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Chapter 1

Introduction

The Stochastic Dynamic Distance Optimal Partitioning (SDDP) problem -
an Operations Research problem - was the motivation for the investigations
presented in this book.

As evident from the name of the problem, investigations in two different
mathematical fields were necessary for its treatment, i.e. in stochastic dy-
namic programming and in combinatorics (”Partitioning”).

This book therefore, apart from the introduction, covers the following
three chapters

2 DA Stochastic Dynamic Programming with Random Disturbances,

3 The Problem of Stochastic Dynamic Distance Optimal Partitioning
(SDDP),

4 Partitions-Requirements-Matrices (PRMs).

DA (”decision after”) stochastic dynamic programming with random dis-
turbances is characterized by the fact that these random disturbances are
observed before the decision is made at each stage.

In the past only very moderate attention was given to problems with this
characteristic (see also Section 1.1).

Examples of DA models are SDDP problems and certain inspection-replacement
problems. (Also refer to connections with k-server problems and metric task
systems at the end of Section 1.2.)



In Chapter 2 specific properties of DA stochastic dynamic programming
problems are worked out for theoretical characterization and for more effi-
cient solution strategies of such problems.

In order to understand this chapter, and the book altogether, previous
knowledge about stochastic dynamic programming and Markov decision
processes (MDPs) is useful, however not absolutely necessary since the con-
cerned models are developed from scratch. (Basic knowledge can be found
in [7], [12], [28], [16] or [31].)

In Chapter 3 we formulate and discuss in detail the problem of Stochastic
Dynamic Distance Optimal Partitioning (SDDP).

SDDP problems are extremely complex.

Superordinately regarded, SDDP problems are DA stochastic dynamic
programming problems (Stochastic Dynamic DP).

It requires a certain initial effort, however, in order to compute the real in-
put data for the DA stochastic dynamic programming problem (SD Distance
optimal P).

Furthermore, the problem shows combinatorial aspects (SDD Partitioning).

The understanding for the formulation of the problem and the basic meth-
ods of its solution requires knowledge from Section 2.1 (at least from the
beginning of this section) and absolutely from Section 2.3.

However, an important statement concerning certain SDDP problems is
proven at the end of Chapter 4, only after several combinatorial considera-
tions.

Partitions-requirements-matrices (PRMs) (Chapter 4) are matrices of tran-
sition probabilities of SDDP problems which are formulated as Markov de-
cision processes (MDPs).

PRMs ”in the strict meaning” include optimal decisions of certain SDDP
problems, as is shown toward the end of Chapter 4.

PRMs (in the strict meaning) themselves represent interesting (almost
self-evident) combinatorial structures, which are not otherwise found in lit-
erature.

We therefore ensure that the treatise of Chapter 4 can essentially be un-
derstood independent of Chapters 2 and 3.



Relationships to Chapter 3 specifically marked and they can be omitted
if one is only interested in PRMs.

Retrospectively, in relation to the topic of "optimal dominant policies”
of MDPs, PRMs in the strict meaning include policies of certain SDDP
problems for which the ”condition of dominance” is typically infringed on,
however only to a slight extent such that a generalization of the concept of
”dominant policies” seems possible.

We now discuss the contents of the chapters in more detail.

1.1 Chapter 2 Contents

In Section 2.1 we introduce the DA model of stochastic dynamic program-
ming with random disturbances and give the corresponding functional equa-
tion.

In Section 2.2 a ”certainty equivalence principle” is formulated and also
proven in cases of DA models with linear dynamics and quadratic criteria.

Markov decision processes which result from DA models under appropriate
assumptions (DA MDPs) are investigated in Section 2.3.

In literature the state space, which is used for DA MDPs, is the cross
product set of the origin state space and the disturbance space.

However, such a state space is markedly larger than the original state
space.

Moreover, corresponding matrices of transition probabilities would have
many zeros, in general. An analogous situation is found in linear program-
ming: the classical transportation problem which can be solved by the Sim-
plex algorithm. Special solution methods for this transportation problem
have been developed (for example the "MODI-method”, refer to [30], Sec-
tion 2.8.9).

In Section 2.3 we keep the origin state space when modelling DA models
as MDPs. In this way special structures of decisions follow.
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Here, the corresponding decisions are characterized by a ”simple” struc-
ture. The transition probability matrices differ by only two elements for
corresponding "neighbouring” decisions.

An effect of this structure of decisions is that optimal decisions imply
an ”almost-partial order” of the states, if the underlying average one-step
reward functions do not depend on the decisions.

Thus, the solution of a DA MDP by solving a corresponding parameterized
DA MDP in terms of a continuation of the solutions of the parameterized
problem arises as one variant for solving DA MDPs, for which the Howard
algorithm (policy iteration) is adapted (Section 2.3.4). For this, the un-
derlying internal costs and hence the average one-step reward functions are
considered in dependence on one parameter such that these costs do not de-
pend on the decisions for the initial parameter. Then, the adapted Howard
algorithm yields a purposeful computation for the solution. Furthermore,
under certain additional conditions, this solution method is a greedy algo-
rithm.

Section 2.3.3 includes special considerations of DA MDPs with ”distance
properties” and ”dominant policies”.

”Distance properties” can also be found in flow problems, metric task
system or k-server problems. In particular, we use the statements of this
section for SDDP problems.

The ”dominance of Markov chains” can be seen in Daley 68 (see [10]).

We can apply this concept to Markov chains which correspond to policies
of MDPs. However, if we want to transfer this concept to the MDPs them-
selves then convenient properties are also required for the average one-step
reward functions (and for the corresponding policies).

If dominant policies should also be optimal, further strong conditions
(which contain comparisons of any feasible policies with the dominant pol-
icy) are required.

The question which follows is: can we find (useful) MDPs which fulfil all
of these conditions?

A certain kind of equipment replacement models with dominant policies
can be found in Puterman [31]. However, in these models only two different
decisions are possible.
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The chance of finding MDPs with more than two decisions which fulfil
these conditions is better for MDPs which are based on DA models, due to
their decision structures.

Some SDDP problems have optimal dominant policies (Section 4.6.2.2).

For other SDDP problems we will consider the above-mentioned interest-
ing effect in which the conditions of dominance are infringed on, however
only to a slight extent.

The state spaces of SDDP problems are inherently finite. Therefore, we
will also concentrate our efforts on finite-state models in Chapter 2. Notes
on countable-state models can be found in Puterman [31]; more information
can be found here at the beginning of Section 2.3.

1.2 Chapter 3 Contents

In Chapter 3 the ”Problem of Stochastic Dynamic Distance Optimal Par-
titioning (SDDP)” is described in detail. Possibilities and methods of its
exact or approximate solution are discussed.

A problem in industry, which contains an optimal conversion of moulds,
supplied the origin of investigations.
Essentially, SDDP problems include the following practical facts:

- A fixed number of machines is given. ()
(Moulds are also conceivable.)

- Different types of parts can be produced by these machines. For this
purpose the machines have to be converted to states, which in accor-
dance with the types of the parts. Costs are incurred. ()

- The production takes place in successive stages (periods).
- In a single stage, one part (at most) can be produced by one machine.

- At each stage a requirement of parts (of several types) is to be met.

Initially, probability functions of the requirements are given.
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The realizations of the requirements are known at the beginning of
the stages (before decisions about conversions of machines have to be
made).

- The objective is to minimize the expected cost of the conversions over
all stages (or the average expected cost per stage). (To accomplish
this we must decide which machine should be converted into which
state in each stage.)

Thus, SDDP problems are DA stochastic dynamic programming problems.

More specifically, from a mathematical view point, we could designate this
practical problem as a stochastic dynamic transportation problem, since
throughout the stages feasible solutions of transportation problems must
be determined (see (xx)). (We have also used this designation in previous

papers.)

Here, however designating this problem as a stochastic dynamic distance
optimal partitioning problem (SDDP) seems more appropriate. Partitioning
means partitions of the number of machines into numbers of machines which
are in the same state. The number of machines is therefore constant (see
(+)):

We will thus use this designation in the future.

(In this way we also emphasize the conceptual distinguishment of the des-
ignation of our problem from the typical stochastic dynamic transportation
problems, see Arnold [4].) 1

In this mathematical model, partitions of integers are the ”states” of the
DA stochastic dynamic programming problems (ordered partitions in gen-
eral and unordered partitions in the case of certain reduced SDDP prob-
lems).

Partitioning the integers as ”states” involves the combinatorial aspects
of SDDP problems, which can also be observed in ”"matrices of transition
probabilities” and ”average one-step reward functions” of SDDP problems,
modelled as DA MDPs.

It can therefore, only in Chapter 4 by means of combinatorial consider-
ation, be shown that decisions for feasible states with least square sums of

'Further comments in connection with transportation problems and corresponding ref-
erences can be found in the preface of [22].
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their parts are in every case optimal for special SDDP problems.

Partitions of integers as states of DA MDPs require an enormous amount
of storage space for the corresponding computer programs.

Furthermore, many transportation problems have to be solved (see (xx))
in order to compute ”average one-step reward functions” for the SDDP
problems, modelled as DA MDPs.

Thus, investigations of inherent characteristic structures of SDDP prob-
lems are also important as a basis for heuristics.

Finally, we refer to connections of SDDP problems with other problems
in operations research and informatics such as stochastic dynamic facility
location problems (refer to [27]) or metric task systems and more specific
k-server problems; see [8], Chapter 10 and [5], for instance.

Since the current request, which is to be fulfilled, is known (and without
knowing the future requests) k-server problems can also be initially labeled
as a certain kind of DA model. Furthermore, distance properties are also
assumed for k-server problems. However, on-line algorithms are often the
center of attraction for consideration of k-server problems.

In contrast, we assume probability functions for requirements of SDDP
problems and consider SDDP problems as stochastic dynamic programming
problems with the aim to minimize the expected cost or the average expected
cost per stage. Typical characteristics of SDDP problems as stochastic dy-
namic programming problems, in particular Markov decision process, are
worked out.

Furthermore, let us note that we consider a number of machines which are
in the same state (in the terms of k-server problems, on the same point), in
general, and many machines must convert at the beginning of each equidis-
tant stage.

1.3 Chapter 4 Contents

Partitions-Requirements-Matrices (PRMs) are the main topic of Chapter 4.

If SDDP problems are modelled as DA MDPs, then the matrices of tran-
sition probabilities are called ”general PRMs”.
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The strict meaning of PRMs assumes that the costs of converting the ma-
chines into different types are identical and the requirements are identically
distributed. Then in every case decisions for feasible states with least square
sums of their components lead to PRMs (in the strict meaning).

The definition of PRMs (in the strict meaning) includes that PRMs can
be initially computed by means of simple enumeration, however a laborious
method. In addition, there is a main difficulty to deal with: No formulas
are known for most of the elements in PRMs. Due to this lack of formulas,
PRMs themselves represent interesting (almost self-evident) combinatorial
structures.

Properties which are associated with SDDP problems (modelled as DA
MDPs), besides the search for effective methods to compute the elements of
PRMs, are in the realm of investigation of PRMs (in the strict meaning) in
this chapter.

Thus in Section 4.6 so-called ”Poisson equations” are considered. That
their solutions are "monotone” is shown in many cases. This means that,
in every case, decisions for feasible states with least square sums of their
components are optimal for the corresponding SDDP problems.

The above-mentioned SDDP problems, for which the ”condition of dom-
inance” is infringed on, however only to a slight extent, are also in this set
of SDDP problems.

A more detailed specification of the content of Chapter 4 can be found at
the beginning of this chapter.



Chapter 2

DA Stochastic Dynamic
Programming with Random
Disturbances

It is assumed for many concepts in the theory of stochastic dynamic pro-
gramming that random disturbances are observed after the decision is made
at each stage. (For instance, refer to Bertsekas [7], Schneeweiss [33], Dinkel-
bach [11].)

We denote problems for which this is assumed as ”Decision Before” mod-
els (DB models).

Conversely, we call problems where random disturbances are observed be-
fore the decision is made at each stage ” Decision After” models (DA models).

We began to take notice of DA models with our investigation of Stochastic
Dynamic Distance Optimal Partitioning (SDDP) problems ! (see [19], [20],
[22]).

In general, not much information exists dealing only with DA modelled
problems.
We can find some, however, included in a book by Sebastian and Sieber [34].
Here, situations in which incomplete information is given are described by

'In previous papers, SDDP problems were termed stochastic dynamic transportation
problems, see also Section 1.2.

15
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means of operators as starting points for further investigations (see [34], 2.7
with n = 1).

Dreyfus and Law give an example in relation to certainty equivalence
and also an example of a stochastic equipment inspection and replacement
model, where some components of the random vector are observed after the
decision is made (as usual) but some components are observed before (see
[12], pages 189 and 137).

(The k-server problems mentioned at the end of Section 1.3 also show the
"DA” property.)

On the one hand, DA models belong to the extensive group of stochastic
dynamic programming problems, but on the other hand DA models show
peculiarities.

The complexity of such problems (refer here also to the inspection /replacement
problem by Dreyfus and Law) is one aspect of the motivation for the further
consideration of DA models.

An introduction to the extended content of Chapter 2 has already been
given in Section 1.1.

2.1 The DA Model

In the following we use

N € NU {0} the horizon

t €41,2,..,N} numbers of stages

S state space

s €8 states

B disturbance space

w e B random disturbances
A decision space

r €A decisions (or controls)
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(Questions of measurability are skipped for the most part. In the beginning,
let S and A be Borel spaces and let the values of w be elements of a Borel
space. Afterward we often assume S C Z" (or R™) and so on. We will use
the same notations for the random vectors and their realizations.)

The above data are written with the subscript ¢ in order to attach the
time to the stages t.

Furthermore,
Ky : S x By x Ay — Ry stage - cost (or - return) functions
Gi: Sy x By x Ay — Spiq transition functions

denote (measurable) functions.

Decision spaces A; can depend on previous states and disturbances.

We now introduce the basic problem of the DA model:
(DAP):

Let DA models be closed-loop optimization problems (i.e. feedback con-
trol, refer to [7], I, page 4 or [27], Section 2.4): More precisely, this means
that we postpone making the decision z; until the last possible moment
(time t) when the current state s; and (in the case of a DA model) the re-
alization of the random vector w; will be known. We assume that an initial
state s; € S7 and an initial realization w; of the random disturbances are
given.

A policy

F = {z1(s1,w1),z2(52,w2),...,n(sn,wN)}

is to be found so that

N
E <Z Kt(St,wt,xt)\Sl,w1> — min

wW2,...,WN tZl

N
— Kl(Sl,UJl,xl) + ) (Z Kt(St,U)t,.Tt”wl, 82> — min

w2,...,WN t=2
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subject to the constraints

st € Sp,t=2,---, N,

Tt GAt(st,wt),t: 1, ,N

(dependences A;(S;, w;) with 53 = {s1,..., s} are also conceivable),
st41 = Gi(sg,w, ), t =1,..., N — 1 (dynamic constraints).

(The objective function always exists when K; > 0, but it may have the value
oo without some additional assumptions.) We assume that the distribution
functions and the densities of the sequence of disturbances
{w;:t=1,..., N} are known and that all (following) conditional expected
values exist.

Remarks 2.1.1. The dependence of Ay on wy is a peculiarity of DA models.
In DA models more information is known before the decisions are made at
each stage than in the usual DB models, namely — x; € Ay(st, Wy).

a) b)
t
G st J}N S st
I
X t ! X t
Feedback control Feedback control
DA models DB models

(with analogous symbols)

Figure 2.1.1.
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Of course DA models are also stochastic dynamic programming problems.
When a decision x; is made, then the realizations wy1, w49, -- of the dis-
turbances at the next stages are not known. The cost of the next stages also
depends on sy11 = Gy(st, wy, Ty).

The Optimal Value Function for the Remaining Periods and the
Functional Equation

We use Fy = {x¢(st, W), Trp1(Se41, Wer1), - -, xn(sy,wn)}, t = 1, ...,N for
any admissible policy F and the symbol wy : = (s1, wi, ..., wy). (An ad-
missible policy F = {x1(s1,w1), z2(s2, w2),...,xn(sy,wn)} means

Ty € At/(st/,wt/) V sy € Sy, V t' e {1, ,N})

The optimal value function for the remaining periods ¢,..., N is

N
fi(s¢ ;W) = min E (Z Ky (s, wy, xt’)@)

Fy Wit 5--,WN "

N
= n;in (Kt(st,wt,fﬁt)-i- E ( Z Kt'(st/,wt'axt’)Wt))

t Wi41,0 WN

t'=t+1
(2.1.1)
fort=1,.... N — 1,
In(sn,wN) = T%inKN(SNawNaxN)
N
for DA models.
We define
fye1 = 0. (2.1.2)
The functional equation
fi(s¢,wy) =  min (Kt(st,wt,xt) + B (ft—i—l(st—i-lawt—l-l)lwt)) )
xt€AL(St,we) W1
(2.1.3)
t=N,...,1
follows.

In the case that an optimal policy exists the functional equation can be
proved directly by means of mathematical induction (refer also to Sebastian
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and Sieber [34], general formula (2.188) and the upper remarks on page 147):

Proof.
fn(sn,wN) := r%inKN(sN,wn,xN) (for t =N).
N

Step 1.

(beginning of mathematical induction t = N — 1)
fN-1(sN—1,WN"T)

;= min (KN—l (sN—1,wN—1,2N-1) + E (Kn(sn,wn,TN) | wN—l))
Fn_q WN

(see (2.1.1) for t=N —1)
= min (KN—1(SN—1710N—17$N—1)+

TN 1€AN-—1(5N—1-wN—-1)
:CNEAN(SN,H)N)

E (Kn(sy,wn,ZN) | UJN—I))
WN

= min {KN—l(SN—th—l;xN—l)"‘
TN_1€EAN_1(SN—1,WN—1)

min (E(KN(SN,U}N,ZCN) |m))}

TNEAN(sN,wN) \WN

(Here min ... means, in detail, min e
rNEAN(SN,WN) rN(wN)EAN(SN,WN)
V wy € BN.)

We now use the relation min E{¢(z)} = E {min gb(:v)} :

€T

= min {KN—1(8N—1,UJN—1,IL“N—1)+
rN_1€AN_1(SN_1,wN_1)

) ( min KN(SN,”LUN,LL‘N) ‘ wN_l)
wN LL‘NEAN(SN,wN)



21

= min (KN—l(SN—17wN—17$N—1)+E (fn(sn,wN) | wN—1))-
rN_1€AN_1(SN—1,WN_1) wN

Step N —t*:
Let us now assume

fi(st, W) =  min <Kt(8t,wt,xt) + E (fi+1(5t41, Wis1) \Wt)> (*)

T EA(St,wi) Wi41
fort=N,N—1,...,t"+1(t*+1>1).
We will then prove the functional equation for t = ¢* :
Jre (Spx, Wy ) 1= I%:H<Kt (S, Wy, Tpx )+
N

B (% Kulsy,wwaw) | )

'LUt*_;’_l,...,UJN t/:t*+1

(see (2.1.1))

N
= min (Kt*(St*,wt*,l“t*) + > E (Ky(sy,wy,zy) w_t*)>

Tyk GAt* (St* ,wt*) t/:t* +1 wt/,...7wN
:IENEAN(SN,’LUN)

= min {Kt* (8, W, Ty ) + E  (Kpg1(See41, Weeg1, Tpe 1)
:th* EAt* (St* ,wt*) U)t* +1,...,U}N

ZNGAN(SN,U)N)

+ E (K y2(Sprq2, Wi 42, Tpe42)
Wi* 425 WN

o+ B(En(sy,wyan) |78 | - | 0o5n) | @) |

= min {Kt* (st*,wt*,xt*)—l—

Ty € Ay (S5 ;W )

E ( min (Kt*+1(8t*+1,wt*+1,Zl?t*+1)
wt*+1,...,’lUN mt*+1€At*+1(St*+1,wt*+1)
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4+ 4+ E( min KN(SN,wNHM)"“)'w_“)}'

WN IL‘NGAN(SN,U)N)
Now, we use (*) for t = N, N —1,...,t* + 1.

— min )(Kt*(st*,wt*,xt*) + E (fer41(8pr41, Weet1) ‘w_t*)) L

Tp* EAt* (St* s We* Wy +1

For subsequent sections we introduce here:

The ”DA Decision Functions” and Additional Definitions
(which are based on DA models)

In DA models the state sy11 is (for given s;,w;) completely determined
by the decision (in contrast to DB models). Thus, we can introduce:
the DA decision sets

/Alt(st, wt) = {8/ ‘ Sl = Gt(st, Wt, 3725) with Tt & At(st,wt)} (214)

for given s; € Sy ,w; € By,

where s’ € flt(st, wy) are called feasible states,

internal costs

(s, wy, 8') == min {Kt(st,wt,xtﬂxt c s = G(st,wt,xt)}
) (2.1.5)
with " € Ay(se, wy)

and DA decision functions

~

dt . St X Bt — St-H
) ) (2.1.6)
with dt(st,wt) = S/ € At(St ,wt).

Finally, we use

Definition 2.1.1. The set of DA decision functions is the set
lA)t = {Cit‘ Cit : St X Bt — St_|_1 with Cit(St,’lUt) - At<8t ,wt)}
for given Si, By, Sty+1 and DA decision sets flt.
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In addition, single maps

A,

(s¢,wy) — 8" (by d)
(2.1.7)

this means d;(s¢, wy) = s’

for sy €Sy ,wy € By are called single decisions.

If S; and By are finite sets, then d; will include |Sy| - |By| single decisions
(where |S;| and |B;| denote the numbers of elements in the sets S; and B,
respectively).

With this in mind Figure 2.1.1 a) can be replaced by

Figure 2.1.2.

We can see that x; and G; are combined into cit.

(DAP) can then be represented in the following way:
(DAPa):
A policy

~

{di(s1,w1), da(s9,w2), ...,dn(sy,wy)}

is to be found so that

N
E (Z @t(St,wt,8t+1)\81,w1> — min

w2,...,WN t=1
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subject to the constraints

StGSt, t=2,--- ,N,
Czt(stawt) c At(stawt)a = ]-a 7N7

St4+1 = cit(st,wt), t= 1, “e ,N — 1.

If (DAPa) exists under the following assumptions, we use the symbol:
(DAPa).
This indicates (DAPa) with

- stationary properties: the sets and functions By, S, Ay, cit,ét are the
same at each stage and will be written as B, S and so on,

- B and S are finite sets,

- q(w)(q: B — (0,1)) denote the probabilities of random disturbances
and these ¢(-) are also the same at every stage.

2.2 The Certainty Equivalence Principle

For many DB models with quadratic cost functionals and linear dynamics
(so-called quadratic linear problems) it is possible to replace the random
disturbances with their expected values and to then solve the yielded de-
terministic problems. The solutions are the same (certainty equivalence
principle). We have found a similar statement for DA models.

Let us begin by considering the following example.

Example 2.2.1. We contemplate the stochastic dynamic programmaing prob-
lems

N=3
E <Z ((20)” + <st>2>) — min,

t=1

where s1 € R or s1 € R and w1 € R are given

and  Sip1 = St + wy + T4,
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r: € R.

Here, {w;}i=123 15 a sequence of independent random disturbances with re-
alizations wy € R.

Since the decision spaces (A¢(se, wr) =)R (at each stage) are independent
of wy, we can classify such stochastic dynamic programming problems as DA
models or as DB models (with the same data, but x(s¢, wy) for DA models
and xz(s¢) for DB models).

The optimal solution of the DB modeled problem is

zy =x3=0

—s9—F(wsy
IN-1 = T2 = D) (w2)

—3s1—FE(w2)—3FE (w1
oy — 3 — (v2)-350)

(We can calculate this by means of the Bellman-principle or the certainty
equivalence principle. )

The optimal solution of the DA modeled problem is
IN — T3 — 0

—So9—WwW
IN_1 =T = —5 2

—3s1—F(ws)—3w1
IN—2 — 1 — (5 ) .

(At the beginning we have calculated this by means of the Bellman-principle,
see (2.1.3).)

Obviously, the minimal expected cost for the DA model are not greater
than the cost for the DB model since every policy of the DB model is also
possible for the DA model (A;(s;, w;) are independent of wy).

Example 2.2.1 demonstrates the strong relationship between the solutions
of the DB and DA models.

We will now generalize the results of the example.
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Quadratic-Linear-Problems
Let us assume for (DAP) that

S =R" t=1,...,N,
Ar=R4 t=1,...,N.
The dynamic constraints are

St4+1 = (I)tSt + Ftl’t + Htwt fO’f’ t= ]., “ ey N (221)

with given matrices @4 Iy and II; and a given s; or given s; and w;.
(These symbols are taken from the model in Schneeweiss [33], Section 11.3.)
The types of these matrices are determined by the types of the states,
disturbances and decisions.

It Zt = (ul)t)avt - (Z)ayt - (xt) and Tt = (Fta q)t,Ht,O)

Ut

are used, then (2.2.1) has the form

St+1 = Liys.

The cost functional is
N . _
E { Z Yt Wt,yyyt} — mn,
t—1

where the matrices W 4, have the following structure

Wt,mm Wt,ms Wt Tz
Wt,azx Wt,xv
Wt,yy - - Wt sx Wt ss Wt sz -
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with regard to v, s; and y;.

Let W 4y be symmetric matrices (without loss of generality) and let Wy ;.
be positive definite. Furthermore, let all matrices V,, which are calculated
by means of the backward dynamic programming procedure be positive def-
inite.

Quadratic-linear-problems can be classified as DA models or as DB models
with the same data, however x;(s;) is used for DB models and x4(s;, wy) for
DA models (compare Example 2.2.1).

Theorem 2.2.1. (Certainty equivalence principle)
Let a quadratic-linear DB model and a quadratic-linear DA model with the
same data be given.

In addition, let

N = O;
ry = p(E(we), E(wigr), -+, EBlwy-1)),t =N —1,---,1

be a representation of an optimal solution of the quadratic-linear DB model.

Then
zny =0,

Iy = @(wtyE(qu), . 7E(wN—l))7t = N — ]_7 . ,1

is an optimal solution of the quadratic-linear DA model.

Proof. The above symbols and the following representations are taken from
the model in Schneeweiss [33] (see Section 11.3) and they are applied to the
DA models here.

The functional equation for this DA problem is

fulse: ) = min{ o Wosct 8 { feon(sv T 0}

Wi 1
t=N, -1, (x1)
INy1 =0

(see (2.1.3)).
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Step 1.

(beginning of mathematical induction, t = N)

fN(sn,WN) = min (YN WN.yyN)

i (T T T
= min (xNWN,m:UN + 2e\Wh zoUN + UNWN’Uv’UN) , (%2)
N

Zl?}kv = _(WN,mx)_le,a}’UUN (*3)

= - (WN,m)_1 (WNzsSN + WN zwwn + Wi g1) (x3a)
is the optimal xy for (*2), since Wi 4, is positive definite.
If we (*3) use in (*2), it follows that
fn (s, WN)

_ . TwT ~1 T
= —ONWN 2o (WNwz) T WN 20N + Oy WN 0N

= shQnsn + 25k By + GAn(wn)

with

QN = WN,ss - Wjj\;’xs(WN,acm)_le,ms;
BN = (WN,sz - W]%;,xs(WN,a:x)_le,xz>zNa

GAN(wN) =N = 25 W 222N — z]:’\}W]:G,mZ(WMm)_lWN,mzN.

Additionally, let Gy and «y denote the following:
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By = E{Bn[wn=1}

- (WN,sz - Wjj\;’xs(WN,mm)_le,mz)E{ZN|wN—1}7

W = E{aNWN 22N [ON 1} = 23 W oo (W z2) T W 222N
where

ﬁN = E{ZN‘U}N—I}-
Step N —t+2:

Now, let us assume
fi(se,wr) = sTQuse1 + 25T By + GAy(w). (*4)
On the one hand we will prove

fro1(se-1, W 1) = s Qs_15t-1 + 2sL 1 fr—1 + GAr_1(w) (*5)

for the optimal expected value function at stage ¢t — 1, where

Qt = ‘/t,ss‘/t?;cs (‘/t,:m:)_l ‘/t,l‘Sa

Bt = (‘/t,sz - Vvt?;gs(‘/t,:mc)_l‘/t,xs)zt-

In addition, let 3;,4: and 7, denote the following:
B = E{B|[wi—1},
ﬁ/t = ZtTVi,zzZt - Z?%ﬂg(%,z$)_l‘/i,zzzta

Ve = E{Z?‘/t,zzzt‘m} - éfwgz(w,xx)_lw,xzéta Zt = E{Zt|wt—1}'

Here the sub-matrices V; ;;(i,j = x, v, z,w, s, 1) are calculated from
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Y Vit = ¥ Wegytr + yi T Quir Tyye + 2y Bi1 + i1,

where it is initially given

Qni1=0,0n11=0,7n11 = 0,7n41 = 0.

We will then show that

* —
Ly1 =

- (‘/t—l,a:ac)_l‘/t—l,xvvt—l

- (%—1,xm)_1(‘4—1,x55t—1 + ‘/t—l,mzzt—l)

is an optimal decision at stage ¢t — 1:

(1) for t — 1 and (*4) yield

ft—l(St—b wt—l)

- gtlirll {yﬁl Wt—l,yyyt—l + E{ft(Tt—lyt—l,W)\wt_l}}

= min {y;_; Wi—1,yy Y1+

Tt—1

Blyl T, Qi Trm1 yeor + 2y Ty By + GA(w) | Wi}

= gﬁlﬂl {yl s Wiy i1 +yl TR Qe Tia yee1 + 2yl Ti—1 B

+E{GA(w) | wi—1}}

= gﬁrll {yl 1 Viciyy vi—1 — v + E{GA; (w) | wi—1}}
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s T T
= Iin {2/ Vicige ®—1 + 22, Vicq go Vi1 + 041 Vie1 o0 Vp—1
t—1

=t + E{GAi(w) | w—1}}. (¥6)

* — —1
Ly 1= _(‘/t—l,xx) ‘/t—l,scv Vg—1

= _(W—l,xx)_1<‘/i—1,xszt—l + ‘/t—l,xs St—l) (*7)

follows for positive definite V;_1 4.
(*7) plugged into (*6) results in
fe—1(s¢-1,wi—1)

_ T -1 T
= — Ut—1 ‘/t—l,:cv (‘/t—l,m:c) V;S—l,xv Vi1 + U4 Vvt—l,v'v Vt—1

— v + E{GA{(w) | w1}
= sl 1 Qi1 5-1+2s] 4 Bio1 4+ vi—1 — 1 + E{GA;(w) | w1}

= sl Qi—1 81-1 +2s] 4 Bi—1+ GAi—1(w).

Now, we compare the optimal decisions (*7) of the quadratic-linear DA mod-
els with the optimal decisions of quadratic-linear DB models, see Schneeweiss
[33], Section 11.3.

The above matrices V; 4, are the same as the corresponding matrices in
Schneeweiss.

xy corresponds to uj in Schneeweiss with the exception of w; (in v; and
z). In Schneeweiss we find there E{w; | wi—1}(=FF) (refer to [33], pages
162 and 163).

This concludes the proof of Theorem 2.2.1. |
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Remarks 2.2.1. .

o We use the denotation ”certainty equivalence principle” above (for DA
models) due to of the relationship between the solutions of DB and DA
models.

e Dreyfus and Law have a differing opinion about certainty equivalence
principle for DA models (see [12], pages 275, 276). The remarks on
page 276 are, however, very short. The calculations and considerations
are not giwen n sufficient detaal.

e Sebastian and Sieber, [34], also deal with quadratic-linear-problems
(refer to 2.8.3.3). However, the disturbances do not take place in the
cost functional and an interpretation of the calculations is not given.

2.3 DA Models as Markov Decision Processes

In Section 2.3.1 some known basic results to Markov decision processes
(MDPs) with average reward criterion which are needed in the following
sections are to be found.

For this we confine ourselves to consider finite-state models since the state
spaces of SDDP problems are finite. Corresponding notes on countable-state
models can be found in Sections 8.10 and 8.11 by Puterman [31] and also in
his Bibliographic Remarks, pages 430 and 431.

In Section 2.3.2 some characteristic properties of the structure of deci-
sions within DA MDPs are considered. There DA MDPs are modelled in
such a way that the original state space is maintained (compare also to the
Introduction 1.1).

Furthermore a specification of the Howard algorithm (policy iteration)
for MDPs (with average reward criterion) leads to an optimality criterion

for DA MDPs.

An ”almost-partial order” of the states, which is based on optimal de-
cisions of DA MDPs with special internal cost, is observed in Section 2.3.2.2.
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In what follows considerations are given to DA MDPs with special prop-
erties.
DA MDPs with distance properties are investigated. (SDDP problems fulfill
distance properties.)

Then, DA MDPs with (optimal) dominant policies are considered.

Finally, ”cost-parametric DA MDPs” are discussed in Section 2.3.4. In
this process, the Howard algorithm can be used to solve DA MDPs, where
the starting decisions for the iterations are the above-mentioned optimal
decisions of DA MDPs with special internal costs.

2.3.1 Markov Decision Processes: Models and Properties

To begin we consider discrete-time MDPs with finite state and decision
spaces. We assume infinite horizons. The average expected cost per stage
will be minimized. In addition we demand stationary properties.

(Detailed representations of MDPs can be found, for example, in books
by Miiller and Nollau [28] (see Sections 2.1 and 2.4), by Puterman [31] (see
Chapters 2, 5 and 8), by Herndndez-Lerma [17] (see Sections 1.1, 1.2, 3.1,
3.2 and 3.3), by Bertsekas [7] (see Chapter 4), by Neumann [29] (see Section
3.3.2), by Girlich [15] (see Sections 5.2.6 and 5.3.4) or by Girlich, Kochel
and Kiienle [16] (see Chapter 5).)

We use the terminology:

N = o0 horizon

t€{1,2,...}  numbers of stages

S finite state space
with m elements s (S = {s!,...,s™})
AM sets of finite decision spaces 2 AM(s) (s € S)

with elements (decision functions) d,

where d : S — AM (with d(s) € AM(s)) 3

d _ U of —. d
Pl = (p(s!ls! ) s =5 (D)

l=1,....m

matrix of transition probabilities for any d
(or markov kernel)
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7d - (7(81?7 d))f:L...,m = (’Y?)f:l,...,m
vector of average (one-step) reward functions # for any d
with v(s/,d) e R Vsl €5, Vde AM.

At every stage t (t = 1,2,...) with a state s; at the beginning of the
stage such decisions d;(s') € AM(s') are to be found so that altogether the
average expected cost per stage will be minimal.

The sequence (d(;—1), d(=2), ) is called policy or strategy.
If d(4—1) = d(4=2) = - - - = d then we have a stationary policy. In this case
the policy is completely determined by the decision function d.

For such MDPs we use the notation: MDP(N = oo, S, AM, P, ).

Under the assumption that the stationary distributions (pfc’oo) F=1,..m
with

d,oc0 d,oc0
pl e Pm

lim ( (p‘}l)({:l...,m) )t =| : : (2.3.1)

)
t—o0 =1,....m

d,00 d,o0
A

exist, an optimal stationary policy d is to be found so that

gd — 7(81’ d)péliyoo +oe (8™, d)pg;boo — min (2.3.2)

(refer to Theorem 2.4.7 by Miiller and Nollau [28]).

If the condition

ph#AO0Y fef{l,...om}, VIe{l,...,m}° (2.3.3)

?As by Miiller and Nollau [28] (and by Herndndez-Lerma [17], page 2) we use for our
model only decision spaces, and not decision and action spaces.

3In order to put emphasis on the condition d(s) € A™(s) we sometimes speak about
feasible decision (functions) d.

“More detailed: (s, d(s")).

®Remark 2.3.7 in Appendix A.2.3 by Miiller and Nollau, [28] includes the weaker condi-
tion that all elements of at least one column of a matrix (P%)Y (y € N) have to be greater
than 0. However (2.3.3) will be fulfilled for SDDP problems (see Chapter 3).
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is fulfilled, then an ergodic Markov chain is implied by P¢ and the station-
ary distribution exists (see Remark 2.3.7 in Appendix A.2.3 by Miiller and
Nollau, [28]). If (2.3.3) is valid for all stationary policies of the MDP, then
an optimal stationary policy can be found (see Remark 2.3.7 in Appendix
A.2.3 and Theorem 2.4.8 by Miiller and Nollau, [28]).

Thus the simple property

v(s?,d) > 0 for at least one s/ = ¢? >0 (2.3.4)

follows.

The Poisson Equation and Properties

If (2.3.3) is valid, then the average expected cost per stage g¢ satisfies the
linear equation system, which is called the Poisson equation:

1

_ Ad d 1 -
g-€e+v=7"4+Pv, e=|: (2.3.5)

1

(or —g-€+ (P?— Iy = —%)
where I is the identity matrix and

g and (vf)y=1,.. m are the variables.

If one variable vy, is fixed in any way, then the remaining equation system
with the variable g and m — 1 variables v¢ has an unique solution (refer to
the proof of Theorem 2.4.8 by Miiller and Nollau [28]).

Furthermore, a property of the Howard algorithm implies the following
Lemma (see Theorem 2.4.9b) by Miiller and Nollau [28]).

Lemma 2.3.1. Let (2.3.8) be valid for all stationary policies of a given
MDP(N = o0, S, AM P,~). In addition, let d*' and d*? be optimal decision
functions.

Let (g*', v*) represent solutions of the Poisson equations

ge+1/:Pd*lu+'yd*l for 1 =1;2 with v}l =0,

*1 o 2

then Vi Vi for f=1,2,---,m and obviously g*> = g*'.
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In the following sections we also need the simple statement:

Lemma 2.3.2. Let (2.3.8) be valid for any stationary policy d of a given
MDP(N = oo, S, AM P,~). Furthermore, let ' be any affine transformation
of v* with

Y=ayt+B| |, a#0.

Then, (go,vp) € R x R™ is a solution of the Poisson equation (2.3.5) if
and only if (¢ = ago + B,V = ary) € R x R™ is a solution of the linear
equation system

—1
g |+ (P =—+. (2.3.5°)
-1

(Remark: If o > 0 then it obviously follows that vy, < v, < v < 1/5)

2.3.2 DA Models as Markov Decision Processes under Ap-
propriate Assumptions

If the stationary DA model (DAPa) with finite sets B and S (see Section
2.1) is transformed into a corresponding model (DAPb) with an infinite
horizon N = oo, where average expected cost per stage will be minimized

then the problem
(DAPD):

for given s; and wy, a policy

~ A

{dl(sl, wl), d2(82, wg), .. }

is to be found so that
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n
lim — (g ¢(St, Wy, St41) 81,w1> — inf,
n—oo N,

which is subject to the constraints
St+1 = cz(st,wt), t= ]., 2.
d(se,wr) € A(sy,w)(C ), t=1,2,--

remains to be solved.

We want to represent this problem as a Markov decision process. We can
do this in two ways.

We could use a method, which can be found by Neumann and Morlock
[30], page 618 or Girlich, Kéchel and Kuenle [16], page 36. A state space
S x B would follow. Obviously, this state space is markedly larger than the
original state space S. Furthermore, corresponding matrices of transition
probabilities would have many zeros, in general. (An analogous situation is
known in linear programming: If the classical transportation problems are
solved by the Simplex algorithm, then many zeros exist in the coefficient
matrices of the restrictions. Special solution methods for the transportation
problem have been developed (for example the "MODI-method”, which is
based on the Simplex algorithm, see [30], Section 2.8.9).)

Thus, we will directly convert (DAPb) into a MDP. The corresponding
state space is then S and in addition peculiarities of the DA model can be

better characterized. In this way special structures of decisions follow (refer
to Sections 2.3.2.1 and 2.3.2.2).

In order to convert (DAPbD) into a MDP with the original state space S we
use DA decision functions d, the set of DA decision functions D (see (2.1.6)),
Definition 2.1.1) and the internal costs ¢ (see (2.1.5)). The disturbance space
B and the probability ¢ merely serve to calculate the transition probabilities
of such a MDP.

~

AM(s) = {d(s) == (d(s,w"),d(s,w?),--- ,d(s,w'P))|d € D},s € S
(2.3.6)

(where | B| denotes the number of elements in the set B)
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p(s'ls . d)=pf) = D alw) (2.3.7)

wist=d(sf w)

W D= =3 3 s w,gw)

steS wisl=d(sf ,w)

= Z Z é(sh,w, sl)% p(s'|s’,d). (2.3.8)

steS \w:st=d(sf ,w)

We define the cost

dof by — NN (C) R
(s, s") = le(f )c(s ,w,s)m =: Y. (2.3.9)

The relation

v(st,d) = Z (st sHp(sls’, d) (2.3.10)

sl

follows.

From this point on, DA MDP(N = oo, S, AM, P, ~) denotes a MDP which
is derived from the (DAPb) in the above way.

Under the assumption that the stationary distributions (see (2.3.1)) exist,
an optimal policy d is to be found so that

g* = (s ) + o (s, d)ph — min. (2:3.11)

We will now characterize:
Two Special Cases for the Cost

((a) is valid for the SDDP problem. (b) includes a more specific case, how-
ever it also leads to initial decisions for policy iteration (Howard algorithm)
in the case of more general DA MDPs.)
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(a) é(sf,w,s') do not depend on w.
That means

é(s? w, sty = é(s!, s') =: ép for each w with s' € A(s/,w). (2.3.12)

(2.3.9) then yields

cd(sf, sl) = é(sf, sl) Z q(w)

lsf d
wisl=d(sf w) p(S ’S ’ ))
= ¢(st, sh)
(b) é(sf,w,s') do not depend on s'.
Thus
é(sh w, st =: é(s?,w) for each s' € A(s/, w). (2.3.13)

In other words: é(s/,w,-) are the same for all feasible decisions.

Therefore,

v(s?,d) = Z é(s’,w)q(w) also do not depend on d. (2.3.14)

w

2.3.2.1 The Structure of Decisions within DA Markov Decision
Processes

Definition 2.3.1. d' € AM d? € AM will be called neighbouring if a unique
sfo € S and a unique w° € B exist with

d'(s) = d?(s) for each s € S and s # s/0,
d' (s7o,w) = d?(sfo, w) for each w € B and w # w° and
cil(st,wO) + j2(3f07w0).

(This means d* and d* are only different in one single decision (see (2.1.7))).

Lemma 2.3.3. .

I Let d° € AM and d* € AM. Then a sequence d°,d",d?,--- ,d" = d"
of neighbouring decisions d*,d"t! (0 <i < v —1) exists with d* € AM.
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II Now, let d € AM.d € AM be neighbouring with the different single
decisions:

ci(sf,w> = sl,

j(sf,w):sl_ (Z#D

The following relations then hold (in regard to the transition probabil-
ities, the average reward functions and the cost):

(2.3.15)

a)
ph =% — a(w),
Pl = pl+g(w), (2.3.16)
Py = vy for (£,1) # (r,v) # (f,1) (see (2.3.7)).

Therefore, the transition probability matrices differ only in two ele-
ments (of a row) for corresponding "neighbouring” decisions!

(2.3.17)
and
c)
_ f I e
A (sf,sl> _ <Cd (Sf’81> B ¢ (s ,C'lw s )q(w)> %’
Py Py
_ _ é (Sf,w, Sl) p 1 (2 3 18)
A (o1,o) = (et (sh. o)+ 0 | 2
Pyi Py
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Of course, the computation of the stationary distributions of neighbouring
decisions is more complicated. In general pff’°° =+ p,‘f’oo for all r, however the

differences between p;‘f"” and pﬁl’oo are ”"greater” for r = [ and r = [ than for
other r € {1,--- ,m}. Moreover, we have:

Theorem 2.3.4. Let P and Pd_ be two stochastic matrices with positive
elements. Let P? differ from P® for only two elements in the following
manner )

p;lcl > p?l and pjfl— < pjﬁl—.

Then, corresponding relations are true for the stationary distributions
ph>® and p%>® belonging to P* and P?:
d,oc0

d7oo CZ,OO d,OO
Py > and p; < p

(See proof and remarks in [22], Section 3.2.3.)

Figure 2.3.1. If d and d are different as in (2.3.15), then the average
expected cost per stage are different, especially, in the bold terms

Soy(s?, d) pdoe = oy(st, d) PP+ (st d) Py A+ (s d) P
v=—— N—— N—_——

= forw# f = =

S .%o T s T de
Zl’y(sv,d)pg’oo:+7(Sf7d)pf7 ++ry($7d)pl’ +_|_fy(8’d>pi? + ...
v=

Algorithms for approximate solutions of DA MDPs from this section which
are based on the above structures are conceivable.

Finally, we want to point out a property which is naturally fulfilled for
DA MDPs.

Lemma 2.3.5. Let a DA MDP(N = oo, S,AM P,v) be given. And let

st,s%, .-, s™ be any ordering of the states.

Then, a decision function d € AM exists, such that
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mo m
Zp(]i”l S Zpgl”l fOT m = 17 , T
=1 =1

f=1,---,m and Vde AM.

Proof. Obviously, d with

d(sf,w) = s', where [ =max{l|s' € A(s/,w)}Vsf €S, YweB

satisfies the condition. [ |

Remarks 2.3.1. In the above proof, feasible states with largest indices are
chosen by single decisions d in each case.

2.3.2.2 An Optimality Criterion for DA MDP and an ” Almost-
Partial Order” of the States

To begin, an optimality criterion for DA MDP will be derived from the
Howard algorithm (policy iteration). This optimality criterion is associated
with the single decisions.

Then, we show that optimal (single) decisions imply an ”almost-partial
order” of the states if the internal cost do not depend on the decisions.

A detailed description of the Howard algorithm can be found in [28], Sec-
tion 2.4.2.1 (see also [15], Section 5.3.5). In particular, we use the addition
to the Howard algorithm at the end of Section 2.4.2.1 in [28].

In relation to the MDP(N = o0, S, AM, P,v), where (2.3.3) is valid for
all stationary policies of the MDP, the Howard algorithm includes:

If (g%, v9) is a solution of the Poisson equation (2.3.5) for a decision

d_, then a better decision can be found if a state s/ € S and a decision
d(s!) € AM(sT) exist such that

> o phit (st d) <Y phf 4 (s, d) (2.3.19)
=1 =1

(The algorithm terminates after a finite number of iterations.)

d is a optimal decision if
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Zpﬂyl + (s >prll/l—|—’7(fd) Vsl eS vde AM. (2.3.19 a)
=1
Now we want to specify (2.3.19) for a DA MDP.

For this reason we assume that the following single decisions of d and d
are different:

ci(sf,wyl) = sh, j(sf, wYl) = sh

d\(Sf7wyZ) — Slz7 j(sf’wyZ) — Siz,

Then

m 7 —
lE phvf + (st d)
=1

MS

z _
phvi+ (s d)"‘Z%Q(wyi) [é(sf,wyiy sh) = e(st wvi, s1) + vl — ”lﬂ
1=

l
<X phvi + (7, d)
=1

follows from (2.3.19), (2.3.8), Lemma 2.3.3 a), b) and (2.3.7).

1

3

Thus

z
Z q(w?") [é(sf, w¥, s4) — é(s! wYi, sb) + 1/ — l/ff < 0. (2.3.20)
i=1

Since q(w¥) > 0, single decisions d(sf, w¥) = s and d(s wYi) = sl

exist such that

é(sf wvi, sty — e(sf wvi, s + Vg — Vli < 0.

We can then modify the Howard algorithm for the DA MDP.
Namely, a better decision can be found if a state s/ € S and a single

decision d(s/,w) exist such that
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AHY(sT w, st — s) = é(sT w, s1) — é(sF,w, s) + v — vl < 0 (2.3.21)
(where s = c?(sf, w), st =d(s',w)).

(This means (2.3.19) is replaced by (2.3.21).)

The modified Howard algorithm for DA MDPs can be found in Section
2.3.5.

Continuing, an optimality criterion for DA MDPs is established in the
following Lemma.

Lemma 2.3.6. Let (2.5.3) be valid for all stationary policies of a given
DA MDP(N = oo, S, AM P,~). Furthermore, let (g%, 1) be solutions of the
Poisson equations (2.3.5) in relation to a decision d.

d is a optimal decision if and only if the equalities

AHY(s,w,5 —s') = é(s,w,5) — &(s,w,s') +v4(F) —vi(s') >0 (2.3.22)

(where s' = d(s,w) and § = c?(s,w))

are valid for all s € S,w € B and all (feasible) single decisions d(s,w).
If , additionally, the internal costs satisfy (2.3.13), then the inequalities
(2.8.22) are simplified

AHY(s,w,5—5") = v4(5)—v(s") > 0. (2.3.22a)

Theorem 2.3.7. Let (2.3.3) be valid for all stationary policies of a given
DA MDP(N = o0, S, AM P, 7).

a) In addition, let d*!' and d*? be optimal decision functions and

(g*, v*)) are solutions of the Poisson equations
ge+v= Pd*lu+7d*l for 1 =1;2 with v} = 0.

If

d*(s? w) = st £ d*2(sf,w) = s (for some sf € S and some w € B)
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then
AHY (sf w, st — s1) =0 and AHT (sT | w, s' — s') = 0.
(where AH s/ w, st — st is defined as in (2.5.21).)
b) Let d* be an optimal decision function and (g*,v*) be a solution of the
Poisson equation
g et+v =Py, (*1)

If
AHT (sF w8t —s')y =0 for some sl €8, some w € B and
some st = d(sf, w) # st = d* (s’ w),
then
d with -
d(s, ) = st if (5,0) = (s, w),
d*(s,w) otherwise

18 also an optimal decision function.

Proof:

a) Assumption: AHY (s7,w, s — s ) #£0.
In addition, as a consequence of the optimality criterion (2.3.22),
AHd*l(sf,w,sl_— sH) >0

follows.
Since d*! and d*? are optimal decisions, Lemma 2.3.1 implies

I/*l _ V*Z’
hence
AHT?(s,w,s" — §') = é(sf,w, s') — (s ,w, ) + v — 2

= —(e(sf,w, sh)—é(sT | w, sl)+y*1 vil) = AHd*l(s,w, sl—st) < 0.
This is a contradiction to the optimality of d*?.
(Similarly, AH?” (s, w, s' — s!) = 0 can be shown.)
b) We show that (g*,v*) also satisfies the Poisson equation
ge+v=Plytq2 (*2)
The Poisson equations (*1) and (*2) differ only in row f.
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According to (2.3.16) and (2.3.17), row f of (*2) can be represented
as

g+vy= p%m + - —i—p;icl_ll/l_l + (p?l — Q(w>)1/l —|—p§lc1_|_1yl+1 I
+p(]101__1yl_—1 + (p(]ic[+ Q(w))’/l_"i'p?l‘_’_lVﬁ_l + - -I—p?mum
+ 7? + q(w)[e(s!, w, sl_) —é(s,w, 8]

= phvi+ -+ P vm + S
+Q(w)[é(8f7w78[)_é(sf7w7sl)+vl__yl]' (*3)

The assumption

AHT (s w, st — s) = e(sf w, st) — é(sf,w, ) + Vi - =0
yields that (g*, ") satisfies (*3), thus also the Poisson equation (*2).

This means the value g* of the objective function for d* is the same
as for d. Hence, d is also an optimal decision function.

[
Finally, the relation
AHY(s) w, sl —s12) = AHY s/ w, s — s83) + AHY (5T, w, '3 — 512)
(where st = dli(sf w) fori =1,2,3)
(2.3.23)

follows easily from the Definition of AHY(.,.,.) (see (2.3.21)).

An ” Almost-Partial Order” of the States

Definition 2.3.2. Let a set M and a corresponding binary relation < be
glven.
(i) The relation is called almost-transitive, if
{{xl,xg,xg} CM AN 21 <x9 N 29 < I‘g} = {xg { ZCl}.

(xs £ x1 means either r1 < x3 or x1 and x3 may not be related to
each other in this way ©.)

5This possibility leads to the terminology: ”almost-" transitive.
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(i) The relation < is called an (strict) almost-partial order (and the set
M an almost-partially ordered set), if < is a irreflexive, asymmetric
and almost-transitive relation.

Theorem 2.3.8. Let a DA MDP(N = oo, S, AM p. v) be given where the
underlying internal costs do not depend on decisions (this means the internal
cost satisfy (2.3.13)). Furthermore, let (2.53.3) be wvalid for all stationary
policies of this DA MDP.

(i) Then any optimal decision d* implies an almost-partial order < of the
states in the following way

{sl <sf} = {HSES,wEB:cZ*(S,w) =/

) o (2.3.24)
A st e A(s,w) A B optimald* - d*(s,w) = sl}
(In addition, s' is called costlier than s'.)
(11) In regard to the solutions (g*,v*) of the Poisson equation
ge+v=DPV v+~ the relations
st<sl = v > (2.3.25)

are valid.
(i) If st € S,sf € S, s € S,w € B and optimal decisions d*,d* exist so
that d*(s,w) = s/, d/*(s, w) = s, then most importantly,

v = v} (2.3.26)

follows for the solutions of the Poisson equation.

Proof.

(ii) Suppose s < s/ as in (2.3.24).
This also includes

ds e S,we B:{sl s} c A(s,w)
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(iii)

and d*(s,w) = s/ for an optimal decision d*.
Initially, the optimality criterion (2.3.22 a) from Lemma 2.3.6 leads to
d* l _
AHY (s,w,s' — s) = v} —v; >0,

hence v]" > y;’;.

: . ko *
Assumption: v]" = V.

We then see that the optimality criterion (2.3.22 a) from Lemma
2.3.6 is also satisfied for the decision d’ with

d'(s',w') = d*(s', ') for (s, w') # (s,w),
d'(s,w) = s

Thus, the decision d’ with d’(s,w) = s’ is an optimal decision contra-
dicting (2.3.24).

1. Asymmetry:
Assumption: s' < s/ and s/ < s'.
Then (ii) yields

v > I/;Z and v < VJ"Z. This is a contradiction to the order of real
numbers.

2. Almost-transitivity:

Assumption: st < s/, sf < s¥ and st > sv.
Then (ii) yields
v > I/;'Z,l/;; > v, and v <.

This is also a contradiction to the order of real numbers.

v = v} follows from Theorem 2.3.7a) and (2.3.22a) under the condi-
tion (2.3.13). [

Corollary 2.3.9. Suppose that the assumptions from Theorem 2.3.8 hold.
(i) If A(s,w) = A(s',w') for {s,5'} € S; {w,w'} C B, then

an optimal deczszon d with d(s, w) = sf (sf e A(s, w)) exists
if and only if an optimal decision d' with d’(s w') = s/ exists.
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(i) If {sT, s} C A(s,w), {sf,s'} C A(s',w') for {s,s’,sf,sl} CS,

{w,w'} C B, d* is an optimal decision with d*(s,w) = s/ and
no optimal decision d with d(s,w) = s' exists it then follows that
no optimal decision d’ with d'(s',w') = s’ exists.

Proof.

(i) If d is optimal it then follows from Lemma 2.3.6, (2.3.22a) that

(i)

AHY(s,w, st —s/) =vd - z/jcl > 0 for each st € A(s,w).

Furthermore, this Lemma yields
AHY(s,w, st — sl) = AHYS v/, st — ) = v — V}i (under the as-
sumption (2.3.13)).

Thus d’ with
3 (5, w) = d(s,w) for (5, w) # (5/,w),
d'(s',w') = sf
is also an optimal decisions.
st < sl and vf — v} > 0 follow from Theorem 2.3.8(i) and (ii), respec-
tively.

Lemma 2.3.6 in connection with the latter inequality implies that
no optimal decision d’ with d'(s’,w') = s can exist. |

We additionally now establish the following Definition 2.3.3 and Corollary
2.3.10.

Definition 2.3.3. Let a DA MDP(N = o, S, AM p v) be given where the
underlying internal costs do not depend on decisions (this means the internal

cost satisfy (2.3.13)). In addition, let (2.3.3) be wvalid for all stationary
policies of this DA MDP.

(a)

If a partial (almost-partial) order < of the state space S is given, then a
solution of a Poisson equation (2.3.5) or a solution of a linear equation
system (2.3.5°) is called monotone (in v) with respect to the partial
(almost-partial) order if

sl<sf:>1/l>uf.
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(b) Let d be a (feasible) decision.
Then a solution of the corresponding Poisson equation (2.3.5) or a
solution of a linear equation system (2.8.5°) is called monotone (in v)
in relation to d if

{HSES,wEB:Cz(S,w) =sf A ste A(s,w)

o l (2.3.27)
AN Ad mitg® =g :d(s,w):s}

8 d d
:Vl >Vf.

Corollary 2.3.10. Suppose that the assumptions from Definition 2.5.3 hold.
In addition, let d be a (feasible) decision.

Then the solutions of the corresponding Poisson equation (2.3.5) or the
solutions of the linear equation systems (2.3.5°) are monotone (in v) in
relation to d if and only if d is an optimal decision.

Proof.

1. Let d be an optimal decision. Then Theorem 2.3.8(i) and (ii) imply
that the solutions of (2.3.5) or (2.3.5’) are monotone (in v) in relation
to d
(also in relation to the almost-partial order which is induced by d as
in Theorem 2.3.8(i)).

2. If the solutions of (2.3.5) or (2.3.5") are monotone (in v) in relation
to d, then the optimality of d follows from Lemma 2.3.6 (under the
assumption (2.3.13)) (and the Howard algorithm).

Remarks 2.3.2. Suppose that the assump