,[Z2141,-,su. (4.4.1)
n n

(See Figure 4.4.1). The arrangement in relation to kg (dimension 3) is also
found in the plane:
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Figure 4.4.1.

—ooco0oQo ————*

—— O o0

- = oo

—— O

—
—— O OO

—
NO O oo

=00 o

N O OO

— A A0 O

—_—— 0 O

A0 O T A~ —=O

—_—— O

MmO oo

~_




NN o oo

NN o o

2
2

JEN

§

—
NN o oo
~

NN o o

—
-+ oo oo
~

2
2

()

4
0

203



Eopp—— Ep——
sinlniniel sinlalnls
T T — o
. . Sialnlings
s —==3 T -1
NS
I
. . . R =
— == — \/
T Saoos TErE -1
] ~
— .
e — A -1 plalalal
M ANO oo M NOo oo .T

—
woooo
~

N N
‘
[ B B R} ‘ [ B B )

—_
‘ »m N o

—
- — o o - — o o

n o oo

—
ey
~
— —
N o e ‘ T
~ < .
—

0 o o

(2)

)

(

4
1



205

We now classify the sets (lattices) of partitions in the following way:
(See also the remarks at the end of this section.)

C1) Sets of ”sparse” partitions: S, gk, With n > su.

(See Figure 4.1: These sets can be found above the staircase-line.
In general, many 0’s are in the vectors of these sets.
In this case 2 > [254] follows. Hence ko > [24] is valid for 2 < k.)

C2) Sets: Sy.suk, wWith n < su and kg > [QST“W

(See Figure 4.1: These sets can be found in each case below the
interrupted line (__;__)-)

Only a finite number of such sets with any fixed number r of
partitions exists! (See the following Theorem 4.4.4.)
C3) Sets: Sy.suk, With n < su and kg < [237“}
(See Figure 4.1: These sets can be found in each case above the
interrupted line ( ______ ) and below the stair-case-line.)
These sets can be further classified as follows:

C3a) Sets: Sysuk, With n < su, ko < [2%] and Ji: s} =0 (where s' is
the least element of Sy sy, )-
These sets are, with regard to the Poisson equation, equivalent to
sets of sparse partitions (see C1)) or to sets from C2), see Definition
4.2.5 and the following Lemma 4.4.2(ii), (iii).

C3b) Sets of ”heavy” partitions:
Snisuko With n < su, ko < [Q‘ST“W and sll >0fori=1,---,n.

(An equivalent characterization can be found in the following Lemma
4.4.1.)

These sets are subsequently subclassified as follows:
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C3b.1) Sets of ”non-truncated” heavy partitions:

Shisuky With n < su, kg < (257“}, st >0fori=1,---,n
[ o)
ko : .
and s" = (that is, 37 : s] = ko)

ko —1

Kkos—lj

(where s is the greatest element of S5y, )-

C3b.2) Sets of ”truncated” heavy partitions:
Shnisuske With n < su, ko < (QST“L st >0fori=1,--- ,n and
s; < kgfori=1,--- n.

(Example: S2.95—3.k, With ko > 3.)

In the last example su is given as 2ky — 3. It can also be useful, in general,
to present su for sets of heavy partitions as su = nky — su where

0<su<nky—ky= (n — 1)k0 (4.4.2)
according to (4.1.2):

Lemma 4.4.1. Let Sy sy=nko—su:k, be a set of (restricted) partitions.
(@) Sp.su:k, i a set of heavy partitions if and only if 5u < ko.

(b) Snisusky 1S a set of non-truncated heavy partitions if and only if
su < kg and su < n.

(¢) Snisuky 1S a set of truncated heavy partitions if and only if
su < ko and su > n.

Proof. We initially consider the first two inequalities from C3b):
su = nkg — su implies that n < su is equivalent to

su < n(ko— 1) (*1)
and ko < [24] to

n
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ko < AR50 = 9k, — | 2T,

and | 2| < k. (*2)
(a) s >0fori=1,---,n from C3b) is equivalent
to %W >n

and furthermore (together with su = nky — su) to:
[z n.
[n — %1 > n,
n— L%J > n,
0> | ),
5T < ko. (*3)
If we conversely suppose that (*3) is valid, then

(*1) and (*2) clearly (for n > 2) follow.

(b) The condition: 3i: s} = ko from C3b.1) is equivalent to
n(ko — 1) < su and furthermore to

Su < n.

(c) The condition: s} < kg fori =1,--- ,n from C3b.2) is equivalent to
n(ko — 1) > su and additionally to

su > n.

Now, we will prove (see (iii) from the following Lemma) that sets of par-
titions Sy.su;k, Which satisfy the conditions from C3a) are equivalent with
regard to the Poisson equation to sets of sparse partitions (see C1)) or to
sets which satisfy the conditions from C2).

For this purpose we will use the denotation Sy, sy, for sets which satisfy
the conditions from C3a) and then show that corresponding sets Sy,.53.1, With
Ssu=n-ko— su fulfil the conditions from C1) and C2) according to Defini-
tion 4.2.5(c).

Lemma 4.4.2. Let Sy sy, with n < su and ko < [2%] (which also means
2su > n-kg) be given (see classification C3)). In addition let su = n-ko— su.
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i) Then Sp.suk, and S. — = with ko = ko — maz {0, su — (n — 1)k} are
3 SU KO n;su;ko

equivalent with respect to the partial order (see Definition 4.2.5(b))
and the inequality ko > [2%] is correct.

(ii) Furthermore, the relationship
ko=ko & Ji:s}=0
in relation to the least element s' of Shisusko 8 valid.
If ko = ko, then Snisuko and Sysu:k, are also equivalent with regard
to the Poisson equation.

(145) If Sp.su:k, satisfies the conditions from C3a), then Sy, suk, is a set from
C1) or C2).

Proof.

(i) Initially, we note that
ko = ko — max {0, su — (n — 1)ko} < ko.

We set k. = ko (see Def. 4.2.5(b))
and 5 = (k, ..., ko)T — s for s € Sp.suke-

Then
Y>85 => (ko —s;) =nko— su=su
i=1 i=1

is valid and also
5 = ko — s5; < kg — max {0, su — (n — 1)ko} = ko
since s; > max {0, su—(n—1)ko} for s € Sy, and ¢ € {1,2,--- ,n}.
Thus, s € Sn;W;EO'
Analogously s = ((ko, ..., ko)T —3) € Sp.suk, is correct for 5 € SyisiTo-
Furthermore, 5 = (ky, ..., ko) — s and s = (ko, ..., k0)T — 5 € Sp.suky
are one-to-one maps such that | Sysuk, | = [ S, 55 7,| follows.
Hence Sy, su:1, and S sTFo with su = n-kg— su are equivalent with

n;su;
respect to the partial order.

Now, we show the inequality ko > [2%] :

n < su and ko < [22%] (which means 2su > n - ko) imply
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su=mn-ky— su<2su— su=su
at first and additionally

. ko if su—(n—1)ko <0, | koifsu—(n—1)ky <0,
07 nko—suifsu—(n—1)ky >0

(W] if su —(n—1)ko <0,
Z _ . . . [ n —‘
Su if su—(n—1)ko>0

(ii) ko = ko is equivalent to su — (n — 1)kg <0
since kg = ko — max {0, su — (n — 1)ko}.

su—(n—1)ko < 0 if and only if the least element s' of S, .k, (see
Definition 4.1.1(b)) has at least one part s; = 0 and vice versa .

(iii) follows from kg = ko > (QST_“} (see (i)) together with (ii). |

We will use the simple facts from the following lemma in the subsequent
discussions.

Lemma 4.4.3. Let n and su be given. Then

(Z) | STL;SU;/@O‘ < | Sn;SU;ko-i-l |f07“ ko = (ﬂ—‘a [%-‘ +1,---,su—1 and

n

(11) | Snisuko | < | Snttisuky | forn=1,2,--+ su—1.

(Note: In dependence on the variable su (if n; ko are given) it seems that
the number |S),.su:k,| initially increases and decreases again later. See [3],
Theorem 3.10: |Sp:susko| = [Snisu—1:k,| for 0 < su < nTkO)

Proof.

(i) Obviously, s € Sp.su:k,+1 follows for partitions s € Sy su:k, -
Furthermore, S, sy:ky+1 includes partitions (with components of the
value kg + 1) which are not elements of Sy, sk, -

(ii) (81, ce Sn) € Sn;su;k:o imply that (81, e ey Sn, O) c Sn—l—l;su;ko-
Furthermore, all parts of the greatest element of Sy, 1.u:k,
(n € {1,2,---,su — 1})(see Definition 4.1.1(d)) are nonzero. Thus,

this greatest element can not be included in Sy sy.k, - n
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The following Theorem implies that only a finite number of sets which
satisfy the conditions from C2) with any fixed number r of partitions
exists.

Theorem 4.4.4. For a given p € Z a sug exists so that
| Snisuko | > p for all Spsuk, with su> suy and (su >) ko > [QST“]

We use sug = 6(p — 1) for the following proof in the case n > 3. A sharp
bound would most likely be sug = 2(p — 1).

Proof. Initially, n = 2 which implies kg = su and | S2.5y:50 | = su+ 1 is a
simple case and sug = p — 1 satisfies the demand of the theorem.

Now let sug = 6(p — 1).
We first show that |Smsu;k0:[2s_u1| > p for n with 2 <n < su.

|Snssusky | > p for ko > ko or/and n > su follow from Lemma 4.4.31)
and the obvious relation |[Ssu:suko| = [Snisusk,| for n > su.

() ()

: (] -1
1 . 2
S[21-1 (2]
The partition sl = 5%%1 S — [%Tﬂ (2] - 1)
st 0
[51+1

N A U
is the least element (see Definition 4.1.1(d)) of Sp.su, With ko = [254].

There are also, at least, the following partitions, each of which are ele-
ments of Sy.su:k, With ko = [287“}

Uniformly 1’s are initially subtracted from the first [5]—1 (or [5]) upper
components of the least element and with the value ky = (QST“W and one by
one the remaining [ 4] lower components are increased (with these 1’s) until
equality with the upper components is reached. The procedure is continued

analogously up to the greatest element. This demonstrated here in detail:
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1_1 1_1 Iy
( Sls% \ ( ji—l \ / 22 \
8%%1_1 5%31—1 Slﬁ?%l
812 +1 ) Slﬂ +2 ) ) 52 )
|—2—| (2~| |—§—|
st =0 st =0 Iy _
[51+1 [51+1 Sfnyq =0
\si=o )\ sso )\ wlo

with s2 = | S% | or s = | 2% | +1 for i=1,2,...,[2] and
i (5] i [5] 2
(without loss of generality) slf > 3122 > > 51(221 > 0,
2

or
l l l
/ sZ—1 \ ( sE—1 \ ( sy’ \
sk sk2—1 55
2 2 2
l2 l2 13
21 8 ik
2 . D) 2 . Y Y 3 )
Slf%H‘l 1 Slf%H‘l 2 ZS(%H_l
2 _ 2 _ 3 —
Sfat42 =0 STa142 Statte =0
\ =0 )\ =0 )\ d=0 )
. su l3 n
Wlthségzt(gwrlJ or s; —L( Tl +1 for i=1,2,. [5]+1
and so on.

There are (with s!) at least

o=+ (1gp) - (o= 5 (151 -1)) P g g+

partitions at least. A rough estimation yields

T NI Wb

(*1)
Now, let 5 € N so that

jon<su<(j+1)n.
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( > 1 is valid since n < su are assumed above.)

SU ) 1 g n—1 n-—-1 |
- > d - . < . *9
— 2 j and su 27 r J (*2)

follow.

Combining (*1) and (*2) we get

—1 su J n—1_ su
/>1 'n—>1 . . >_ 1f >2.
,0_+j2 +2j+1 n_6+ orn
Thus,
sSu SuUg
‘Sn;su;koz[%T“'||Zpl>€+1>?—|—1:p

for sup =6(p —1).

su Sug
|Sn;su;k:o‘ 2p,> €+1>?+1:p

follows for su > sug and ko > [2%] according to Lemma 4.4.31) (and since
|Ssu;su;k:o| — ‘Sn’;su;k‘o| for TL/ > SU).
|

Remarks 4.4.1. According to Lemma 4.4.2(iii) and Theorem 4.4.4 sets of
- sparse partitions (see C1)),
- non-truncated heavy partitions (see C3b.1)) and
- truncated heavy partitions (see C30.2))

are of interest when dealing with the computation of limits of PRMs.

These sets include an infinite number of sets of restricted partitions with
arbitrary but fixed number r of partitions.
This means that the corresponding PRMs are all of the same size, r by r.
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4.4.2 Limits of Partitions-Requirements-Matrices with
regard to Sets of Sparse Partitions

Sets of sparse partitions with £y = 1 have only one partition. As this is a
trivial situation, the solution is straightforward. If ky > 2 then ky > [257“}
(see classification C1)). We can then use Theorem 4.4.4.

An infinite number of sets of sparse partitions with a given fixed number
of partitions r is obtained only when n — oo since, obviously, |Ssu:su:ke| =
|Snisuske| for m > su and according to Theorem 4.4.4.

Let us begin by considering an example:

Example 4.4.1. PRMs with regard to sets of partitions

.

Sn;4;3 = 9

\

(1Y (2 ()

0
0 0
0 0

o O O

o) o) o)

(1))

o),

discrete uniformly distributed requirements are:

a1y p?2 92 _4p 44 41 4 %ng

—n+6
n2 gn-1 4 9p2
—2n+4
n? o2 —2n
n? 2 —2n

—21n* + 0n — 28

2.4n1 4 Byl
—30n? + 2%n — 56

2. 4n-1 T %TLB

—21n? + ¥n -6

?n{% —12n2% + %n

24"

+18n% — £n + 18

411—1 o
+27n? — 84n + 52

24"

+18n? — £n +6

4" —

1
L[Y (n>4) and with
0

-1 _ 13,3
37?,

13,3
371
-1 13,3

g’l’b

%n?’ + 9n?

The enumeration of P*(n) is carried out laboriously and it yields:

)
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10 1 2
o 01 2 1
JLHSOP(”):Z% 00 2 2

000 4

In this section we compute limits of PRMs P*(n) with regard to sets of
sparse partitions as n — oo in the general case.

This will yield triangular matrices with supplementary zeroes (see also
lim pj,(n) = 0, Example 4.4.1).
oo

n—

With this in mind, we introduce the concepts of monotone successors,
and principle parts of partitions.

Definition 4.4.1. .

(a) Let s € Sp.su:ky be a partition with n(i) su and (w. l. o. g.)
81 2 82 2" 2 Sp.
Then sg = (s1,--- ,8y) with s; > 1 fori=1,---,n and s; € {0,1}
fori=n+1,--- ,n is called the principal part of s.

(b) Let sky be the principal parts of the partitions s' € Sp,.suyko;
(where n; (i)sul, sll > 8l2 > .0 > sﬁu) forl=1,2.
Then s* is called o monotone successor of s' if 1 > ny and
st >s? fori=1,--- ,n2(m).

Lemma 4.4.5. .

(a) If {s?,s'} C Sp.suky (where n(i)su) and s' is a monotone successor

of sT, then s' is also a successor of sf (see Definition 4.1.1).

(b) Let s' be any monotone successor of s, s € Sp.su:k, and s’ € Sn/;su/;ko,.
Then s" € Sp.suk, exists so that the principal parts of s' and s" are
equal. (This means s” is a monotone successor of s.)

(The proof is obvious.)
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Theorem 4.4.6. (Limits of PRMs with regard to sets of sparse partitions)
Let n(i)su and {s'(n),s'(n)} C Sp.suke with (w. 1. 0. g.)

sM(n)1 > sMn)g > -+ > sMn), for A= f,L.

(This means, in particular, s*(n)sus1 = $*(N)sus2 = -+ = M (n), = 0
for X=f,1.)

Furthermore, let s* = (s*(n)1, -, 8" (N)su)? € Ssussuky for A = f,L.
Then,

lim_p*(s'(n)|s? (n))

n—oo

(0 if s is mot a monotone successor of st
= (@@ +ay™ X TT alsy) T (ao(s) + -+ ao(ko))
Sgreséf i:szf>s£ri22 i:s{:sﬁriZQ
if st is a monotone successor of st

where 1y and 1 are defined as in Definition 4.4.1(b) and

S%f = {57r € sz | 55 is a permutation of (st sk, - ,S%Z,O, 07T ¢ sz

withszf > Sy, fori=1,--- ,nf}.

Proof. Let us denote

p*(s(n)]s? (n)) = 2 g(w) = > qw)+ > q(w)

w:s*(sf(n),w)=s!(n) weB! we B2
where
B = {w € By, | Clw;su] A s*(sf(n),w) = s'(n)}
and

B? = {w € By, | C[su;w] A s*(sf(n),w) = s'(n)}.

Now, we consider w € B! :
C [w; su] implies that at least (n — su) coordinates of w are equal to 0.
The simple inequality relation
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weB!

follows and furthermore

Jim Y q(w) < tim (1) ao(0) " =0 *2)

n—00
weB

since (. ) is a polynomial (of the degree su) and qo(0) < 1 (see (4.2.2)).

Thus,
lim p*(s'(n) | s/ (n)) = lim 3 q(w)
n—00 n—oo, B2

remains to be considered:

Case 1: Let s' not be a monotone successor of s.
This means i : s'(n); > s/(n); A s'(n); > 1.

Thus, at least (n — su) coordinates of w € B? must be equal to 0 accord-
ing to the iterative method from Section 4.2.2, case C[su, w|. Otherwise in
certain iteration steps 0’s would needlessly be increased to 1 and the above
s'(n); could then not be obtained by the iterative method.

Analogously to (*1) and (*2)
lim p*(s'(n)]s! (n) = lim 3 q(w) =0

© we B2
follows in case 1.

Case 2: Let s' be a monotone successor of s/.
We partition B? = B?*U B?* where

B?* = {w € B? |V permutations s’ (n) of s'(n) satisfying (4.2.5)

™

Ji: st(n); > s/ (n); A sk(n); > 1},

™

B? = {w € B? | 3 a permutation s’ (n) of s'(n) satisfying (4.2.5) :
L(n); < sf(n)ifori=1,--- ,nsand

S
Sgr(n)’t S {Oa 1} for i = ny + 17 o ,77,}.

We see at first, analogous to case 1, that lim >  g¢(w) = 0 follows.
n—oo ’LUEBQG

Finally, let sﬁr(n) be a permutation of sl(n) with sﬁr(n)Z < sf(n)z for
i=1,---,n; and sk(n); € {0,1} for i = ny +1,--- ,n.
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Then s*(s/(n),w) = s'(n), where s! (n) together with w and s/(n) fullfil
(4.2.5), is only valid for w € B, with

s{ <w; <ky if s.(n)= S:L.f(: sf(n);) > 2,
w; = sk(n); if sl >sk(n);>2,

sy~

o ) (4.4.3)
w; €{0,1}y  if s >2Asi(n); € {0,1},
ngigko Zf i>7]f
n
where, additionally, > w; > su.
i=1
n
If w fullfils (4.4.3) however > w; < su that implies that at least (n — su)

i=1
coordinates of w are equal to 0. Analogous to (*1) and (*2) the relation-
ship

lim 37 g(w) < lim (") qo(0)" 7 =0 (*3)

n—o0 n—o0
w:y | w;<su
i

follows.

If s'(n) corresponds to w asin B? then, obviously,

{ st (n); if st (n); > 2,

0 otherwise

sl e SL | where si =

e s fore=1,---,n;.

Different s. imply different w which together with the corresponding
st (n) satisfy (4.4.3). This in conjunction with (*3) yields

s

lim > q(w)

n—oo

we B2b
= ¥ (@0)+a)  TT aolsk) T (ao(s))+ - +ao(ko))
Sgresiyf i:s{>8%22 i:s{:S;iZZ
= lim p*(s'(n)|s/(n)). |

(See also Example 4.4.1.)

Corollary 4.4.7. Let su and ko (su > ko) be given and let the numbering
of the partitions of the sets Sp.suko = {57 (n), -+ ,s"(n)}, n(; su be so that

{s/(n) = s'(n)} = {f <1}

Then the matriz lim P*(n) is a triangular matriz.
n—oo
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4.4.3 Limits of Partitions-Requirements-Matrices with
regard to Sets of Non-Truncated Heavy Partitions

Sets of non-truncated heavy partitions can be represented in the form of
Srinko—suko With su < ko, su < n,(n > 2,ky > 2) (see Lemma 4.4.1(b)). In
particular, this means that we use the representation

su = nko — su (4.4.4)

for su.

Example 4.4.2. Exzample sets of non-truncated heavy partitions with one
or two partitions are
Sn;nko—l;ko7 n > 27 kO > 2 and Sn;nko—Q;k‘oa n > 37 kO > 3.

In greater detail,

(a) Sn;nk:o—l;kzo, n>2,ky>2

(GG

2 ko
2 b ko ’

1 ko — 1

(b) (Sninko—2,k0-—)> 7 > 3, ko >3

3 3 kO ko
3 — 2 , , ko — ko — 1 ,
1 2 kO—2 k’o—l
( 3 3 ) ( kO kO 3\
< 3 — 3 >, X < kO — ko >7
3 2 kO ko—l
[\ 1 2 /) L ko — 2 ko — 1
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Lemma 4.4.8. Sets of non-truncated heavy partitions
Srinko—suko (SU < ko, su < n,n > 2,ky > 2) are equivalent to sets

of sparse partitions Sn; susky With ko = su with respect to to the partial order.

A corresponding relation between the partitions is
ko

s=1 : — 5, 5 € Snisusky (SU = nko — su), 5 €S, a0 -
ko

is (su,0,...,0).

Furthermore, the least element of S, .k

The proof is obvious. (See also Lemma 4.4.2.)

In Example 4.4.2 2 e ko are equivalent to
1 ko — 1
L and so on
0 :

Lemma 4.4.8 and Theorem 4.4.4 lead to the following remarks:

Remarks 4.4.2. An infinite number of sets of non-truncated heavy parti-
tions with a given fized number of partitions is yielded by kg — oo orn — oo.

(See also Example 4.4.2.)

The case n — o0
can be discussed analogously to Section 4.4.2 if we pay attention
to the equivalence from Lemma 4.4.8!

Here we consider the case ky — oo.

This requires additional properties of the probability functions g:
Let ¢ denote probability functions corresponding to Bk, (where n is
fixed). Then we assume

lim qlgo (w;) =0 forw; =0,1,... (4.4.5)

ko—o0

and
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3 ¢(ko) (real numbers with 1 > ¢(kg) > 0) :

ko
iy 900 (wi) o (4.4.6)
Ekglinoo Oc(ko) #0 for w; =0,1,....
ko ()0 \\1
Ctim ) 159 and wy = 0,1, (4.4.7)

ko—)OO C(k())
follows from (4.4.5) and (4.4.6).)

ko .
(The limits lim qco( k:(())) are unique, however can differ by a constant mul-

ko—o0

tiple (in relation to c(kp)).)

Definition 4.4.2. .

(a) Let s € Sp.suk, be a non-truncated heavy partition with (w. I. o. g.)
81 2 82 2+ = Sp.
Then sg = (Sy, -+, Sp) with s; < kg —1 fori=mn,--- ,n and
si € {ko,ko—1} fori=1,--- ,n—1 is called the principal part of s.

(b) Let 3% be the principal parts of non-truncated heavy partitions
sl e Shyzsuiko, (Where sh>sh>... > sﬁll) forl=1,2.

Then s? is called a restricted monotone successor of s' if
ni—n >na—mn2, and sy _; <s5 _; for i=0,--,(n1—n1)nz —no
and

a permutation s2 of s* exists such that

. 4.4.8
871“_2- + sfr(m_z.) for at most onei € {0,--- ,ny —m}. ( )

(This also implies ny —n1 =na —n2 or ng —m =na — N2+ 1.)

Remarks 4.4.3. We cannot derive Definition 4.4.2(b) completely from Def-
inition 4.4.1(b) by using the equivalence of sets with non-truncated heavy

partitions and certain sets with sparse partitions (see Lemma 4.4.8) because
of condition (4.4.8)!

Lemma 4.4.9. .

(a) Let Sp.su:ky be a set of non-truncated heavy partitions and

{sf, Sl} C Snisuske- If st is a restricted monotone successor of s! then

st is also a successor of sf (see Definition 4.1.1).



221

(b) Let Sp.su:kos Sn/,su’,k:g be sets of non-truncated heavy partitions and
/
S 6 Sn;su;]{:oy S e Sn/;su/;ké.
If §' is a restricted monotone successor of s, then s" € Sp.suk,
exists such that the principal parts of s’ and s” are equal.
(This means, s is a restricted monotone successor of s.)

(The proof is obvious.)

Theorem 4.4.10. (Limits of PRMs with regard to sets of mon-truncated
heavy partitions)

Let Sp.su:k, be sets of non-truncated heavy partition where su is rep-
resented by su = nko — su (see Lemma 4.4.2) with fixred n and su (and
n Z 2, ]{30 Z 2).

Furthermore, let {s/(ko),s'(ko)} C Sn.suk, with (w. I o. g.)
s (ko)1 > s™M(ko)a > - > sMko)n for A= f;l.

(In particular, that means s (ko)1 = - = sMko)n—su = ko for
A= fil.)
In addition let s* = (57, ,s0,)7 = (8 ko)n-sus1, 5 (ko)n)T € Ssu,suko

(where " s = sukg — su,).

Finally, let given probability functions ¢~ fulfill (4.4.5) and (4.4.6) for
certain c(kg) and
()
R (O

qo(w;) =
Then,
lim  —~(p*(s'(ko)|s’ (ko)) — 0(s'(ko), s7 (ko)))

ko—o0 c(ko)




222

(0 if st is not a restricted monotone successor of st
- X @] )+t k) ifs! =,
ts{§k0—2 13
= q8<8;’i0) for sﬁrio < ko — 1,
> Wils) = sl < st |
5%6557]« (qg(ko — 1) + qg(ko)) for Sirio =ky—1
if s is a restricted monotone successor of s and st # s!

where §(s'(ko), s (ko)) = {

I _
Sp; =

or {

1 if s/ (ko) = s'(ko)
0 if s (ko) # s' (ko) ’

n—me+1 . .
{sﬂ € Z+ s \ Sr 18 a permutation

(Sih,... 73%)’1—‘ Zf’l’]f =, ) f .
P << , = .
(ko — 1’ S'lf7l7 e 7Sfln)T anf — /r]l . 1 wlth S’L >~ 8771 fO']"Z /]’]f7 ,n

and ng, m are as in Definition 4.4.2(b).

Formally, the proof is analogous to the proof of Theorem 4.4.6, however
the roles of the cases Clw, su| and C[su,w] are reversed. In detail the con-
siderations are somewhat different.

We demonstrate this for > ¢~ (w)

weB?2

(where B? = {w € Bk, | Clsu;w] A s*(s/ (ko),w) = s'(ko)}).

(4.2.5), case C[su;w] implies that an sl (kg), a permutation of s'(kg), exists
with w > sl (ko). Hence, at least one coordinate of w is equal to ko and at
least one is either also equal to kg or is equivalent to kg — 1 (since s’ (kg) is
a non-truncated heavy partition).

The simple inequality relation

n

ity 50000 <y (5 )+ btk
we

follows and furthermore (4.4.7) yields

13This is a finite number of i since su is fixed.
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. n
> ) < lim ks ( ’ ) (659 (ko) + ¢t (ko — 1))2 = 0.

we B2 —00 €

Corollary 4.4.11. Let sets of non-truncated heavy partition Sy.sy:k, @S in
Theorem 4.4.10 be given and let the numbering of the partitions of the sets

Spisuk = {8 (ko), -+ ,8"(ko)} be such that {sf (ko) — sl(ko)} = {f <}

Then, the matriz lim ——(P*(ko) — I) is a triangular matriz.
k0—>OO C(k‘o)

Example 4.4.3. Let us begin with

Sn:a:4 (n > 4) — sets of sparse partitions and
Sb:5ko—4:ke (Ko > 4) — sets of non-curtailed heavy partitions.

Such sets are equivalent with respect to the partial order (see Lemma 4.4.8).

Now, we compare some limits of elements of the corresponding PRMs:
Tim p(s* ()% (n)) 1 = (a0(2)+- +a0(ko))2—1 = (1-a0(0)~go(1)) -1

(s3(n) = (2,2,0,---,0)T; see Theorem 4.4.6)

with
i iy (P (5 (Ko) 5% (ko)) — 1) = —2(qf (ko) + qf (ko — 1))
(s3(ko) = (ko, ko, ko, ko — 2, ko — 2)T; see Theorem 4.4.10))
and

lim p*(s*(n)|s3(n)) = (q0(0) + qo(1)) 2 (q0(2) + -+ - + qo(ko))

=2(q0(0) + qo(1))(1 — go(0) — go(1))
(s*(n) = (2,1,1,0,---,0)T; see Theorem 4.4.6)
with
Jim oy (58 (ko)ls® (ko)) = 2(af (ko — 1)+ af (ko)

(s*(ko) = (ko, ko, ko—1,ko—1,ko—2)T, see Theorem 4.4.10)).

These limits as well as the formulas for limits of PRMs with regard to sets
of sparse partitions (Theorems 4.4.6) and of PRMs with regard to sets of
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non-truncated heavy partitions (Theorems 4.4.10) are very different. In con-
trast to that, solutions of Poisson equations with regard to limits of corre-
sponding PRMs will have similar structures, see the Theorems 4.6.8 and
4.6.12 in Section 4.6.)

4.5 Further Results from Elements of Partitions-
Requirements-Matrices

PRMs depend on the variables n, su and k. Of these, it seems most difficult
to find formulas which place the dependence on su.

In Section 4.5.1 we will show, by means of the concept of perturbed parti-
tions, that with regard to the variables n and kg, elements of PRMs are sums
of probabilities over subsets of requirements whose numbers of elements are
described by polynomials in kg and/or either polynomials or sums of expo-
nential functions and polynomials in n.

Hence, the elements of PRMs themseves (multiplied by (ko+1)") are poly-
nomials or sums of such exponential functions and polynomials in the case
of discrete uniformly distributed requirements. (See also Example 4.4.1.)

Thereby the exponential functions can be determined similarly to the
limits of elements of PRMs in Section 4.4. The determination of the poly-
nomials however appears more difficult. The degree of such polynomials and
the corresponding leading terms are given in Section 4.5.1.

Remarks on the methods of the corresponding proofs follow, in particular
for the use of the concept of disturbed partitions.

Finally, in Section 4.5.2 the elements of the last row and the last column
of PRMs (in the case that n > su) are computed.

In this section we also use the terminology from Section 4.3.
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4.5.1 Elements of PRMs in Dependence on Variables n
and kg

Theorem 4.5.1. Let 5/ € Shisusko  and sl e Shisusko b€ given with
(w. 1. 0. g.) 5{2552 >§‘f and §l12<§QZ - > 5. and where
i > max{F,L} (F, L as in ({.3.1)) and (su >) ko > max{shas, s’ 1}

f max )
Smax = 57, anaa: - Sll
Furthermore, let s* = (59, ,5%,0,-++,0) € Sp.suky for A= f,1,

A=F L and any n > max{F, L}.

Then the following statements are valid:
(i) The number of elements in the sets

g . px (s, sh) {w € Bk, | st =s*(sf,w } (see Defini-

nk:o n;ko

tion 4.2. B(b))
(with n > max{F, L} and su > ko > max{sfnax, st..})

is a polynomial in ko and/or either a polynomial or a sum of an expo-
nential function and a polynomial in n.

(i) In the case of discrete uniformly distributed requirements, the elements
of the corresponding PRMs multiplied by (ko + 1)™ are polynomials in
ko and/or either polynomials or sums of exponential functions and
polynomials in n.

The degree of the polynomial part of (ko + 1)™ x pj. as function
of n, is L (the number of parts of s' which are not equal to 0) for
st #(1,...,1,0,...,0) and su — 1 for s' = (1,...,1,0,...,0).

The coefficient of the leading term * of the polynomial in the case
that s' # (1,...,1,0,...,0) is:

I L (I .
5*< *>*c** z( )(k: F1os,)
' Ly i=L; \ J
with st =5 = .. = lel (Ly as in (4.3.3)) the mazimum of the
components of s,

IE_ Lo zflel :leQ+1,
2 Ly otherwise

4See also [18].
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and C* is the number of permutations of the L — L5 components

of s* which are smaller than st —1.

In the case that s' = (1,...,1,0,...,0), the coefficient of the leading
term of the polynomial 1s:

— ey * (k" = 1),

For n(z) su all corresponding PRMs are of the same type and the

polynomial parts of the elements multiplied by (ko + 1) as functions
of n, which are in the same column, must have the same leading term.

Proof. We use "perturbed partitions” (see Section 4.3) in the following
proof.

The results with respect to kg follow directly from Section 4.3:

Thereby we can confine ourselves to the case C[su, w], since kg does not
play a role in the case Clw, su].

With regard to determination of corresponding sets of perturbed parti-
tions, the possibilities of (J,, jo, 1) with S;’Z(Jo,jo,jl) # @ and the elements
of $$*(Jy, jo, j1) depend directly on s/ and s however not on kg. (See Def-
initions 4.3.1 and 4.3.3 and also Lemma 4.3.1.)

Only sets Bi;ko(sf, 3L) depend on kg (see Definition 4.3.4). That

|Bg;k0(sf, 31| are polynomials in kg follows from (4.3.11) and also that the

elements of the corresponding PRMs multiplied by (kg+1)" are polynomials
in kg in the case of discrete uniformly distributed requirements.

In relation to variable n we also use perturbed partitions for the proof.

The formulas (4.3.9) and (4.3.10) or (4.3.13) and (4.3.14) are therefore
not directly suitable for a proof since in these formulas the sums

> ceeoor e > .-+ are included and the
8L €S (Josjouit) 8L €S (Josja.ia)

numbers of elements 8. in the sets Sg’l(JO,jo,jl) and Si’l(JO,jg,jLL) can de-
pend on n.

For this reason we will construct certain subsets of ,SA'J:’Z(JO, Jo,j1) and

A fl .
S7J: (J07j37.]4)'
Furthermore, we will have to consider four cases, or five cases if s/ = st.

For this proof we also define that products over sets are equal to 1 if the



227

sets are empty!

Case: In C|su;w] a (J,, jo)-perturbation of the relation ”>" between
s/ and sl is considered. (see Definition 4.3.1)

Furthermore, let 8 be a (.J,, j,)-perturbed partition of s
(see Definition 4.3.2).

Subcase: ¢, >1. (¢! as from Definition 4.3.1)

We split non-empty sets S’i’l(Jo,jo,jl) (see Definition 4.3.3) into the dis-
junct subsets:

52, (f)l o - = o
S2 ) (Jordor 1)y € =1, v+, B(=E(Joy jor 1))
where S?r’g(f D include elements sl with certain fixed components §£rz In

greater detail:

l

w2 JlJO of L are fixed for i where

Lj — jo, components s
b > afjo so that 3,{ > gl (4.5.1)

(see (d10) in Lemma 4.3.1),

and if ijo — 1= af,oﬂ then in addition Lj 1 — Lj, — j1 components

8L =ol, —1 of 8, are fixed for i where
(2 o

8t =o' —1 so that slf > 8l (4.5.2)
(see (d11) in Lemma 4.3.1).

Furthermore, we use the symbols

L%é(f’l)(Jo,jo,jl) for the set of indices ¢ for which

4.5.3

the components ‘§£n of 5. are fixed above, ( )
o Ljs1—Jo—j1 ifal —1=dY 4,

nl =nl(Jo, Jo, j1) = , o l°+ (4.5.4)
Lj —jo lfJJO—1>UJO_H,

n2 =n2(Jy, jo,j1) =n —nl, (4.5.5)
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n3 = n3§’l(Jo,jO,j1) =n2— Hs{ | s{ > af]O A i¢ I?ré(f’l)(,]o,jo,jl)}‘ .
(4.5.6)

(Obviously, Igé(f’l)(Jo,jo,jl)‘ =nl and n —

Iﬁ;(f’”(Jo,jmﬁ)‘ = n2.)

We now want to compute the numbers of elements in the sets
S’?Té(f’l)(JO,jo, j1), € =1,---  E. These numbers are equal to the numbers of
possibilities that the remaining n2 components &, i ¢ L%’g(f’l)(Jo,jo,jl) of
§' can be permuted under certain restrictions.

In greater detail, at first, the j, + j1 components §£ with size ijo — 1,
which were not taken into consideration in (4.5.2), can only be permuted in
such a way that

st <8l

(see (d8) in Lemma 4.3.1).
That means, these components :§§ can only be permuted with respect to n3
positions.

Thus, ( . n3. ) possibilities follow.
Jo + J1

Then, n2— (j,+j1) positions remain for the L —nl1— (j,+j1) components
8, of 8 with 0 < 8} <o —1.
: n2 — (jo + j1) (L—n1—(jo+1))! e
That yields < L—nl-(jo+ 1) I Tl possibilities.

;. l L _
z.1§0i<0'JO 1

Finally, the positions still remaining are occupied with §i = 0.

In summary, a set Sﬁ;(f’l)(ijo’jl), (e{l,---,E} has
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f.l N n3 n2 — (jo + ]1) (L—nl1—(jo+7j1))!
Zlg (JOaJOaJI) = < o+ 1 > < L —nl— (jo"‘jl) 1 (Li—Li—1)!
~1

i 1§0'7l;<0'l

Jo
4 n3 n — LJO_|_1 (L_LJO+1)!
jO + jl L — LJO_|_1 11 (Li—Li—1)!

;. l I _
z.1§0i<0'JO 1

e _ 1
lfO-Jo_l_O-JO+17

n3 n—Lyj, (L—Lj,)!
jo J\ =Ly, ) T =~ L)

\

(4.5.7)
elements, where Z1 only depends on £ as n3.
Now, we consider the sets
2,(f,1 o A -
Bg (f )(']07.]O7jl) = U Bg;k(](‘gf)‘gir)a 5 — 17 T, S, (458)

5t €S2 (Josjouin)

with B72z;k:o (s/,5) as in Definition 4.3.4.

According to (4.5.7) and Definition 4.3.4, a set Bg’(f’l)(Jo,jo,jl) contains

the following number of elements:

B.’;?’(f,l)<<]oajoaj1) = Zlgjl(JOLjOle) * Z2?1(J07j07j1) * Z3f7l(J0’jO’j1)’
(4.5.9)

where

1 .. a
22§ (JosJosg1) = 11 (ko +1—3%) (4.5.10)

o —sl l
iy =87, ZUJO

(see also Definition 4.3.4, (d13) and (4.5.1))

and
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Lo Jo—1 '0+ . .
Z3f’l(J0,j0,j1) — (k0+2_af]o)Jo+J1 S ( J ' J1 ) (k0+ 1 _O-ffo)j

Jj=0 J
JotJ1 ; ; :
= Z (]0?’7_]1 >(k0+1_0_ljo)]
J=Jo
(4.5.11)
(see Definition 4.3.4, (d14)) and thereby
jO_]- . . .
7 — Zo ( Jo —ji._‘h ) (ko+1-— ijo)]” includes that w with more than j;
J:

coordinates w; = afjo —1 are not feasible according to Definition 4.3.4, (d14).

Thus,

BEZ,(f,l)(ijO,jl)‘ are polynomials in n!

The consideration, in particular, of Z 1£’Z(JO, Jo, j1) implies that the degree

of such a polynomial is

jo+ji+L—Lj4 ifo, —1=0l |,

(4.5.12)
and jo+ L — Ly, ifo}, —1>d} ;.
Now, let
2)(J05j07j )g) .-
Pri v= 2 q(w). (4.5.13)
weBg’(f’l)(Jovjovjl)
If the coordinates w;, i = 1,--- ,n of the requirements w € B,,.;, are inde-

pendent and identically distributed, where (4.2.1) and (4.2.2) are fulfilled,
then

2?(J07j07j15§)
Dy

= 21 (Jor jor 1) # ZP21 (o, oy j1) % ZP3IN( Ty, o 1) + ZPU (o, jor 1),
(4.5.14)

follows, where
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k
ZP2£’Z(Jo,jo,j1) = I1 ( ZOD go(w;))
i:s{:§§rizaljo wizéﬁw
(4.5.15)
[I ‘10(§§ri)) CJO(OSO — 1)((LJo+1—LJO—j1)*5)
zs{>§£rl Zafjo

. 1ifol, —1=0b .,

with 0 = { 0 othg;vvise Tt

(see (4.5.1), (4.5.2) and Definition 4.3.4, (d13), (d15)),

L JotJ1
0
Z P35 (T, jo, 1) = > qo(wy)
w,-:aljo—l
.70_ - _'_ N . . . 0
B < Jo ' J1 > QO(USO _ 1)jo+31—.7 Z QO(wl)
j=0 J wi:O—EZO
JoTJ1 y + ; ) . . 0
_ Z ( Jo ' J1 ) QO(O{]O _ 1)]o+]1—] Z q()(wz)
i=Jo J wi=0y,
(4.5.16)

(see Definition 4.3.4, (d14)),

Jo—1 ; ; S ko
(thereby 7 — >° (‘70%‘71 ) qo(oh, —1)Jetin=i > qol(wy) | 7

Jj=0 J wi:afjo
includes that w with more than j; coordinates w; = Jf]O — 1 are
not feasible according to Definition 4.3.4, (d14))

and / o al
Z P17 (J07]07.71) = H qo(sﬂ'i)) (4517)

-5l L _
18, <05, 1

(see Definition 4.3.4, (d15)).

Finally, in the case of discrete uniformly distributed requirements, (4.5.9)
or (4.5.14) implies
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2,(Jojosj1, 2,(f 0y ]
P = L BRI (T, o 1)

N o N o .
= m*21£ (J07]07]1)*Z2£ (JO7]07]1)*ZBf,l(f]Oajoa]l)'
(4.5.18)

Subcase: Jf]O =1 (JZJO as from Definition 4.3.1)

which means J, = y, see (4.3.3)

l

(Then and only then is s’ a monotone successor of s/, according to Defi-

nition 4.4.1(b)!)

Initially,

jlzn—Hz‘\s{;éo}‘—jozn—F—jo (4.5.19)

follows for afjo = 1 according to Definition 4.3.3, (d6),
where F(= F,) as in (4.3.1) and (4.3.2).

We now use in principle methods similar to those in the subcase Uf]o > 1:

82,(f) 2(hD . 2,(Y,joj1, -

S2ID @, dougt), B (Y, Gorgt), p 7 € =1, = have the same
meaning as in the subcase O'SO > 1 (see (4.5.8) and (4.5.13) among other
things).

However, we will see that a set S?r’g(f o (Y, jo, j1) contains only one element.

Sets S?r’g(f ’l)(y, Jo,j1) are characterized by certain fixed components ‘§5n
of their elements 4. Similar to (4.5.1) and (4.5.2) and using aé = 1 and
(4.5.19):

l

L — j, components 5 > 1 of §£r are fixed for ¢ where

8L > 1 so that S,Lf > gl (4.5.20)

(see (d10) in Lemma 4.3.1),



233

and if n > L then n — L — j; = F + j, — L (see (4.5.19)) additional
components of §£Tz of &L are fixed for i where
s/ >0 sothat 8. =0 (4.5.21)
(see (d11) in Lemma 4.3.1).
J =0 is valid and,

For the remaining positions ¢, the relationship s; =

hence, slf < 8L =0 (see (d8) in Lemma 4.3.1).
2>(f7l)(

Thus, all components éin have been fixed, S'Wg
element and

Y, Jo, J1) only include one

X2ED . R . R 2R, .
Bg U )(yajoajl) - B?L;ko(sf7sgr)7 with {857} = Sﬂg(f )(y7]07]1)
follows, where B?vk:o (s/,5!) is defined as in Definition 4.3.4.

)y =T

Specifying 22! (Jo, jo. j1) and Z354(J,, jo, j1) from (4.5.10) and (4.5.11),
the number of elements of such a set of requirements is

2,(f.1 .
B2y, jo, j1)

= H (k0+1—§5”)*

(ko + 17 =5 < n—F ) kg]

i:s{:ﬁri >1 j=0 J
n—F _ .
= I (ko+1-38.)= 2(”.F>k3
irsd =3l >1 J=Jo J

(4.5.22)
(where {8L} = gzé(f,l)(y7j07j1))'

Obviously,

BE’(f’l) (Y, Jo jl)‘ is a sum of an exponential function and a poly-

nomial in n. The degree of the polynomial is then

jo — 1. (4.5.23)

If the coordinates w;, ¢ = 1,--- ,n of the requirements w € B,,.;, are inde-
pendent and identically distributed, where (4.2.1) and (4.2.2) are fulfilled,
then a specification of ZP2£’Z(JO,jO,j1) and ZP37!(J,, jo,j1) from (4.5.15)
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and (4.5.16) yields
(ZP1/4(J,, jo,41) is not relevant here since §£Ti < O'lJO —1 = 0 is not
possible):

. ko
27 sJOsJ 1 ~ ) —
pﬂ(yj J1:€) _ MM (Y qw) TI qo(sL.) q0(0)(F+io—Ly)
i:sf:é%i21 w; =8k i:87{>§£%‘21
n—F n—F ) ;
JE (") worr - woy]
J=Jo

(4.5.24)
(where {31} = 2D (y, o, j1)).

Finally, in the case of discrete uniformly distributed requirements, (4.5.22)
implies the following analogous to (4.5.18)

27(y7j07j 76)
Dy !

R — jo_l n — F .
=Gt 1L (R 1=8) x| (ko +1)"" = ( j >%]

irs] =5l >1 7=0

) o _n—F n—F .
by T Ge1-d)« 'S ("7 ) k).
i:sf =3l >1 | j=Jo J

(4.5.25)

Case: In Clw; su| a (J,, j3)-perturbation of the relation ”<” between
s/ and s! is considered. (see Definition 4.3.5)

Furthermore, let 8 be a (J,, j3)-perturbed partition of s
(see Definition 4.3.6).

Subcase: ¢!, > 0. (¢) as from Definition 4.3.5)

We later split non-empty sets Si*(J,, js,ja) (see Definition 4.3.7) into
disjunct subsets:
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ol 7l . . — — . .
S71T§(f >(J07]3)]4)7 5 - 17 ) ‘:'(: ‘:‘(J07]37.]4))'

At first, the n— L components of s’ and § with value 0 can only be permuted
in such a way that

—O = s/ =0and
—0:>3 =0

@\@

since slf < &t =0 follows from Lemma 4.3.7, (d27) for 8, = 0 and afjo > 0.
This yields
n— F n— F
(1) (1oh) -
al

sﬂ, = 0 into consideration, certain other components 8 x, of the elements

possibilities.

fSTrg(f l)(JO,jg ja) are fixed. More specifically:

L — Lj 1 — j3 components 0 < Sm < O'JO of &L are fixed for i where
0 <! <ol so that s{ < s (4.5.27)

(see (d27) in Lemma 4.3.7),
and if af]o +1 = af,o_l then Lj _1 — Lj _o — j4 additional components

gl = af] + 1 of &L are fixed for i where
7 o

st =o' +1 so that 3{ < 8L (4.5.28)

(see (d28) in Lemma 4.3.7).

Furthermore, we use the symbols

1’(f’l)(Jo,j3 j4) for the set of indices ¢ for which the

. (4.5.29)
components st of 8, (55 = 0 included) are fixed above,

o n—Ljo—js—js ifoh +1=0
nd = n4(']07.]37]4) = . T l
n—Lj,—1—7J3 ito;, +1<o; 4,

(4.5.30)
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Lj,2+4js+js ifo +1=0 _|,
n5n5(<]07j37j4)n—n4{ Jo Jo—1

LJo—l —|—]3 if0f10+1<0'f]0_1,
(4.5.31)

n6 = n6L (Jou s, ja) = n5 = |{sf | s <oy A i@ L0 Uojoi) .
(4.5.32)

(Obviously, |1 (Jy, js, js)| = n4.)

We now want to compute the numbers of elements in the sets

S’;é(f’l)(‘]o’j?”j‘l)’ £ =1,---,2. These numbers are equal to < Z:§ >

(see (4.5.26)) multiplied by the numbers of the possibilities the remaining
n5 components &', i ¢ I;é(f’l)(Jo, 43, 44) of &' have to permute under certain
restrictions.

More specifically, at first, the j3 + j4 components .§£ with value alJO + 1,
which were not taken into consideration in (4.5.28), can only be permuted
in such a way that

< gl
i Z Sm

(see (d29) in Lemma 4.3.7).

This means, these parts §£ can only be permuted with regard to n6 posi-

tions.

Thus, ( . n6. ) possibilities follow.
J3+ Ja

Then n5 — (js + ja) = n —nd — (js + ju) positions remain for the
n—nd — (j3+j4) parts & of & with & > Jf]O + 1.

That yields %15_(‘7.3(?‘9%!4_1)! possibilities.

ool l
1: Ui>UJo+1

In summary, it follows that a set g}ré(f’l)(JO,jg,jzl), ¢e{l,---,E} has
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flig o+ . [ n—F n6 (n5—(js+ja))!
Z4§ <J07]37j4) T ( I —F ) ( j3+]4 ) lHl (Li—L;—1)!
1. O >0'JO+1
( n—F nb6 LJO_Q'
L—-F J3 + Ja I (LimLioy)!
7 a'£>a'f] +1

I
VN
~ 3
[
ESIES
~_
VN
s 2
~_
]

b(
S
St
|
&
|

1: Gi>GJO+1
: l l
\ ifto; +1<0; 4
(4.5.33)
elements.
Now we consider the sets
Bg <J07]37]4) T U Bn;k‘o <S ’SW)’ 5 o 1’ = (4534)

.§£r€‘§711—7£(f7l) (J07j3 7j4)

s

with Bi,ko (s/,5) as in Definition 4.3.8.

According to (4.5.33) and Definition 4.3.8, a set B;’(f’l)(Jo,j3,j4) includes
the following number of elements:

Bgl’(f’l)(Jo,j?,,jzi) = Z4£’Z(Jo,j37j4) * Z5§’Z(J07j3,j4) + 2674 J,, j3, 1)
(4.5.35)

where

1yl s al
Z5€ (J07]3aj4) — f_H (871'1’ + 1) (4536)

i 5l l
i:8; =85 SUJO

(see also Definition 4.3.8, (d30)) and (4.5.27))
and
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L 7j3—1 . . .
265 (T, js, ja) = (o, +2)" 1 =75 < I3+ Ja ) (o}, +1)

J=0 J
(4.5.37)
J3+Ja ; ; ,
= Z <]3‘i"]4 > (Uf]o—l—l)j
J=J3 J
(see Definition 4.3.8, (d31)) and thereby
J3—1 ; ; .
— ( I3 }_‘74 ) (0!, +1)’” includes that w with more than j; coor-
=0

dinates w; = af]O + 1 are not feasible according to Definition 4.3.8, (d31).

Obviously, ‘Bgl’(f’l) (Jo, 73, j4)

is a polynomial in n (for any ko)

(4.5.38)
of the degree L — F.
Now, let
17(J05j 7j 7£) -—
Py = 2 q(w). (4.5.39)
we By (g,j3,5a)
If the coordinates w;, i = 1,--- ,n of the requirements w € B,,.;, are inde-

pendent and identically distributed, where (4.2.1) and (4.2.2) are fulfilled,
then

) JOv. 7. 9 ) . . 5 . . . .
eI = 74Ty, g3, 4a) % ZP5L (Jo, g3, da) * ZP67H(Jy, s, ja)

+Z PAT (Jo, J3, Ja)

(4.5.40)
follows, where
gl
l . i
ZP5£7 (JO7.]37]4): ; H ( Oqo(rwz))

1:8° :ggrgo'l Wi =

o (4.5.41)

[ aoled) qoloh, + 1) (Eomsbaasrd

o <al l
1155 <sﬁi§JJo
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1ifol, +1=0 |,
0 otherwise,

with § = {

(see (4.5.27), (4.5.28) and Definition 4.3.8, (d30), (d32)),

Z P61 (Jo, j3, ja)

J3+7a
+1 o . .
_ a”’z S gt I e
= qo(w;) ZO ] 970(0[]07L ) > qo(wi)
w; =0 J= w; =0
B G+ i e j
J=J3 J w; =0
(4.5.42)
(see Definition 4.3.8, (d31)),
J
BN st da z i [
"= < j ) qo(of, + 1)1 1 37 qo(w;) | 7
j:O w; =0

includes that w with more than j4 coordinates w; = ol 7, 1 are
not feasible according to Definition 4.3.8, (d31))

and

ZPU (o jsjs) = 11 o)) (4.5.43)

P8l l
VS, >0 +1

(see Definition 4.3.8, (d32)).

Finally, in the case of discrete uniformly distributed requirements, (4.5.35)
or (4.5.40) implies

17(‘]07‘ 7' 75) (f ) y y
pp Y = gy | B (Jos 3y Ja)

l . l . .
= (k:o—il—l)” * Z4? (Joaj37.]4) * 25? (J07]37]4) * Z6f’l(J07]37j4)‘
(4.5.44)
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Subcase: alJo =0 (UZJO as from Definition 4.3.5)

which means J, =y + 1, see (4.3.3)

We now use similar methods, in principle, to those in the subcase Jf,o > 0:

~

1,(f1 . 1,(f,1 . 1, 1,753,754, —_
STrg(f )(y+17.737]4)7 Bg o )(y+17]37.74)7 pf[(y+ Jordad) 5 =1,---,E have

the same meaning as in the subcase o) > 0 (see (4.5.34) and (4.5.39) among
other things).

We will later also split non-empty sets Sf:l(y + 1,73, j4) (see
Definition 4.3.7) into disjunct subsets: S’}Té(f’l)(y + 1,53, 74),
é = 17 ) E(: E(y + 17j37.j4))‘

Initially, the n — L — j3 components with value 0 of s and § can only be
permuted in such a way that

§§”:0 = s{:0and
sho=0= s/ =0

since szf < 8L =0 follows from Lemma 4.3.7, (d27) together with (d29) for
st =0 and o', = 0. This yields

(nfzfﬁ,):(ﬂ_}}i%) (4.5.45)

possibilities.

If now additional components §..are set analogous to (4.5.27) and (4.5.28),
then (4.5.27) is not relevant here since 0; 41 = 0. It remains:
if aflo +1= O',Zy_’_l +1= ai] = af,o_l, which means 1 = alLy, then

Ly — L,_1 — js additional components éﬁn — 1 of 4. are fixed for i where

sl =1 so that S,Lf < 8t =1, hence s{ =0 (4.5.46)

(see (d28) in Lemma 4.3.7).

Specifying af,o =0 and J, =y + 1 in (4.5.29) to (4.5.33), the number of

elements in a set g}r’g(f’l)(y + 1,43, 44), £ € {1,--- ,E} is equal to
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1l oy n—F nb6 (n5—(js+44))!
[ Ui>1
( n—F n6 Ly_1!
L—-F+j3 J3 + Ja Il (Bi=Li-0)t
i: Ji>1
if 1 = ot
=9
n—F n6 Ly!
L-F+4js ) \ js ) T G
7 Ji>1
\ if 1 <ol

(4.5.47)

Further specifications in (4.5.35) to (4.5.37) yield the number of elements in
a set Bgl’(f’l)(y + 17j37j4) to be:

1,(f,1 .. . L J3—1 o + 7
B£ (f )(y + 17.]37.]4) - Z4g’l(y + 17.]37.]4) * (233+34 - Z:() ( I3 ] /4 ))
j:

T A
:Z4£7l(y+17]3734)* Z (j3 'J4 )

J=J3 J
(4.5.48)
Hence, (see Z4g’l(y + 1, j3, J4), in particular)
Bgl’(f’l) (y + 1,743, 74)| is a polynomial in n (for any ko) (4.5.49)
of the degree L — F' + j3.
If the coordinates w;, ¢ = 1,--- ,n of the requirements w € B,,., arein-

dependent and identically distributed, where (4.2.1) and (4.2.2) are fulfilled,
then a specification of ZP5£’Z(JO,]'3, ja), ZP65(J,, 43, j4) and ZP4F(J,, js, j4)
(see (4.5.40) to (4.5.43)) yields:
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pl IS = Zal y 1, s, ga) = ZP5PN(y + 1, 3, )

(4.5.50)
*ZPGf’l(y + 1,j3,j4) * ZP4f’l(y + 1aj37j4)7
where
oo f Al
ZPE‘)g’l(y + 1,]3,]4) — qo(o)‘{zsz _Sﬂ'i_o} , (4.5.51)
ZP6M (y + 1,3, ja)
o Ja—1 o 7 o .
_ 0) + go(1))is+ia — J3 4 > 1)J3+3a=3 g,(0)J
(20(0) + qo(1)) 2 ( j a0(1) wOF 4 5.59)
B3HJe ([ Ga 4 gy S ,
J=J3 J
ZP4f’l(y +1,73,54) = ]I %(ggrz-))' (4.5.53)

i3§£ri>1

Finally, in the case of discrete uniformly distributed requirements,
(4.5.48) or (4.5.50) implies

17(y+17j37j47£) _ 1
p

LD
fl — (ko+D)™ B

P +1, s, )|

J=0

. . J3+ja y + ;
e s (B (44

J=Js3

a1 . .
_ 1 1l .. ja+ia 73 J3 + J4
— (ko+1)m * Z4£ (y + 17]37]4) * (2 s Z ( j (4554)

If s/ = s! then the
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Case: s/ = sl (=s!)

remains to be considered since in this case neither a (.J,, j1)-perturbation
of the relation

”>" nor a (J,, j3)-perturbation of the relation ”<” between s/ and

sfr, respectively, are given.

Obviously, s/ = s*(s/,w) is valid for w € By, where (0,--- 0T <w <
s/ (case Cw, su]; see also Theorem 4.3.10) or where s/ < w < (kg,--- , k)"
(case C[su,w]; see Theorem 4.3.5).

(See also the Theorems 4.3.11 and 4.3.6.)

Thus, we set

ngefc —{weBnk‘o | (07 e 70)T<w§3f Vv nglwg(k(b 7k0)T}

(4.5.55)
and
BED = T1(sT + 1)+ [T o — s/ +1) -1
(4.5.56)
ey a f 2
= [I(s; +1)+ [T (ko —s; +1)(ko+1)""" =1

follows (refer to Lemma 3.3.10).

Obviously, |B §£’e@\ is a sum of an exponential function and a constant in n.

If the coordinates w;, ¢ = 1,--- ,n of the requirements w € B, are
independent and identically distributed, then we compute



244

p = Y q(w)
wenggﬁ)

= > q(w) + > q(w) — q(s)

w: (0, ,0) T <w<sf wisf <w<(ko, ,ko)T
4.5.
- of I " (4.5.57)
=11 | 2 ao(wj) | a@)" "+ I | 2 qo(wj)

i=1 \ w;=0 =1\ !

a f F

— 11 ao(s;)qo(0)" .
1=1

In the case of discrete uniformly distributed requirements

spec 1

(f.f)
Pu = ot B

spec

(4.5.58)

1 I f F s
= e (I 0+ 00— of + 1k 17 1)

follows.

Finally, (4.5.56) in the case that s/ = s together with the summation
of (4.5.9) and (4.5.22) over (J,,Jo,j1) and & and with the summation of
(4.5.35) and (4.5.48) over (J,, j3,ja) and £ yield the number of all elements

in a set BZS{(’)Z) = {w € By, | s' = s*(s/,w)}.

Since the possibilities for (J,, jo,j1), & and (Jy,, j3, j4), & do not depend
on n (and ko) (for sufficiently large n), \BZ%’JZ) is either a polynomial or a
sum of an exponential function and a polynomial in n according to (4.5.12),
(4.5.23), (4.5.38) and (4.5.49).

Hence, (i) and the first part of (ii) have been proven.

Now, we will determine the degrees and the corresponding leading terms
of elements of PRMs multiplied by (kg 4+ 1) as polynomials in 7.
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Initially, (4.5.12), (4.5.23), (4.5.38) and (4.5.49) imply that the degree of
a (ko +1)" x p}, as a polynomial (in n) is not greater than L.

Case s' # (1,...,1,0,...,0):

According to (4.5.12) and (4.5.49) (only)

the subcase: C[su;w], ijo > 1

if the additional condition
Jo+J1 =Ly, 11 ifafjo —1= Uf]OJrl,
or jo = Ly, ifUlJO—1>Uf]O+1
is valid or

the subcase: C[w; sul, ijo =0, J,=y+1

if the additional condition F' = j3
is valid

imply that the degree of an element p*(s/|s') = P st #(1,...,1,0,...,0) of
a PRM multiplied by (ko + 1)" as a polynomial in n is equal to L.

In order to compute the corresponding leading term we must determine
the corresponding set of requirements.

At first, we will see that it is sufficient to consider only the above first
subcase:

In the (second) subcase, C|w;sul, O'lJO = 0, the additional condition
F' = j3 implies that

s]>0 = sk (=8)=0

(see Definition 4.3.5, (d20), in particular);
(this also implies n > F' + L).

Furthermore, j; = 0 follows
(see Definition 4.3.7, (d23), in particular).

Then only w = s.. (for certain s') are elements of the sets

B (y 41,43 = F, jiy = 0) according to Definition 4.3.8.

Of course, w = sk also satisfy the case C[su;w]. Thus, it is sufficient to
only consider the above first subcase.
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In the (first) subcase: C[su;w], alJO > 1 the additional condition

{ Jo+J1 =Ly, ifUSO —1= 030+17

or jo = Ly, if030—1>030+1
implies
(]0217 ]O:Ll
j1=Ly— Ly ifcl, —1=0% .,
and , o -

(refer, in particular, to Definitions 4.3.1, (d3) and 4.3.3, (d7)).

Furthermore,

f

sko=0h | = s <s (=04 ) (4.5.59)

and if O’ll —1 zaé,

l l (4.5.60)

Sy, = Oy = slf < sﬂrl(: 012)

follows (for sufficiently large n)
(refer, in particular, to Definitions 4.3.1, (d3) and 4.3.3, (d6)).

If we now apply the methods from the case C[su;w], afjo > 1 at the

beginning of the proof in the case that the additional condition is supposed
then

(4.5.1) and (4.5.2) are initially not relevant
according to (4.5.59) and (4.5.60), respectively.
Hence
E(1, L1, 51) = 1,
Igé(:f{l)(la[/lajﬁ = o,

Using the symbol
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I Lo if SZL1 = leQ 4+ 1, meaning all —1= 0'12,
2 L1 otherwise
specifications from (4.5.7) and some corresponding subsequent relationships
yield

_( n3 n — Lj (L—L%)!
AR ( Lt ) ( L— Lk ) [T (QLi—Lz’fl)! 5

;. l l_
i 1§o‘i<0'1 1

Z2 is not relevant since (4.5.1) and (4.5.2) are not relevant
under the additional condition,

Z3 = %j <€*>(k0+1—31)

J=L1
Thus (see (4.5.9)),
B2O (1, L,y

n3 n—L§> (L—L3)! & (LE) 1yJ
- * * : . ko+1—s
<L2 ) ( L—1L; 1 - (Li=Li-)! j:ZLl J (ko !

n3 n—L5\ n—‘{slf\slfzgi:sﬁ}‘ n— L3
et (33) (572 ) = ("1,

is also a polynomial in n with the degree L5+ L — L5 = L and the coefficient

N %]

L : :
Ll! (L—lL;)! = Li % = % ( L ) of its leading term.

Hence, the degree of ‘B (A (1, Ll,jl)’ as a polynomial in n is also equal

to L and the coefficient of the corresponding leading term is

1 L (L—L3)! Ly L3 B j
LI < L T (LLiy) ngl j (ko +1 - st)

i 1§o‘l<0'l 1
I L 8 the number of permutations of the L—L5

(L—L3)!

where C* =
= l l
i 1<crl.<cr1 1

components st which are smaller than s} — 1.

The corresponding formula in relation to p*(s'|s/) follows by means of
the first equation from (4.5.18) in the case of discrete uniformly distributed
requirements.



248

That the degrees and the leading terms for every p*(s'|s/), f = 1,2,...,7
multiplied by (ko + 1)" as polynomials in n ( n(z)su ) in a column [ are
the same is now easily seen from the above formulas.

Case s' = (1,...,1,0,...,0):
Shisuske includes, for n(i) su,

only one partition s’ with L = su, namely s’ = s = (1,...,1,0,...,0), and
(2,1,...,1,0,...,0).
According to the above results for s' # (1,...,1,0,...,0), the degrees of

(ko + 1)" * p},_y,f = 1,2,...,r as polynomials in n are su—1 and the
coefficients of the corresponding leading terms are

1 su— 1 suzl /sy —1 Y
(Su—l)!(su—1> LZl( J >(k0+1 2)

= Gy * (k3" = 1),
The above considerations together with the fact that the sum of the ele-
ments of a row of a PRM is equal to 1 (= n") yield that the degrees of
(ko + 1)" * P} f = 1,2,...,r as polynomials in n are also su—1 and the
coefficients of the corresponding leading terms are

only one partition s with L’ = su—1, namely st =gt

Remarks 4.5.1. The use of perturbed partitions is not necessary in order
to compute the exponential functions mentioned in Theorem 4.5.1 or the
leading terms of the corresponding polynomaials in n. For example, the ex-
ponential functions follow from the limits of elements of PRMs computed
in Section 4.4.2. Using such direct methods, the computations are shorter
and not as technical as when the concept of the perturbed partitions would
be applied.

Howewver, in order to prove that subsets of requirements Bzgg(’)l), as in The-
orem 4.5.1, and elements of the corresponding PRMs multiplied by (ko +1)"

wn the case of discrete uniformly distributed requirements are polynomaials in
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ko and/or either polynomials or sums of exponential functions and polyno-
mials in n, it seems inevitable that we must use a concept such as that of
the perturbed partitions!

4.5.2 The Elements of the Last Row and the Last Column
of PRMs in the Case that n > su

Elements of the Last Row

Theorem 4.5.2. Let a set of partitions Sp.suk, = {s', 8%+, 8"} 12 with
n > su be given where s": s{=1=---1=sy, >s,, 1 =0=---0=s.

Furthermore, let s' € Shisuskos L 7T 16 with (w. l. 0. g.)
3112352--~2351.

Then,

1,(r0) .
w € B, in case Clw, sul,

2,(7’,[) y
w € B in case Clsu, w),

st=s5"(s",w) <

where
BTIL’.E;’Z) 15 the subset of requirements w with coordinates
(sh,...,s% andn — L zeroes (L as in (4.5.1)) ifsh >1
or
< shy... 7SlLy_1 andn — Ly_1 coordinates equal to 0 or 1,
where at most L — L,_1 coordinates can
\ be equal to 1 (Ly—1 as in (4.3.3)) ifsh =1
and
Bi’.g;’l) 1s the subset of requirements w with coordinates

!5The partitions are arranged here in order of (partial) dominance, see Section 4.1.
However, only the last element s” is important for this section, see below.
16The case | = r will be considered in Theorem 4.5.4.
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( lelH, .., sh . sh_andn — L zeroes
and L1 coordinates w; : lel <w; < kg ifall > aé +1
(o' as in (4.3.4))
or
<
SZLQH, cee le, le_l andn — L zeroes
and Lo coordinates w; : le < w; < ko, where
2
at most Ly — Ly coordinates can
\ be equal to leQ ifol =02 +1.
Furthermore,
pu= > qw)+ > qw) - > q(w), L #r
weBL(mD) weB2:(mD) w: w permutation of st

are the elements of the last rows in the corresponding PRMs.

Concerning the proof. Using the iterative method for the computation
of feasible balanced partitions from Section 4.2.2 and the sets BL(D and
B2l given in the theorem, the statements of the theorem are simple to
prove. We omit the detailed proof here.

In the case of discrete uniformly distributed requirements the above the-
orem Yyields the following formulas:

Corollary 4.5.3. Let a set of partitions Sp.suk, = {s',8%, -+ ,s"} be given
where s": sy =1=---1=s(, >s,,.,1=0=---0=s) and let the
requirements w € By, be discrete uniformly distributed.

Furthermore, let s' € Snisuskes | 71 with (w. 1. 0. g.)
51123122--'23,2.

Then the elements of the last row of the corresponding PRM can be com-
puted by means of

1,2
Pl =i+ -y (F#),

where, using the symbols from (4.3.3) and (4.3.4),

([ (n L 1l
(L) T (Lo—L)l (L—Ly_1)! if s, > 1,

1 _ 1
PIL = Tty |

L—Ly 1 |
n (Ly—1+5)! ifsh =1

= \Ly-1+17J L1 (La—L1)..(Ly_1—Ly_2)! J! 3
\ =
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(here j is the number of w; from the corresponding w which are equal to

1, if s =1),

*2 1
p2=—1_2? (n L!
l (ko+1) <L> L2!(L3—L2)!...(L_Ly—1)!*

J

\ J=0

)
n Li .
<L> L1!(L2—L1)I!/.!..(L—Ly_1)! (ko +1—01)" ifol > o) +1

Lo—1L1 L .
> < -2> (ko+1—0cl)f27 ifol =0l +1

(here j is the number of w; from the corresponding w which are equal to leQ,

if ol =ob+1)

and

«12 1 n L!
Pri = Toorm \ [, ) Tl Ta=L0) (T—Ly—1)!

Elements of the Last Column

Theorem 4.5.4. Let a set of partitions Sy.su:ky = {31,32, cee
n > su be given, where s": sf=1=---1=s, >s,, . ,=0="

Furthermore, let sf Snisuky With (w. 1. 0. g.)
5{2552---237{.

Then
s"=s*(s/,w) & weB*\B
where
. [ wi€{0,1} fori <,
B = {'“’EB”;’@O v {wie{(),l,---,ko} fori>n!

s} with
0 =s],.

|

(n¢ as in Definition 4.4.1(a)),

B = {w € B* | w with more than n — su coordinates equal to 0,

except for the w of this type consisting of only zeroes and ones

f

1
and with at least H = ) s{ —nl coordinates w; =1 where

=1

3{:0}.
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Furthermore,

Py = > qw)— > q(w)

we B2 weBY

are the elements of the last columns of corresponding PRMs.

Concerning the proof. Using the iterative method for the computation
of feasible balanced partitions from Section 4.2.2 and the sets B* and B
given in the theorem, the statements of the theorem are simple to prove.
We omit the detailed proof here.

Corollary 4.5.5. Let a set of partitions Sp.suk, = {s',s% - ,s"} be
gien, where s": sf=1=---1=s,, >s,, ., =0=---0=s; and let the
requirements w € By, be discrete uniformly distributed.

Furthermore, let sf € Snisuky With (w. 1. 0. g.)
3{2352---235

Then the elements of the last column of the corresponding PRM can be
computed by means of

* f n—nf
Pir = ot [2” (ko + 1) — |Bb|}
(ns as in Definition 4.4.1(a)),
where, using F' from (4.53.1) and H from Theorem 4.5.4,

n' f su—1-p0 min{F—nf e} L f B
B=0 B e=0 p=max{0,e—(n—F)} M €E— U
e J 1 ife—pu>H
<(k0) { 0 otherwise )]

= g’s @5) [suzlﬂ <n_€ nf) (ko) — su_i_ﬁ min{F_if,é_H}

e=H p=max{0,e—(n—F)}
() =)
It e—p)|

Concerning the proof. It is obvious that [B%| = 27 (kg + 1),
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That the number of elements of B® can be computed according to the
formula from the corollary will be evident by an explanation of the indices
and bounds of the summations and the corresponding binomial coefficients.
Here, however, we only discuss the fundamental ideas.

The indices of the summations initially include the following numbers of
certain coordinates of w € BP:

@:  the number of w; = 1 wherei € {1, 2,---, 0/},
e: the number of w; > 1 wherei € {n/ +1, n/ +2, ---, n},
p:  the number of w; > 1 wherei € {n/ +1, n/ +2, --- | F}.

The upper bound su — 1 — 3 of the summation with the index e implies that
€+ 3 < su— 1, which means,

fewer than su coordinates of w are not 0.
Hence, more than n — su coordinates of w are equal to 0.

Thus, the first condition in the definition of B’ (see Theorem 4.5.4) is sat-
isfied.

€ — i is the number of w; > 1 where ¢ > F' which means slf = 0.

If e—p > H then the (kg)€ possibilities corresponding to the e coordinates
w; 1 < w; < kg are reduced by one possibility with all such w; = 1:

ife— >
(ko)e_{llfe ,LL_H.

0 otherwise

Thus, the second condition in the definition of B® (see Theorem 4.5.4) is
also satisfied.

The lower bound min{F —n/,e — H} and the upper bound
max{0, e — (n— F)} of the sum over p guarantee the compatibility between
the indices p and e and the characteristic quantities F,n,n’ of s/.

The binomial coefficients in the formula for |B?| include, of course, all
choices of ¢ where w; > 1.

The second equation for | B?| follows from the first equation (among other



254

things) by means of the Vandermonde’s identity '7 for binomial coefficients.

4.6 Poisson Equations for PRMs and the
Monotonicity of their Solutions

In this section we will initially give the central definition of Poisson equa-
tions for PRMs and the definition of the monotonicity of their solutions
(independent of Chapters 2 and 3).

In relation to PRMs as matrices of transition probabilities of reduced
SDDP problems, the monotonicity of the solutions of the corresponding Pois-
son equations means that the decisions for feasible states with least square
sums of their components are optimal for the corresponding reduced SDDP
problems. (See also the notes on the connections with Chapters 2 and 3,

below.)

We conjecture that the solutions of all Poisson equations for PRMs are
monotone.

It is simple to prove the conjecture for a small number of Poisson equa-
tions where the corresponding PRMs and the right sides of the equations
satisfy the conditions of dominance (see also Section 2.3.3.2).

This proof and considerations of several other special cases can be found
in Section 4.6.2.

The main results of this section are the proofs of the conjecture in rela-
tion to PRMs, which are based on sets of sparse partitions with sufficiently
great n or on sets of non-truncated heavy partitions with sufficiently great
ko, given in the Subsections 4.6.3 and 4.6.4. Limits of PRMs with regard
to sets of sparse partitions and sets of non-truncated heavy partitions from
Sections 4.4.2 are 4.4.3 are used for these proofs.

The solutions of the Poisson equations with regard to limits of PRMs

1"Vandermonde’s identity: <T + S> = > <T> < 5 > where n is a non-negative in-
n o \k) \n—k

teger.
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have an elegant structure, in contrast to the formulas of the limits of PRMs
themselves. The solutions are vectors which include, in relation to the dis-
tribution of requirements, generalized harmonic numbers.

Notes on the connections with Chapters 2 and 3:

The Poisson equations were initially introduced in (2.3.5) in Section 2.3.1.
Such an equation include a matriz of transition probabilities and average

(one-step) reward functions, which corresponds to a decision function of a
MDP.

For example, Poisson equations are used in the Howard algorithm, by
which optimal solutions of MDPs are computed (see the last part of Section

Monotonicity of the solutions of Poisson equations was introduced in Def-
inition 2.5.3 for DA MDPs, where the underlying internal costs and the av-
erage (one-step) reward functions did not depend on the (feasible) decisions.
Also, in Corollary 2.53.10 the relationship between the monotonicity of the
solutions of Poisson equations and the optimality of the corresponding deci-
stons has been shown.

PRMs are matrices of transition probabilities of reduced SDDP problems
(where identical basic cost and independent and identically distributed re-
quirements are assumed) for decisions d* for feasible states (unordered par-
titions) with least square sums of their components (see the second part of

Section 3.4.2).

The Poisson equations for PPMs are the Poisson equations of reduced
SDDP problems and decisions d* where, in addition, certain affine transfor-
mations of the right side of the equations are allowed. Such affine transfor-
mations have no effect on the monotonicity of the solutions of the Poisson
equations (see also Lemma 2.3.2). However, such affine transformations
are useful since, among other things, no useful formulas are known for the
additive remainder terms in the formulas of the average (one-step) reward
functions for reduced SDDP problems (see Theorem 3.4.1).

If a solution of a Poisson equation for a PRM is monotone, then decisions
d*  for feasible states (unordered partitions) with the least square sums of
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their components are optimal for the corresponding reduced SDDP problems
(see also the proof of Corollary 4.7.1)!

Another aspect of the importance of the results of this section involves the
dominance of MDPs (see Section 2.3.3.2).

As mentioned above, the conditions of dominance are only satisfied for
a small number of PRMs (as matrices of transition probabilities of reduced
SDDP problems). The conditions are typically infringed on for “most” of
the PRMs - however only to a slight extent. This also induces the questions,
whether and in which way the concept of dominance could be generalized.

4.6.1 Poisson Equations for PRMs

Definition 4.6.1. Let a partially ordered set of restricted partitions
(Sn.sukos —) = ({81, 8%,--+ , 8"}, =), as in Definition 4.1.1(a), (c) and Lemma
4.1.5, and a corresponding set of requirements By, be given and let the
requirements w;, (i =1,---,n) be independent and identically distributed,
where (4.2.2) is additionally assumed.

Furthermore, let P* = (p}l) be the the corresponding PRM.

The vector equations (with the variables (g,v) € R x R")
-1
g |+ (PPN =—+ (4.6.1)
—1
are called the Poisson equations for the PRM P*,

where I is the identity matrix,

o
V(= v(sh)) = Z Z (S{ —w;) qo(w;)'® for f=1,2,---,r (4.6.2)

1=1 ’U)Z'ZO
and ~' any affine transformation of - :

1
Y =ay+p]| | with a>0. (4.6.3)

'®See Theorem 3.4.1(c).
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It is well-known that if one variable vy, is fixed in any way, then under
the condition (4.2.7), for example, the remaining equation system has an
unique solution. (See the proof of Theorem 2.4.8 by Miiller and Nollau [28],
for instance, and Lemma 2.3.2).

Definition 4.6.2. A solution of a Poisson equation for a PRM, as in
Definition 4.6.1, is called monotone (in v) (with respect to the partial order)
if

s =gt = ve >y

l

(consequently s/ — s\ = ve > ).

(If a solution of a Poisson equation is monotone, then the solutions of
a the corresponding Poisson equations with another affine transformation
(with « > 0 ) of ~ are also monotone according to Lemma 2.3.2.)

We expect that the statement of following conjecture is true:

Conjecture: Solutions of all Poissons equation for PRMs are monotone!

(Referring to Chapter 3, this conjecture means that decisions for feasible
unordered partitions with least square sums of their components are
optimal for the corresponding reduced SDDP problems!)

4.6.2 Partial Results

4.6.2.1 PRDMs for Sets of Restricted Partitions which are Equiv-
alent with regard to the Poisson Equation

In Section 4.2.3 PRMs (among other things) are considered for sets of re-
stricted partitions Sp.su:k, and Sp.guk, With su = n kg — su, which are
equivalent with regard to the Poisson equation (see Definition 4.2.5(c)).

According to Theorem 4.2.5 such PRMs are identical if gg satisfies (4.2.8).

The following Lemma 4.6.1 also implies the equivalence of the correspond-
ing v¢ from (4.6.2) (except for perhaps certain additive remainder terms),
so that the solutions of the corresponding Poisson equations are either the

same or are affine transformations of each other (see the following Lemma
4.6.2).
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Lemma 4.6.1. Let sets of restricted partitions Sp.suk, = {8, 8%, -+ ,s"}
and Sp.suk, = {5',5%,-++,5"} be given, where su = n ko — su, and let st
and 57 be complementary partitions for f =1,--- ,r as in

Definition 4.2.5(a) with k.= ko.

Furthermore, let Bk, be the corresponding set of requirements and let
wi, (i =1,---,n) be independent and identically distributed. In addition,
let the conditions (4.2.2) and (4.2.8)

QO(wZ) = QO(kO - wZ) fOTi =1,2,..,n, we Bn;ko
be satisfied. Then

(") = (") = 7(8) = v(s7) for any {f,1} C{1,2,..,r}.

Proof. According to (4.6.2) we have

||
i M:

Z - wz q0 wz) RS S’n;su;ko

and
5

n
Z QO(wz) 5 € Sn;sﬂ;ko-

&

Now, we replace 5 by (ko, ko, - ,ko)? — s in the second equation above
and according to Definition 4.2.5(a) where k.= ko :

v(5) = Z:: i: (ko — s; — w;) qo(w;)

results.
The substitution w; = ky — w; yields
n ko—s;
() =22 2 (ko —si—ko+wi) qo(ko — wi).
1=1 ko—w;=0

Using (4.2.8)

1) =32 5 (it i) aofu
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follows.

Finally, the computation of the difference:

0

k
> (si —wi) qo(w;)

wi=0

v(s) —(5) =

(3

-

I
=

n ko n ko
=D 8i qo(wi) — >- > wiqo(w;)
i=1  w;=0 i=1 w;=0

= su —n E(w;) (since w; are independent
and identically distributed)

shows that such a difference does not depend on s or 5.

Hence,

The above lemma together with Theorem 4.2.5 yields:

Lemma 4.6.2. Let the same assumption as in Lemma 4.6.1 be valid and
let the corresponding PRMs with regard to Sy.su:k, and Sp.su:k, be given.

Then, the solutions of the corresponding Poisson equations are either the
same or are affine transformations of each other.

4.6.2.2 The Dominance Condition and PRMs with regard to
m-Totally Ordered Sets of Partitions

In this subsection we will see that solutions of the Poisson equations are
monotone if the corresponding PRMs satisfy the following dominance con-
dition.

We will also see that PRMs with regard to "m-totally” ordered sets of
partitions fulfil this dominance condition.

Definition 4.6.3. Let the numbering of the elements of a given set of
restricted partitions Sp.suk, = {s',8%, -+ ,s"} be such that
[<f = () 2 ().
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(This numbering also implies partial order as in Definition 4.1.1(a), (¢) and
Lemma 4.1.5 according to Lemma 4.2.2(a).)
Furthermore, let P* = (p;‘cl) be the corresponding PRM.

Then the condition

! l
ZPTZZZPEZZZZP;Z fOT‘ l_:1727 y T (464)
=1

18 called the dominance condition.

Corollary 4.6.3. If a PRM satisfies the dominance condition (4.6.4), then
the solutions of the corresponding Poisson equations are monotone (with re-
spect to the partial order).

Definition 4.6.3 and the above corollary are formulated independent of
Chapters 2 and 3. However, this corollary is proven most simply by means
of statements from Chapters 2 and 3.

Proof of Corollary 4.6.3. We consider reduced SDDP problems (see
the second part of Section 3.4.2) with decisions d* (keep (3.4.16) and
Lemma 4.2.2(b) in mind) for feasible unordered partitions with least square
sums of their parts where the corresponding matrices of transition probabil-
ities (which are PRMs) satisfy the dominance property (4.6.4).

Below we show that the conditions in Definition 2.3.5 are fulfilled for
the reduced SDDP problems mentioned above. The decisions d* are then
optimal according to Theorem 2.3.17.

Note that (2.3.13) and (2.3.14) are valid for the reduced SDDP problems
(see Section 3.4.1) and then Theorem 2.3.8 can be applied with regard to
d*.

If s/ = s' then s/ < s', as with the almost-partial order from Theo-
rem 2.3.8(i) based on d*, and Theorem 2.3.8(ii) hence yields v/ > v! which
results in the monotonicity of the solutions of the corresponding Poisson
equations.

Checking of the conditions from Definition 2.3.5:
(C1), (Crl): are valid according to (4.6.4),
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(C2), (Cr2): follow from the construction of reduced SDDP problems
(Section 3.4.2),

(C3), (Cr3): follow from the Definition of d* (see (3.4.16)) together
with the numbering of the elements of S, 5.1, in
Definition 4.6.3.

In general, PRMs do not satisfy the dominance property (4.6.4).
(See also the 3rd relationship of the following Lemma 4.6.4.)

However, in relation to main minimal chains (Definition 4.1.3) the domi-
nance property is valid for all PRMs (see the following Theorem 4.6.5).

Hence, the dominance property is satisfied by PRMs whose corresponding
sets of restricted partitions Sj.su.k, are themselves main minimal chains
(see the following Definition 4.6.4 and Corollary 4.6.6).

Lemma 4.6.4. Let w € B, sh e Snisuko  and sl e Snisuko b€ given
so that s/? is a direct successor of s/t. Furthermore, let s = s*(s/1, w)
and s = s*(s/2,w).

Then, in general, the following relationships are possible:

1. s2 is a direct successor of s'' or
2. s'2 = 5. Regardless of 1. and 2.,

3. s2 s a direct predecessor of s, is also possible.

(See Lemma 3.25 and the proof in [22], pages 107, 108 for the proof.)

Theorem 4.6.5. Let a partially ordered set of restricted partitions
(Snesuke, —) = ({s',8% -+ ,s"}, =) and the corresponding PRM
pP* = (p}il) i=1,..» be given. Furthermore, let s/, sf2 ... sfa be a main
f=1,,r
minimal chain (see Definition 4.1.3).

Then the dominance condition s fulfilled in relation to the main minimal
chain, which means

T 7 P
Zp;lzzzp?zl2'°'22p}ql Vi=1-,r
=1 =1 =1
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(See Lemma 3.26 and the proof in [22], page 109 for the proof. Thereby,
the 3rd relationship from Lemma 4.6.4 is not possible in relation to main
minimal chains.)

Definition 4.6.4. If a main minimal chain of a set of restricted partitions
(Sn.sukos —) = ({st,8%,--- ,s"}, —) includes all partitions, then this set of
restricted partitions is called m-totally ordered.

Theorem 4.6.5 and Corollary 4.6.3 then imply:

Corollary 4.6.6. Let Sy.su.k, be a m-totally ordered set of partitions.

Then the dominance condition is fulfilled for the corresponding PRM and
the solutions of the corresponding Poisson equations are monotone (with
respect to the partial order).

Examples:
e The dominance property is fulfilled for P* from Example 4.2.1.

o All Sy.u.k, are m-totally ordered sets.

4.6.2.3 PRMs with regard to Sets of Restricted Partitions with
at most 4 Partitions

We initially list sets of restricted partitions with at most 4 partitions (with-
out detailed proofs):

Sets with 2 partitions:

- are, obviously, m-totally ordered sets (see Definition 4.6.4).

(Thus, the dominance condition is fulfilled for corresponding PRMs
according to Corollary 4.6.6.)

Sets with 3 partitions:

- m-totally sets,
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- S3.4.3,

- S3.5.3 this set is equivalent to S3.4.3 with regard to the Poisson
equation (if the probability functions of w are in corres-
pondence).

Sets with 4 partitions:

m-totally ordered sets,

- 53.4.4, S3:5:4, Su:5:3, Sa.4;3 (see C2) of the classification in
Section 4.4.1),

Sn:a:z with m >4 (see C1) of the classification in Section 4.4.1),

- S3.3k—4:k, With kg >4 (see C3) of the classification in
Section 4.4.1),

sets which are equivalent to S3.4.4 or to other above mentioned sets
with regard to the Poisson equations (where the probability functions
of w are in correspondence).

Since we have computed PRMs for
- S3.4.3 (S3:53) for any probability function of w and
- S3.4.4,- -+ for discrete uniformly distributed requirements

and the solutions of corresponding the Poisson equations, we can give the
following partial result (here without detailed computations).
(See also Example 4.4.1.)

Theorem 4.6.7. Solutions of Poisson equations are in general monotone
for PRMs with regard to sets of restricted partitions with at most 3 partitions
and with regard to sets with 4 partitions in the case of discrete uniformly
distributed requirements.
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4.6.3 The Poisson Equations with regard to Sets of Sparse
Partitions with Sufficiently Large n

Sets of sparse partitions were characterized in Section 4.4.1, see classification
C1). Limits of corresponding PRMs were computed in Section 4.4.2.

Example 4.6.1. (Continuation of Example 4.4.1)

Let the sets of partitions Sp.a.z (n > 4) and the corresponding sets of re-
quirements Bp.3 be given and let w;, (i = 1,---,n) be independent and
identically distributed. The corresponding PRMs P*(n) can be found in
Example 4.4.1.

v can be calculated by means of (4.6.2) and (4.6.3) (see also Theorem
8.4.1(e)). + =(3,2,1,0)T results from such a calculation for any n > 4 .

It should be noted that the Poisson equations have monotone solutions.
The limits of the variables v =v(n) are:

14
U1 — 3
V2 — 4
V3 — 2
V4 — 0

for n — oo, if vg(n):=0, foralln > 4.

In this section we consider equation systems similar to the Poisson equations
where PRMs with regard to sets of sparse partitions are initially replaced
by the limits of such matrices, as n approaches infinity. The solutions of
such equation systems will be vectors which include, in relation to the dis-
tribution of requirements, generalized harmonic numbers. The solutions are
also monotone, from which the monotonicity of the solutions of the Poisson
equations themselves, with regard to sets of sparse partitions for sufficiently
great n, follows.

In the considerations in this subsection, we also use the definition of
monotone successors and principle parts of partitions (Definition 4.4.1) as
we have used these for the computation of the limits of PRMs with regard
to sets of sparse partitions in Section 4.4.2. Since monotone successors and
principle parts do not directly depend on su and ky we can include all equa-
tion systems (in relation to different su and kg) in one proof.
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Now, we give a affine transformation of ~, which directly depends only on
the principal parts of the partitions and the distribution of the requirements:

n Sq

v(s) = ; U)Z;O(si — w;) qo(w;) (see (4.6.2))
n Sq n
= ;1 Z::O(Si —w;) qo(w;) + (su — ;1 si) qo(0) (4.6.5)

S

= > > (s —w;) qo(w;) + su qo(0),

i:8i22 wi::[

with 7 as in Definition 4.4.1(a) and su qo(0) is independent of s.
We define

Si

Y(s):= > > (si—wi) qo(w;)

i:SiZQ wi::l
(4.6.6)
Si—l
= 2 2 (si —wi) qo(wi),
ii8;>2 wi=1
in particular,
Y ((1,---,1,0,---,0)7) =0
and
v (8;) = Z (si —w;)qo(w;) for s; > 2. (4.6.6a)
wizl
If we now consider the equation systems
—1
g| | +(m P ) -1y =—y
. e (4.6.7)

with 4" from (4.6.6),

then g = 0 initially follows from the last equation (see also Corollary 4.4.7),
and we see in the following theorem that the solutions
v (=v(s), s € Spisusk,) only depend on the principal parts of the partitions
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and the distributions of the requirements. The sets Sy,.su:k, themselves are
therefore insignificant for the calculations.

Theorem 4.6.8. Let Sp.suky, M = (su,) su+1, su+2,--- be sets of sparse
partitions, each of these sets with r partitions'®, and with the partial order
as in Definition 4.1.1(a), (c) and Lemma 4.1.5.

Let By, be corresponding sets of requirements with the same marginal
probability functions qy for all n and where the requirements
wi, (i =1,---,n) are independent and identically distributed and where
(4.2.2) is additionally assumed. Furthermore, let P*(n) be the the corre-
sponding PRMs.

Then,
v((1,1,---,1,0,0,---,0)1) :==0

_ q0(1) q0(1)+q0(2) q0(1)+q0(2)+---+qo(si—1)
vs) = 5 (aiiem T aeraim T e e (s )

1:8;,>2
RS Sn;su;k‘m S 7£ (1717 7170707“' 7O)T

— _ 1 1 v 1
o Z.:SZ>2 (Sl 90(0) (QO(O) T Qo(1) Tt QO(Si_l))> where
Qo(w) = qo(0) +qo(1) + - + go(w)
together with a corresponding value of g are solutions of the equation system

(4.6.7).

Briefly, we note that O: ( ) + 9 ( ) 4+ -+ Qo) are, in relation to the
distribution of requirements, generalized harmonic numbers.

Proof.
1. We use the following notations and definitions

Qo(w) :== qo(0) + qo(1) + -+ - + go(w),

Q1(w) == qo(1) + -+ qo(w) (= Qo(w) — q0(0)),
Qo(w) ‘= qo (w) + QQ(w + 1) + -+ qO(ko) (: 1— Qo(w — 1)),
V(s;) = z D for 5> 2, 1(0) =0, ¥(1) =0

19Gee Remarks 4.4.1.
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(hence v(s) = > v(s;) = éy(si)),

i15,>2
© (M) — the power set of a set M
p = p{1,2,-- ),
P = e\, 2,y
p; = e({1,2,---,n\{j}),

MS(s) :={s* € Sp.su:k, | $* is a monotone successor of s}.

Furthgrmore, we note that ) B
if I €p then {1,2,--- 9\l :={j1,42, - ,jn} with h=n—|I|.

2. Now, we give 4 relationships which are employed in the following proof:
Without loss of generality, let be s; > 2 for ¢ =1,2,--- .9
and s; € {0,1} for j=n+1,n+2,--- ,n
T
I = Y lim p*(s'|s)
1=

n—oo

= > (@O+q@)"™ > (I afsz) (I Qolsi)

s2eMS(s) s2€52 i:si>s%i22 i:sizs%i22

(see Theorem 4.4.6)
These summations over all monotone successors of s can
however be realized in the following way:

_ sj;—1 54, —1 h )
= 2 (ITQo(s:)) 22 -+ > 11 aol(sz; )
ITep i€l 8%j1=0 sgjhzo h'=1 h

(which means s; =s2 >2 fori el and )
sj > sz A osp>2 for je{1,2,--- i\

lep i€l jeI
where ] Qo(s:) c=1for I = g,
el

[T Qo(sj —1):=1for I ={1,2,--- ,n}.
gl
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> (I1Qo(si) [Z( 11 Qo(ij—l))v’(Sj)]

g¢I  §'¢1u{5}

= i 7'(s5) 22 (I1 Qo(si)) (I QO(Sj’_l))]

J=1 Iep; i€l J'¢1u{j}

Ui
= > 4(sj)-1 (see (*1), applied to s with the principal

j=1

parts (s1,- - ,8j—1,5j41," " ,5p))
= 7(s) (*2)
Jim p*(s|s) = ..H>2(QO(8¢) + -+ qo(ko)) = H>2 Qo(s:) (*3)

(see Theorem 4.4.6).

Y (si) = > (si —w) qo(w)  (see (4.6.6a))

s;—1
o(w) (reorganization of the sum)
=1 w=

=l

@

®
3
|

q
1
i (W) Q1(8)
=0 90 Qo(B)

B:
— \ — Qi(B) < S Q1(8)
(wZ::O ol )> B=1 @o(B) 5=1 (wzﬁ:ﬂ ol )) Qo(B)
Si—l
= Quls -~ v(s) - T wle) vw) &

(reorganization of the last sums; v(-) as in this theorem).

3. The proof of the Theorem

(4.6.7) together with Corollary 4.4.7 yields

V() = =T (ﬂs) Y limpi(ss) u<s2>> .

s2eMS(s)\{s} "
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An equivalent equation is

V=) —r(s)+ ¥ Tim p(s2s) (s,
s2eMS(s) T

Further equivalent transformations, using the summation over all
monotone successors as in the derivation of (*1), yield

0=7(s) = vls) + ¥ (HQ(J(&)) o

Icp \iel s?lzo s?h_lzo

Sjp, —1 h ) h )
£ (M as)) (Srisn+ 3 s,
s2 =0 \h'=1 iel h'=1

Ih

((q0(0) + qo(1))" "2 from Theorem 4.4.6 is realized by

s?hlzo;lforh’zl,---,h)

where [] Qo(s;) :==1for I = .
iel

We now apply (*4) in the form of

th/—l
22 q0(83h/) v (S,?h/) - _’Y/(th/) + QO(S]h/ - 1) v (th/)
th’ =0

(with v(-) as in this theorem)

to the above equation (at first for b’ = h):

0= (s)— v(s) + 5 (H @o<si>> RN

7 T 2 _ 2
Iep \nel sjl_O 5= =0

h—1 h—1
[( I qo(si») Qolsj, — 1) (zwsa + ¥ v(s?h») T

h'=1
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Icp \iel

0=7"(s) —v(s)+ >, (H Qo(si)) {SJ;Z ]hi_

h—1 h—1
[(hnlqms?h,)) czo(sj-hn( S v+ % u(sih»)

i€IU{jn} h'=1

The repeated application of (*4) (for A’ = h — 1) yields

0=7+'(s) —v(s)+ > (H Qo(&)) {Sjil“'sjhil K [T qo(s3 )>

Iep \iel 3J2.1=0 s?h_Q—O
h h—2 0
I[I Qolsj, =D 2 vlsi)+ X v(sj,)
h'=h—1 i€IU{jn} h'=1

h—2

h—2
- hl_—ll qO(S?h,)QO(thfl - 1)7’(8jh) + hnl qO(S?h,)QO(SJ’h — 1)(—7’(33}171)

+Q0(th—1 - 1)V(th71))ﬂ

0= (s) () + 5 (H Qo(&)) {zz 1 (T w3,

2 _ 2
Icp \iel sjl_O 55

h h—2
I Qolsj, —1) ( > visi)+ Z_: V(S?h,)>

h'=h—1 i€IU{jn,jn—1}

T ao(2)Qo(s5 s — D' (s5) qu< 2 )Qolss, >v<sjh_1>”
h/=1
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0=7"(s) —v(s)+ >, (H Q0(8¢)> [1 Qols; — Dv(s)—

Iep \iel jer

>- (IT Qo(s)) [Z( I Qolsy — 1))7’(83‘)] :

Icp— iel j&l j'¢IU{j}

Finally, (*1) implies

0=1"(s) = > (I Qo(s:)) [Z( II  Qolsj — 1))7’(8;’)] :

Iep— iel eI 5'¢I1U{j}
This is a valid equation, as seen by (*2).

Thus, the assertion of the Theorem is confirmed since we have only
used equivalent transformations of the equations. |

Corollary 4.6.9. Let the same assumptions as in Theorem 4.6.8 be valid.
Furthermore, let s' be a successor of s/, where {s/,s'} C Snisusko Jor any
n(z) su and s/ # s'.

Then, v(s') < v(s!) iswalid for solutions of the equation system (4.6.7).
This means that the solutions of the equation systems (4.6.7) are monotone
(with respect to the partial order).

This statement results from simple computations using the formulas from
Theorem 4.6.8 for v(s') and v(sf), where the inequality is initially shown if

sl is a direct successor of s/.

Corollary 4.6.10. Let the same assumptions as in Theorem 4.6.8 be valid.

Then, the solutions of the Poisson equations (see (4.6.1)) with regards to
sets Sy.su:ko Of sparse partitions are monotone for sufficiently large n.

This result follows from the solution behavior of linear equation systems
for cases of passing to the limits in the coefficient matrices and Corollary
4.6.9 (where it is used in particular that the inequalities v(s!) < v(s/) are
strict inequalities).
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Corollary 4.6.11. Let the same assumptions as in Theorem 4.6.8 be valid.
This means, in particular, that sets Sp.su:ky, N (i) su of sparse partitions,
each of these sets with r partitions, are considered.

The corresponding Poisson equations, with exception of perhaps a finite
number of them, then have monotone solutions.

4.6.4 The Poisson Equations with regard to Sets of
Non-Truncated Heavy Partitions with Sufficiently Large
n or ko

Sets of non-truncated heavy partitions were characterized in Section 4.4.1,
see classification C3b.1) and Lemma 4.4.1(b). Limits of corresponding PRMs
were computed in Section 4.4.3.

Formally, we proceed as in Section 4.6.3. Differences are found in the
following:

In Section 4.6.3 we used lim P*(n) in order to show the monotonicity
n—oo

of vy (for large n), which are solutions of the equation systems (4.6.1) (see
Theorem 4.6.8 and Corollary 4.6.10).

We now begin with

—1

1
: I PH(ko) —I) v = — li ' (4.6.8
L T oy F R m v =—dim ey T 468

(with ¢ = lim 7555 9. 9 = g(ko))

oo

by reason of (4.4.5).

The definition of the restricted monotone successor (Definition 4.4.2(b))
includes an additional property in comparison with Definition 4.4.1(b).

Although lim P*(n) —I # lim ——(P*(ko) —I) (see Example 4.4.3
n—00 ko—o00 c(ko)

the solutions v of the equations systems (4.6.7) and (4.6.8) are analogous
(see Theorem 4.6.8 and Theorem 4.6.12).
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As in Section 4.6.3, we initially give a affine transformation of v (see
(4.6.2)):

v(s) = > (si — wi) qo(w;)
=1 w;=0
n ko
= Z (Si - wi) QO(wz)
1=1 wi:O
n ko n
— > > (si—wi) qo(wi) + (su— Y (ko — i) qo(ko)
i=n w;=s;+1 i=n
(see Definition 4.4.2 for n; su:=n ko — su),
n ko n ko
=>.5i y, q@ow)— >, > wiqo(w;)
=1 wi:O =1 wi:0
n ko—1 n
+> > (wi—si)qo(wi) + > (ko — si) qo(ko)
i=n wi=s;+1 =
+ s qo(ko) — 22 (ko — si) qo(ko)
i=n

n ko

=su— >, >, wiqo(w;)

1=1 w;=0

n ko—l
+> > (wi—si) qo(w;) + su qo(ko)
1=n w;=s;+1

ko—1 B
- Z Z (wZ - Si) QO(wl) + R(?’L, su, kO; Q)a
1:8;<kg—2 w;=s;+1
n ko

where R(n,su,ko,q) =su— Y. > w; qo(w;) + su qo(ko) is

=1 w;=0

independent of s.
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We define
ko—1

v (s) = Z Z (w; — 84i) qo(w;) (4.6.9)

1:5;<ko—2 w;j=s;+1

S; or (8}—1)
(: Z Z (S_z' — U_}Z) qO(kZo — U_)z') (4.6.9&)
i:5>2 =1
where §; := kg — s;)
and in particular,

7,((]{07"' ak07k0_]—7"' 7k0_1)T) = 0.

Using +/(s) from (4.6.9) in the equation system (4.6.8), ¢’ = 0 follows from
the last equation (the equation with

v'(s" = (ko,--- ,ko,ko — 1,--- ko — 1)) on the right side) where
Corollary 4.4.11 is kept in mind.

If we fix v(s") =0, the following system remains

lim —— (p*(s'|s’) — 6(s', s7)) v(s!) = — lim !

"(s1), (4.6.10
=1 ko—o0 C(k‘o) kog—o0 C(ko) K (8 ) ( )

Example 4.6.2. (Continuation of Example 4.4.3)

Let us consider
Sn;4;4 (n > 4) — sets of sparse partitions and
Ss:5k0—4:ko (ko > 4) — sets of non-truncated heavy partitions.

Limits of elements of the corresponding PRMs can be completely different
(see Example 4.4.3).

However corresponding v - solutions of the equation systems (4.6.7) and
(4.6.8) - are analogous:

For instance,

B 1 _ 0 (ko—1)
v(s'(n)) = qo((()J)Ov(qu)(l) and v(s" (ko)) = qg(k((l)%ﬂ;g(ko—l)
d
an ) B 2q0(1) J 4 I o 2q8(k}0—1)
v(s*(n)) = Zorem @d v(s (ko)) = 40 (ko)+4) (ko—1)
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k
(where qd(w;) = klim a0 () for corresponding c(ky), see (4.4.6)).

o—oo (ko)

This 1s yielded by Theorem 4.6.8 and the following Theorem 4.6.12.

Theorem 4.6.12. Let Sy.su=nko—suko> ko = (su,) su+ 1,su+ 2,---
(su < n) be sets of non-truncated heavy partitions®®, each of these sets
with v partitions, and with the partial order as in Definition 4.1.1(a), (c)
and Lemma 4.1.5.

Furthermore, let By, be the corresponding sets of requirements, where
for any ko, the requirements w;, (i =1,---,n) are independent and identi-
cally distributed and where (4.2.2) is assumed. In addition, let corresponding
given probability functions ¢~ fulfill (4.4.5) and (4.4.6) for certain c(ko).
Finally, let P*(ko) be the the corresponding PRMs.

Then,
v((ko,--- ko, ko —1,-- ko —1)T) :=0

q(ko—1) qQ (ko—1)+43 (ko—2)

v(s) = i:s_§0_2 (QS(ko)JrqS(ko—l) a9 (ko)+aqf (ko—1)+4¢3 (ko—2)

a9 (ko—1)+q8 (ko—2)++q (si+1) )

T a9 (ko)+aq8 (ko—1)+-+q (si+1)

)
. g (wi)
i ) )

(where g (w;) =

= — 5; — qf L L 1
B i:si§0—2 <k0 v qO(kO)(Q8<k0) + Qp (ko—1) T T QY (si+1) ))

where Qg(w) = qg(ko) + gg(ko — 1) + -+ + g5 (w)

are solutions of the equation systems (4.6.8) with ~' from (4.6.9).

Proof. We use the following notations in relation to partitions:
8<k0) — (kOa"' 7k07k0_17"' 7k0_ 17k0_§777"' 7k0_§n)

with 2 <8 <81 < <8 <k —1 (*1)
(see Definition 4.4.2(a) for n)
and additionally

Shj :ghj+1 :"':ghj+1—17 ]:1?27 , (Y

20See Remarks 4.4.1.
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where n =h; < ho <--- < hg <n:=hqgy — 1.

Furthermore, we note

0 0 0 0
N o qp (ko—1) o qo (ko—1)+q5 (ko—2)+-4qy (s;+1)
v(s1) = mrord=D T T @0 reltho—D B (s D)

for s; <ko—2, v(kg—1):=0, v(ko):=0,

ko—1
v (si) := OZ (w; — 83) qo(w;) for s; < ko — 2

w;=s;+1
(this means ¢ > 1) (see (4.6.9)).

Since v((kg,--- ,ko,ko—1,---,ko—1)T) =0, we have to prove the identity
(see (4.6.10))

Z lim s [p(s' (o)l s(ko)) — d(s' (o), s(ko))] v(s' (ko))

—1 ko—o0
— — Tim s +/(s(ko)) (*2)

k0—>OO

(where ~/(+) is from (4.6.9) and v(-) from this theorem)
for any partitions s(ko) # (ko, -+ ko, ko —1,-++ kg — 1)T.

Here, 11m (k 14 p*(s'(ko)|s(ko)) = 0 if s'(kg) is not a restricted monotone

successor of s(kg) (see Theorem 4.4.10).

Hence, we can replace the sum over [ = 1,--- ,r — 1 in (*2) with a sum
over the narrow monotone successors of s(kp).

s!(ko) are restricted monotone successors of s(kq)
if s'(ko); € {ko, ko — 1} for i=1,---,n—1,
st (ko)i, = ko — 8'5 > ko — 5i, = s(ko)i, for one ig € {n,--- ,n} and
s'(ko)i = s(ko)i for i€ {77, - ,mp\ {io}
(see Definition 4.4.2(b)).

o Shy;
This implies the summation > > --- as realization of the summation
=1 S_Ih =1
7

over the restricted monotone successors of s(ko).
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Here the summand

Jim oy P*(s(ko)|s(ko)) — 1) v(s(ko))

= — i (q9(ko — 3; + 1) + -+ +qJ(ko)) v(s(ko)) (see Theorem 4.4.10)

is separately noted down.

a ghi_l
The summations | -+ - then remain.
=1 silh4:1
K2

With this method, we can then give an equation equivalent to equation (*2)
(where, additionally, the formula from Theorem 4.4.10 is used for the re-
maining limits):

n

— > (a9(ko — 5 + 1) + -+ + qg (ko)) v(s(ko))
i=n
! Sh; 1 _ _
+;(hi+1—hi) _,Z q0(ko — ') (v(s(ko)) — v(ko — 5n,) + v(ko — s'n,))
+q0(ko) (v(s(ko)) — v(ko — 8p,) +0)]
= - k&gloo oy 7 (s(ko)), (* 3)

where according to the formulas for v(s) (from this theorem) and v(s;)
(from the above proof):

v(s(ko)) — vko — 8n,) +v(ko — s'n,) = v(s'(ko)) for s'(kg) with
st(ko)n, = ko — s'n, and s'(kq); = s(ko) for j # h;
and thus, in particular,

I/(S(k())) — Z/(ko — §hi) = I/(Sl(ko)) if S_Ihi =ko—1.

A simple reorganization of the sums yields

{— i(qg(ko —5i+ 1)+ +qg(ko))
i=n
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@ 5}%—1 —
+ 2 (hiv1 —hi) >0 qo(ko — s'n,) ¢ v(s(ko))
i=1 gfhz:
o Sh;—1 _ _
+ 2 (hiv1 —hi) 32 qolko — 8'n,) (—v(ko — 5p,) + v(ko — 'h,))
1=1 S_,hizl
+ 3 (hiv1 — hi) g9 (ko) (—v(ko — 5n,))
i=1
== Jim_ 555 ' (s(ko)). (*4)
o n
Since » (hjy1 — h;)--- can be replaced with >  ---, the term in the
i=1 i=n
parentheses {---} yields 0 and the following equivalent equation remains:
n ghi_l B B n
> > ao(ko—s'n,) (—v(ko—5p,) +v(ko—s'n,))+ 3= a5 (ko) (—v(ko—5p,))
1="Ns"p,=1 i=n
== Jim_ks 7/ (s(0ko))
Finally,
n ghi_l B §hi_1 B B
- Z 72 q(()](ko - 8lhz‘) V(k}() - ghi) - 72 qg(k() - 3lhz‘> V(kg - S/hi)
= S/hi: S/hi:
== 3 {7 oh )

Here {---} = {---} is valid. This relationship is analogous to (*4) from
the proof of Theorem 4.6.8 and could be proven in an analogous way.

Thus, the assertion of the Theorem is confirmed since we have only used

|

equivalent transformations of the equations.

Similar to Corollary 4.6.9, in relation to sets of sparse partitions, Theorem

4.6.12 implies here:
Corollary 4.6.13. Let the same assumptions as in Theorem 4.6.12 be valid.

Furthermore, let s' be a successor of s/, where {s/, s'} C Shisusko for any
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ko (i su and s/ # s'.

)

Then, v(s') < v(s!) is wvalid for solutions of the equation system (4.6.8).
This means that the solutions of the equation systems (4.6.8) are monotone
(with respect to the partial order).

Corollary 4.6.14. Let the same assumptions as in Theorem 4.6.12 be valid.

Then, the solutions of the Poisson equations (see (4.6.1)) with regard to
sets Sy:su:ko Of non-truncated heavy partitions, are monotone for sufficiently
large n and k.

(See also Remarks 4.4.2.)

In order to prove this corollary we use considerations analogous to those for
the case of sets of sparse partitions, refer to Corollary 4.6.10.

We must additionally note that ~' (see (4.6.9)), the limits of PRMs
P*(ko), as ko tends to infinity, and the solutions v of the corresponding
equation systems depend on the principal parts of the partitions, however
not on n.

Corollary 4.6.15. Let the same assumptions as in Theorem 4.6.12 be valid.
This means, in particular, that sets Sp.su=nko—suskos K0 (z) su  of non-
truncated heavy partitions, each of these sets with r partitions, are consid-
ered.

The corresponding Poisson equations, with exception of perhaps a finite
number of them, then have monotone solutions.

Remarks: We have answered several important questions regarding PRMs
and the corresponding Poisson equations in Chapter 4. There are, however,
other problems which still remain, for instance:

- formulas for (most of ) the elements of PRMs,

- the proof of the monotonicity of solutions of the Poisson equations with
regard to sets of truncated heavy partitions for large kg,

- the proof of the the monotonicity of the solutions of Poisson equations
for small n and ko in the case where the PRMs do not fulfil the
dominance condition.
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4.7

Conclusion for SDDP Problems with Identical
Basic Cost and Independent and Identically
Distributed Requirements

Corollary 4.7.1. .

(i) Let reduced SDDP problems, as in Section 3.4.2, with

(i)

a) m-totally ordered state spaces or

b) state spaces with at most 4 partitions and discrete uniformly dis-
tributed requirements in the case of exactly 4 partitions
be given.

Then, decisions d* for feasible states (unordered partitions) with
least square sums of their components are optimal for such reduced
SDDP problems.

Let reduced SDDP problems, as in Section 5.4.2, with state spaces

( Snisukos M= (su,) su+1,su+2,--- (sets of sparse partitions,

su and ko arbitrary but fived) or
< Sn;su:nk:g—s_u;koa ko = (S_U;) su+1l,su+2,--- (S_U < n) (sets Of

non-truncated heavy partitions,
su arbitrary but fized)

\

each of these sets with :1 partitions, be given. Furthermore, let the
2

probability functions of the requirements of the corresponding sets of
requirements be as in Theorem 4.6.8 or Theorem 4.6.12, respectively.

Then, decisions d* for feasible states with least square sums of their
components are optimal for such reduced SDDP problems, with excep-
tion of perhaps a finite number of them.



281

Proof. Matrices of transition probabilities of reduced SDDP problems for
decisions d* are PRMs (see Lemma 4.2.3).

Thus, the Poisson equations for PRMs (see Definition 4.6.1 and (2.3.5))
are the Poisson equations for reduced SDDP problems and decisions d*,
where in addition certain affine transformations of the right hand side of the
equations are allowed (see Theorem 3.4.1(c) and (4.6.2)).

However, such affine transformations (with a > 0) have no effect on the
monotonicity of the solutions of the Poisson equations (see Lemma 2.3.2).

According to Corollary 4.6.6 or to Theorem 4.6.15 the Poisson equations
then have monotone solutions (with respect to the partial order, see Defini-
tion 4.6.2) in case (i).

In case (ii), the Poisson equations, with exception of perhaps a finite
number of them, have monotone solutions, which here follow from Corollar-
ies 4.6.11 and 4.6.15.

If d*(s,w) = s* and §' € Ay (5, W), 8 # 5* (see (3.4.15) and (4.2.5))
then s* is a successor of s’ according to Lemma 4.2.1(b) and monotone
solutions imply v(s") < v(s*) (see Definition 4.6.2). Hence, the optimality
criterion (2.3.22a) from Lemma 2.3.6 is fulfilled and d* are optimal decisions
for the corresponding reduced SDDP problems. |
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Final observations on SDDP
problems

SDDP problems are extremely complex.

The formulation of distance properties for DA stochastic dynamic pro-
gramming problems in Chapter 2 and corresponding statements in this chap-
ter and Chapter 3 led to the fact that the use of lazy algorithms is sufficient
in order to compute optimal solutions of SDDP problems (Theorem 3.3.8).

Under the assumptions of identical basic costs (in other words, of unit
distances), the average one-step reward functions of SDDP problems mod-
elled as DA MDPs do not depend on the decisions. According to Section
2.3.2, optimal decisions then imply an “almost-partial order” of the states
and the complexity of computing optimal decisions can be reduced.

In the case that in addition to identical basic costs, identically distributed
requirements are also assumed, decisions for feasible states with least square
sums of their components are optimal for "most” of such SDDP problems.
This was shown in Chapter 4 by means of combinatorial considerations.

Based on the last facts, the question of how the optimal decisions vary if
the (initially identical) basic cost change is of interest. This means a para-
metric analysis should be utilized in relation to variable cost. For this the
cost are considered to be linearly dependent on one parameter.

If the parameter increases, then the violations of the optimality are single
violations (see Definition 2.3.6) in general. This also means that an adapted
Howard algorithm is a greedy algorithm for cost-parametric SDDP problems.

Moreover, the additional conditions (AC1), (AC2) and (AC3) have been
formulated in Section 2.3.4. They are satisfied for Example 3.5.1. Whether
the additional conditions are valid for SDDP problems in general, or only
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for certain subsets of SDDP problems, remains to be investigated. Never-
theless, they substantiate basic heuristic methods for finding of approximate
solutions of SDDP problems.

However, investigations with regard to SDDP problems and useful heuris-
tics for SDDP problems are far from being finished.
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Glossary of Symbols and Abbreviations

N the set of positive integers
R the set of real numbers
R7 the set of n-dimensional real vectors
- with nonnegative coordinates
7 the set of integers
y/n the set of nonnegative integers
277 the set of n-dimensional integer vectors

- with nonnegative coordinates

r<yforxeZl, yecly
means z; < y; fori=1,...n

) Kronecker’s symbol
| M| number of elements in the finite set M
[3] (z€Zy, yeN)
the integer with £ —1 < [£| < Z
v v v
(51 (z €Zy, y €N)
the integer with # <[] <% +1

y
yliv;io] (y € Z")
y2+1 fori:il,

Yili1;io] = ¢ yi — 1 for i = i,
Yi otherwise
w. L. 0. g. without loss of generality
essential
locations
—, — Section 4.1
a availabilities Section 3.1

A decision space Section 2.1
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AM set of finite decision spaces

A

Ay(sg, wy) DA decision set

Apsuko (8, w)  decision set

Apsuko (5, w) DA decision set/ set of feasible
ordered partition

A

Apsuko (8, w) reduced DA decision set/ set
of feasible (unordered) partitions

A’n;su;ko(w) extended DA decision set

s

(s,w) smaller DA decision set

>y

n;su;ko (g, w)(: An;susko (57 w))
smaller DA decision set

A(w)

(ACT) additional condition

(AC2) additional condition

(AC3) additional condition

b requirements

B disturbance space

Bk, disturbance space/set of requirements
% % x(f,l

Bn,k‘o (87 S )’ Bn,(lfo )

set of balancing requirements

B}l;/,fo(sf ,88)  certain subsets of B,
1/2,(rl)

ik certain subsets of B,

Section 2.3
Section 2.3.2
Section 3.2

Section 2.1
Section 2.3.2
Section 2.3.3.1

Section 3.2

Section 3.2
Section 3.3
Section 4.2.1

Section 3.4.2
Section 4.2.2

Section 3.3

Section 2.3.3.1

Section 3.3
Section 2.3.3.1
Section 2.3.4.2
Section 2.3.4.2
Section 2.3.4.2
Section 3.1

Section 2.1
Section 3.2

Section 3.2
Section 4.2

Section 4.2.2
Section 4.5.1

Section 4.3
Section 4.5.2



ét(Su Wy, 3/)

(st s) = cslcl

internal costs

¢(s?,s!) = ¢; internal costs

é(sh,w)
C'[b, sul
Clw, su]

C'[su, b]
Clsu, w]

d*

DA
(DAP)
(DAPa)

(DAPa)

surplus-situation

surplus-situation

scarcity-situation

scarcity-situation

decision (function)

DA decision function

single decision

DA decision function with decisions for
feasible states with minimum average
one-step reward functions/ for

feasible partitions with least square sums
of their parts/ optimal decision

the set of DA decision functions

”decision after”
basic problem of a DA model

basic problem of a DA model
in another representation

(DAPa) under appropriate assumptions
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Section 2.1
Section 3.2

Section 2.3.2

Section 2.3.2
Section 3.2

Section 2.3.2
Section 3.1

Section 3.2
Section 4.2.1

Section 3.1

Section 3.2
Section 4.2.1

Section 2.3

Section 2.1
Section 2.3.2
Section 3.2

Section 2.1
Section 2.3.2
Section 3.2

Section 3.4.2
Section 4.2.2
Section 4.6

Section 2.1
Section 3.2

Section 2.1
Section 2.1
Section 2.1

Section 2.1



290

(DAPb) DA model with infinite horizon and
under appropriate assumptions
DA MDP(N = 0, S, AM, P, )
DA Markov decision process
DAMDP(N = o0, S, AM, P,~(¥))
cost-parametric DA Markov decision process

DB ”decision before”
E expected value
n determines the dimension of the

"principal part”
F policy

F (Sections 4.3/5)
the number of components of s/
which are nonequal 0

F,

fi(sy ,wy) the optimal value function for the remaining
periods

G transition function

gd average expected cost per stage

74 [y vector of average (one-step) reward functions/

right hand side of the Poisson equations
in Section 4.6

AHY(s! w, st — st)

NHY(s!, d, )
AHYs! w, s — s, 0)
I identity matrix

1, sets of indices

Section 2.3.2

Section 2.3.2

Section 2.3.4.2
Section 2.1

Section 4.4.2
Section 4.4.3
Section 4.5.2

Section 2.1
Section 3.2

Section 4.3
Section 4.5

Section 4.3
Section 4.5

Section 2.1

Section 2.1
Section 2.3

Section 2.3
Section 3.4.1
Section 4.2.2
Section 4.6

Section 2.3.2.2
Section 2.3.4.1
Section 2.3.4.2
Section 2.3.1

Section 2.3.3.2



I; intervals

(Jo, jo) -perturbation

(Js, j3) -perturbation

(Js, jo)-perturbed partition

(Js, j3)-perturbed partition

(Jo, Jo, j1)-perturbed permutation
(Jo, j3, Ja)-perturbed permutation

ko bounds

(kij) i=1..... basic costs (or distances)

K, stage - cost (or return) function

L the number of components of s’
which are nonequal 0

(LPC)
(LPCh)
MDP Markov decision process

MDP(N = oo, S, AM, P, )
Markov decision process with
average reward criterion

MDP.(N = 00, S, AM, P(8)),7(9))
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Section 3.4.2
Section 2.3.4.2

Section 4.3
Section 4.5.1

Section 4.3
Section 4.5.1

Section 4.3
Section 4.5.1

Section 4.3
Section 4.5.1

Section 4.3
Section 4.5.1

Section 4.3
Section 4.5.1

Section 3.2
Chapter 4

Chapter 3

Section 2.1

Section 4.3
Section 4.5

Section 4.3
Section 4.5

Section 2.3.4.2
Section 2.3.4.1
Section 2.3

Section 2.3.2
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parametric Markov decision process
MDP(N = o0, S, A, P,v(&) + 97%(€))

cost-parametric Markov decision process

n number of types/components

N € NU {oo} horizon

P = (p(3l|3f7d)){;1 ~~~~~ m — (pjlcl) f=1,...,m

-----

matrix of transition probabilities for d

(p(jf’oo) f=1,..,m stationary distribution
Pozsusko general partitions-requirements-matrix

P = P;:;su;k:o — (p?l)
partitions-requirements-matrix

PRM partitions-requirements-matrix

q probabilities of the random disturbances
qo(w;) single probabilities

. limit with regard to probabilities

r number of states/ of (unordered)

restricted partitions

T number of states/ of ordered
restricted partitions

Section 2.3.4.1

Section 2.3.4.1

Section 3.2
Chapter 4

Section 2.1
Section 2.3.1
Section 3.2

Section 2.3
Section 3.2

Section 2.3
Section 4.2.1

Section 4.2.2
to Section 4.6

Section 3.3
Chapter 4

Section 2.3.2
Section 3.2
Section 3.4.1
Section 4.2

Section 4.2
Section 4.4

Section 4.4.3
Section 4.6.4

Section 3.4.2
Section 4.1
Section 4.4

Section 3.2
Section 4.1



R(n, su, ko, q), Ri(n; su; ko)

S

Slio; 1]

Sn;su;ko

(Sn;su;km —>)

n;su;ko

additive remainder terms

state space

state/(unordered) partition

state; number of machines in a state/
ordered partitions

direct successor

state space/ set of (unordered) partitions

lattice of restricted partitions

state space/ set of ordered partitions

feasible/feasible balanced transition
feasible transition

representatives of components
of states

SDDP problem

problem of stochastic dynamic distance
optimal partitioning

SDDP’ problem

extended SDDP problem
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Section 3.4.1

Section 2.1
Section 2.3.1
Section 3.4.2

Section 2.1
Section 3.4.2
Section 4.1

Section 3.2
Section 4.1

Section 3.3
Section 4.2.1

Section 3.4.2
Section 4.1
Section 4.2
Section 4.4

Section 4.1
Section 4.4

Section 3.2
Section 4.1
Section 4.2

Section 4.2.2
Section 4.3

Section 4.2.1
Section 4.2.2

Section 4.3
Section 4.5

Chapter 3
Section 4.6

Section 3.3
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Sﬁ’l(‘]m j07 ]1)

the set of (J,, Jo, J1)-perturbed permutations

S;J:J(Jm j37 ]4)

the set of (J,, J3, ja)-perturbed permutations

SH: <817"' 787])
principal part of a sparse partition

SH = (Snu'” 78n>
principal part of a non-truncated
heavy partition

su sum/ number of machines /integer
which should be partitioned

t numbers of stages

¥ parameter

TP transportation problem

TP*(a,b) transportation problem with distance

properties

U(s/, 3 conversion number

we B random disturbances or their
realizations

Wy : = (S1, Wy, ..., Wy)

reA decisions (or controls)

x € Xs(a,b) feasible solutions (of the TP)

x,T

Tint+1,Tjnt1 slack-variables

Section 4.3
Section 4.5.1

Section 4.3
Section 4.5.1

Section 4.4.2

Section 4.4.3

Section 3.2
Chapter 4

Section 2.1
Section 2.3
Section 3.2

Section 2.3.4
Section 3.5

Section 3.1

Section 3.1
Section 3.2

Section 3.3

Section 2.1
Section 3.2
Section 4.2

Section 2.1
Section 2.1
Section 3.1

Section 3.1
Section 3.2

Section 3.1



Xf(a, b)

Xfe (a, b)

Xopt(a, b)

set of feasible solutions (of the TP)

extended set of feasible solutions

set of optimal solutions (of the TP)
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Section 3.1
Section 3.2
Section 3.3

Section 3.1
Section 3.2
Section 3.3

Section 3.3
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(Js, j3)-perturbation, 196

(Js, Js, ja)-perturbed permutation,
197

(Js, jo)-perturbation, 179

(Jo, Jo, 71 )-perturbed permutation,
180

(Jo, j3)-perturbed partition, 196

(Js, jo)-perturbed partition, 179

action space, 33

additional condition (AC1), 86, 95,
147, 282

additional condition (AC2), 87, 147,
282

additional condition (AC3), 91, 147,
282

almost-partial order, 10, 42, 47, 69,
84, 94, 133, 147, 155, 282

average expected cost per stage,
33, 34, 36, 95, 107

average one-step reward function,
34, 40, 77, 84, 113, 132,
135, 145, 170, 255

basic cost, 106, 108, 114
basic costs, 98

certainty equivalence principle, 9,
24, 111
chain of partitions, 157, 159

complementary partitions, 174

conversion number, 114, 121, 132

cost-parametric DA Markov deci-
sion process, 10, 71, 77, 94,
118, 146

cost-parametric SDDP problem, 118,
146, 282

costlier, 47

DA decision function, 22, 37, 112
DA decision sets, 22, 112, 120, 150
DA Markov decision process, 9, 32,

38, 71, 93, 111, 141, 146,
255

DA models, 7, 9, 15, 17, 36, 107,
108

decision function, 33

decision space, 16, 33

direct predecessor, 157, 174, 261

direct successor, 157, 261, 271

distance properties, 10, 13, 51, 52,
61, 97, 99, 106, 108, 118,
282

distances, 98, 108

disturbance space, 16, 37

dominance condition, 259, 262

dominance of Markov chains, 64

dominant policy, 9, 10, 64, 66, 254,
256
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elements of the last column of a
PRM, 251

elements of the last row of a PRM,
249

equivalent (with respect to the par-
tial order), 174, 208

equivalent with regard to the Pois-
son equation, 174, 208, 257

feasible balanced partition, 166, 167
170

feasible partition, 166, 167

feasible state, 22

functional equation, 19

general partitions-requirements-ma-
trices, 113, 131, 163-165

greatest element, 157

greedy algorithm, 71, 85, 92, 147,
282

harmonic numbers, generalized, 154,

255, 264, 266, 275
heavy partitions, 205, 206
horizon, 16, 33, 107
Howard algorithm, 35, 38, 42, 83,
93, 132, 146

identical basic cost, 97, 131, 143,
146, 255
independent and identically distri-

buted requirements, 134, 143

170, 171, 175, 255
internal cost, 22, 37, 47, 51, 77, 85,
95, 107, 112, 116, 132, 255

Jordan-Dedekind-Condition, 162

k-server problems, 10, 13, 16, 151

297

lattices of restricted partitions, 155,
161, 166

lazy algorithm, 52, 108, 122, 282

least element, 157, 208

least square sum, 134, 166, 167,
254, 280

limits of PRMs, 200, 213, 218, 248,
254, 264, 272

'm-totally ordered set of partitions,

259, 262

main minimal chain, 159, 261

Markov decision process, 33, 37,
140, 255

matrix of transition probabilities,
33, 40, 113, 131

metric task system, 13, 151

minimal chain, 159

monotone solution, 14, 49, 254, 257,
260, 262-264, 271, 279

monotone successor, 214, 264

neighbouring decisions, 39

neighbouring partitions, 157

non-truncated heavy partitions, 200,
218, 254, 272, 279, 280

optimal value function, 19

optimality criterion for DA MDPs,
44, 85

ordering of dominance or majoriza-
tion of partitions, 155, 161

parametric Markov decision process,
72

partitions of integers, 143, 155, 156,
200
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partitions-requirements-matrices, 8, slack-variable, 99

13, 113, 131, 153, 163, 166,
172, 175, 176, 224
perturbed partition, 154, 176, 224,
248
Poisson equation, 14, 35, 45, 49,
73, 154, 254, 256, 271, 279
policy, 17, 34
policy iteration, 38, 42, 93
predecessor of a partition, 157, 160
principal part of a non-truncated
heavy partition, 220
principal part of a sparse partition,
214, 264

quadratic-linear-problem, 26

reduced DA MDP, 142

reduced SDDP problem, 143, 166,
172, 254, 260, 280

reduction of DA MDPs, 140

restricted monotone successor, 220,
272

SDDP problem, 7, 11, 78, 97, 105,
109, 111, 121, 145, 282

set of (J,, j3, j4)-perturbed permu-
tations, 197

set of (J,, jo, j1)-perturbed permu-
tations, 180

set of DA decision functions, 22

set of feasible ordered partitions,
164

set of feasible partitions, 167

single decision, 23, 39, 42, 69, 87,
93

single violation, 81, 84, 85, 147,
282

smaller DA decision set, 53, 58, 61

sparse partitions, 205, 213, 254, 264,
271, 280

state space, 16, 33, 37, 149

stationary distribution, 34, 41

stationary problem, 24, 34

stochastic dynamic facility location
problems, 13

stochastic dynamic transportation
problem, 12

strategy, 34

successor of a partition, 157, 160,
168, 170, 278

transportation problem, 98, 108,
112, 116

triangle-inequality, 52, 62, 99, 109

truncated heavy partitions, 206

unit distances, 98, 282









