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ρm = βρG + (1− β)ρL .

u′Gi = βv′Gi ,

u′Li = (1− β)v′Li ,

u′i = u′Gi + u′Li .

v′LGi

v′LGi = v′Li − v′Gi .

u′i = βv′Gi + (1− β)v′Li .

∂

∂t′
[βρG + (1− β)ρL] +

∂

∂x′i
(ρGu

′

Gi + ρLu
′

Li) = 0 .

v′LGi = 0

v′mi = v′Li = v′Gi

∂ρm
∂t′

+
∂

∂x′i
(ρmv

′

mi) = 0 .
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β

v′m =
Q′

G +Q′

L

A′
.

0 = ρm

(
A′

dv′m
dx′

+ v′m
dA′

dx′

)
,

β = constant

1

A′

∂

∂x′

(
ρG
β

Q′2
G

A′
+

ρL
1− β

Q′2
L

A′

)
= −∂p

′

∂x′
− P ′

A′
τ ′w .

β

ρm μL
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Q′

Q′ −Q′

G = Q′

L

p′a − p′0 = σh′0 = K0
2σ

a
+K1

ρLνL
a

(Q′

L)

4A′

0

+K2
ρL(Q

′

L)
2

2A′2
0

.

(ΔR′

bi/Δt
′

dc)

Δt′dc

R′

bi

ΔR′

bi =

(
3V ′

b i

4π

)1/3

.

Δp′am

Δp′am =
1

2
ρL

(
dR′

bi

dt′

)2

f ′

bit
′

dc ,

f ′

bi t′dc
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x
x′

l′
v

v′

vc
vc

√
σ

ρb tanα
l̃

Ohl′

2d′h

y
y′

b tanα
t

t′vc
l′

pc
σ

b tanα
Oh

√
ρν2

σd′h

z
y′

b tanα
p

p′

pc
Γ

b tanα

l′
Λ

1

tanα

k
k′

b tanα
A

A′

A′

0

A′

0 b2 tanα

h h′b tanα Q
Q′

A′

0vc
d′h 2b sinα

R
R′

b tanα

vcb tanα

ν

R1
R′

1

b tanα

R2
R′

2

b tanα

rW
r′W cosα

b

σh′0 = K0
2σ

a
+K1

ρLνL
a

(Q′

L)

4A′

0

+K2
ρL(Q

′

L)
2

2A′2
0

+ ρL

(
dR′

bi

dt′

)2

f ′

bit
′

dc .
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b tanα b/ cosα l′

pc = σ/(b tanα)

vc =
√
pc/ρ

Oh =

√
ρν2

σd′h
,

l̃

l̃ =
Ohl′

2d′h
,

Λ

Λ =
1

tanα
.

γ

0 = −σdh
′

dx′
+ ρv′

dv′

dx′
+

μ

v̄Ayyr′2W
v′ ,

0 = A′
dv′

dx′
+ v′

dA′

dx′
,

h′ =
1

R′

1

+

d2k′

dx′2[
1 +

(
dk′

dx′

)2
]3/2 ,

0 = A′ − F ′

A(k
′) .
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0 = −dh

dx
+ v

dv

dx
+
Kf l̃

2
v ,

0 = v
dA

dx
+ A

dv

dx
,

0 = Γ2 d2k

dx2
+

(
1

R1

− h

)[
1 + Γ2

(
dk

dx

)2
]3/2

,

0 = A− FA(k) .

kc =
1

tanα
− 1− sin(α + γ)

cos(α + γ)
.

FA(k) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
k +R− R2 arcsin

1

R

)
tanα ; k ≥ kc ,

(kΨ)2
[(

1 +
1

Ψ

)
sinϕ− ϕ

]
tanα ; k < kc .

Ψ

kc ϕ = π/2 − (α + γ)

R =

⎧⎪⎪⎨
⎪⎪⎩

tan2 α + (1− k tanα)2

2(1− k tanα) tanα
; k ≥ kc ,

k
sinα

cos γ − sinα
; k < kc .
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R1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

tan2 α + (1− k)2

[
1 + Γ2

(
∂2k

∂x2

)2
]

2(1− k) tanα

[
1 + Γ2

(
∂2k

∂x2

)2
]1/2 ; k ≥ kc1 ,

k cosα

cos γ − sinα
; k < kc1 .

kc1 =

(
1

tanα
− 1− sin(α+ γ)

cos(α + γ)

)[
1 + Γ2

(
∂2k

∂x2

)2
]
−1/2

.

Kf =
8
√
2 cos3 α sin2 α

v̄Ayyr2W
.

v̄Ayy

α γeff

γeff = γ

γeff = arccos
1

R
− α .

rW =

⎧⎪⎨
⎪⎩

1 ; k ≥ kc ,

R cos(α + γ) ; k < kc ,

kc

v(x = 1) = v1 =
Q

A

∣∣∣∣
x=1

,

h(x = 0) = h0 ,

k(x = 0) = Λ ,

k(x = 1) = Λ .
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h0 = K0 +K1
Ohv0
4

+K2
v20
2

.

K0, K1, K2

h0 = K0 +K1
Ohv0
4

+K2
v20
2

+
Δp′am
pc

.
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m′/kg x′/m y′/m z′/m

0.2× 10−3m

0.1× 10−3m ≤ l′ ≤ 48× 10−3m

±0.05× 10−3m

a = 5× 10−3m b = 25× 10−3m

2α = 15.8◦

b = 30× 10−3m

a = 2b tanα = 8.32× 10−3m

A′

0 = 1.25× 10−4m2

7.238× 10−3m2
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b

z′

x′

Q′

y′

a

2α

l′

l′

2α b

A′

FPC = 1.018× 10−3m2

s′1 =

30× 10−3m x′y′

A′

N1 = 0.75× 10−3m2

A′

N2 = 0.609× 10−3m2

A′

0

A′

0

s′2 = 33.3× 10−3m

s′3 = l′

s′4 = 67× 10−3m − l′ s′5 =

12.8× 10−3m 10.7× 10−3m
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a

y′

b

l′

z′
x′

Q′

l′ a

b

2R′

CT = 60× 10−3m 100× 10−3m

97.7× 10−3m 7.75× 10−3m 90◦
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xz

Q′

Q′ ≤ 20× 10−6m3 s−1

±0.1 × 10−6m3 s−1

273× 10−6m3

Re = v̄′0d
′
h
ν−1 v̄′0 ν

d′
h

d′
h

= 4A′
0
/P ′ P ′
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±0.5× 10−6m3 10 s−1

x′ = 0

3.6× 10−3m

0.6× 10−3m 0.8× 10−3m

f ′

C2

0 10 s−1 0.1 s

Δt′dc

0 s ≤ Δt′dc ≤ 10 s

5× 10−6m

±0.2 ◦C 25 ◦C

90× 10−6m3 150× 10−6m3 200× 10−6m3
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1.68× 10−3m3

0.95 × 105 Pa 1.15 × 105 Pa

T ′ ◦C
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ρ ν σ

T ′

γ = 0◦

T ′/◦C ρL/(kgm
−3) νL/(10

−6m2 s−1) σ/(10−3 kg s−2)

1620± 2 0.773± 0.1 16.66± 0.1

1610± 2 0.715± 0.1 16.16± 0.1

1600± 2 0.664± 0.1 15.67± 0.1

ρL/(kgm
−3) = 1670.9833− 2.02T ′ ,

νL/(10
−6m2 s−1) = exp

(
−3.2319 +

555.62

T ′ + 161.83

)
× 10−6 ,

σ/(10−3 kg s−2) = (19.12025− 0.09863T ′)× 10−3 .

±0.5 ◦C

100Pa

25 ◦C 35 ◦C

30.4 ◦C 29.8 ◦C

2.12× 10−3 ≤ Oh ≤ 2.41× 10−3

2.37× 10−3 ≤ Oh ≤ 2.65× 10−3

T ′ = 30 ◦C Oh = 2.26× 10−3

Oh = 2.49× 10−3

dh = 2a
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200 W

Q′

P

Q′

FM

10−6m3 s−1

Q′

FM = 0.987 Q′

P − 0.11 .

10−6m3 s−1

Q′

FM = 0.997 Q′

P − 0.08 .

0.0124 Q′

FM

0.013 Q′

FM
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′ F
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−
6
m

3
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1
)

0 2 4 6 8 10
0

2

4

6

8

10

Q′

P/(10
−6m3 s−1)

Q
′ F
M
/(
10

−
6
m

3
s−

1
)

Q′

P

Q′

FM

x′z′

λ = 455× 10−9m

0.038× 10−3m/pixel

49.3× 10−3m

39.4× 10−3m
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y

λ

z

0.12× 10−3m

8 fps
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75%

34.4× 10−3m

20× 10−3m
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Q′

crit,1P

Q′

crit,1P

0.5mm 48mm

0.01× 10−6m3 s−1 1 s

30 s

Q′

crit,1P

Dieses Werk ist copyrightgeschützt und darf in keiner Form vervielfältigt werden noch an Dritte weitergegeben werden. 
Es gilt nur für den persönlichen Gebrauch.



0 40 80 120 160 200 240
3.04

3.06

3.08

3.1

3.12

3.14

t′/s

Q
′
/(
10

−
6
m

3
s−

1
)

Q′

crit,1P

Q′(t)

Q′(t′)

Q′

crit,1P

Q′ 3.12× 10−6m3 s−1

Q′

crit,1P

Q′
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t′/s

Q
′
/(
10

−
6
m

3
s−

1
)

Q′

crit,1P

Q′

crit,2P

Q′(t)
Q′

L(t)

Q′(t′) = Q′

G + Q′

L(t)

Qcrit,2P

Q′

crit,1P

t′ = 10 s f ′

C2 = 2 s−1 Q′

G =

0.2× 10−6m3 s−1

Q′ = 3.40× 10−6m3 s−1 Q′

crit,2P

Q′

Q′

crit,2P = 3.39× 10−6m3 s−1

Q′

crit,1P

Q′

crit,2P

5mm 30mm

Q′ = Q′

G + Q′

L Q′

L

Q′

G
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Q′

G = f ′

C2V
′

C2 ,

f ′

C2

V ′

C2 Q′

G Q′

p′0 Q′

L

Q′

G Q′ Q′

L = Q′ − Q′

G Q′

G > 0

Q′

G

Q′

L

Q′ = Q′

L Q′

Q′

crit,1P

f ′

C2 = 2 s−1 Δt′C2 = 0.2 s

0.05× 10−6m3 s−1 ≤ V ′

C2 ≤ 0.2× 10−6m3 s−1

0.1× 10−6m3 s−1 ≤ Q′

G ≤ 0.4× 10−6m3 s−1

Q′

crit,2P

Q′ 0.1× 10−6m3 s−1

1 s

10 s
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Q′

crit,1P

0.8Q′

crit,1P 0.9Q′

crit,1P 5× 10−3m ≤ l′ ≤ 45× 10−3m

Q′

crit,1P

0.25× 10−6m3 s−1 2.5× 10−6m3 s−1 Q′

crit,1P

4× 10−3m ≤ l′ ≤ 20× 10−3m

Q′

crit,1P

l′

Q′

crit,1P
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Q′

crit,3D
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β

β(x′, y′, z′, t′) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 ,

0 < β < 1 ,

1 .

0 < β < 1

ρ = βρL + (1− β)ρG ,

μ = βμL + (1− β)μG .

i = {1, 2, 3} j = {1, 2, 3}

∂v′i
∂x′i

= 0 ,

ρ

(
∂v′i
∂t′

+ v′j
∂v′i
∂x′j

)
= − ∂p′

∂x′i
+
∂τ ′ji
∂x′j

+ ρg′i + F ′

σ ,

τ ′ij v′i

v′i =
[βρLv

′

i,L + (1− β)ρGv
′

i,G]

ρ
.

∂β

∂t′
+

(∂βu′i)

∂x′i
+

∂

∂x′i

[
β(1− β)u′i,β

]
= 0 ,

u′i

u′i = βv′i,L + (1− β)v′i,G ,

u′i,β

u′i,β = v′i,L − v′i,G .

Dieses Werk ist copyrightgeschützt und darf in keiner Form vervielfältigt werden noch an Dritte weitergegeben werden. 
Es gilt nur für den persönlichen Gebrauch.



F ′

σ

H ′

F ′

σ =
2σH ′ρ

ρL + ρG

∂β

∂x′i
≈ σH ′

∂β

∂x′i
.

Co =
δt

′|v′

i
|

δx′

i
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v′i

p′
∂p′

∂x′i
= 0

∂p′

∂x′i
= 0
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y

y

x = 0

31 000 234 000

Ncells ≈ 105

p′a

p′FPC = p′a −
2σ

R′

CT

= p′a − 1.0773Pa ,
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ρG = 1.11 kgm−3

νG = 1.62× 10−5m2 s−1
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=

= =

v′i
Q′

A′

0

p′ p′a − pCT p′a

β β = 1 γ = 0◦ γ = 180◦

Q′

crit,3D

Q′

out

5× 10−6m3 s−1 Q′

crit,3D

ΔQ′

3D = Q′

out−Q′

in

ΔQ′

3D ≈ 0 t′ = 35 s

Q′

out = 3.5× 10−6m3 s−1 l′ = 25× 10−3m

0.1× 10−6m3 s−1

Q′

crit,3D

Q′
in
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Q
′
/(
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−
6
m

3
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1
)

Q′

in

Q′

out

(Q′

out −Q′

in)

l′ = 25× 10−3m

Q′

out

Q′

in

5× 10−3m ≤ l′ ≤
48× 10−3m

SI0.05e− 6m3.s−1
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Q′

crit,3D

β = 0.5

x′(k′min) = x′∗

y x0

x′∗ x′

y′z′
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l′

Q′ = Q′

crit + ΔQ′

sc f ′

ing

Q′ l′

ΔQ′

sc

Q′ > Q′

crit

x′∗ k′∗
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Q′

x′∗ k′∗

x′∗(t) k′∗(t)

v′ca

t′ = 0 s t′ = 0.43 s

t′ = 0.82 s
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b− k′∗exp b− k′∗mod

Δv′∗

Q′

crit Q′

crit +ΔQ′

sc

x′M
x′ = l′

s′(R′

b)

R′

b

x′∗exp x′∗mod

Δv′∗ x′∗ k′ = k′∗

x′∗
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v′ca = (−A′dh′/dA′)1/2

v′∗

A′∗ x′ = x′∗ v′∗ = v′ca

Q′

crit

Q′

crit = v′caA
′∗

crit ,

A′∗

crit x′∗

Q′ = Q′

crit

Q′ ≤ Q′

crit

x′ = 0m x′ = l x′∗

Q′

crit

v′∗ v′ca

v′∗ x′∗

Δv′∗

Δv′∗ =
x′∗(t′ +Δt′)− x′∗(t′)

Δt′
= v′∗ − v′ca .

x′∗

v′ca A′∗

x′∗ x′ > x′∗
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A′∗

a

R′

b

r′b = a/2

s′ = 2πR′

b

x′∗

Δs′ = Δv′∗Δt′ ,

Δt′

x′ = x′∗

R′

b(t
′ + Δt′) = R′

b(t
′) + ΔR′

b

ΔR′

b =
Δs′

2π
.

z′ = b/2

k′∗ = b/2− 2R′

b
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l′/(10−3m) ΔQ′

sc/(10
−6m3 s−1)

R′

b(t
′ = 0) = a/2

x′ = l′

x′∗

k′∗
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k′∗ x′∗ Δx′

x′∗

x′∗(t′) k′∗(t′)

x′∗(t′) k′∗(t′)

t′ = 0.65 s t′ = 0.6 s

A′∗ v′ca
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γ = 0◦

l̃ Λ

Qcrit l̃

Qcrit ≈ 0.03 l̃−0.5 l̃ < 10−3

Qcrit ≈ 0.015 l̃−1 l̃ > 10−1

l̃ < 10−3
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l̃

xz l′ =

{10, 15, 20, 25, 30} × 10−3m Q′ = {0.8, 0.9, 1} × Q′

crit

Q′

crit

Q′

crit
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v′ca

v′ca

x′∗ k′∗

x′∗

Q′

crit,1D l̃ < 0.05
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a a

�a ai

A aij

grad(a) = ∇a =
∂a

∂xi
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂a

∂x1

∂a

∂x2

∂a

∂x3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

grad(�a) = ∇�a = ∂ai
∂xj

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂a1
∂x1

∂a1
∂x2

∂a1
∂x3

∂a2
∂x1

∂a2
∂x2

∂a2
∂x3

∂a3
∂x1

∂a3
∂x2

∂a3
∂x3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

div(�a) = ∇ · �a =
∂ai
∂xi

=
∂a1
∂x1

+
∂a2
∂x2

+
∂a3
∂x3
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div(A) = ∇ · A =
∂ai
∂xj

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂a11
∂x1

+
∂a12
∂x2

+
∂a13
∂x3

∂a21
∂x1

+
∂a22
∂x2

+
∂a23
∂x3

∂a31
∂x1

+
∂a32
∂x2

+
∂a33
∂x3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

rot(�a) = ∇× �a = −εijk ∂ai
∂xj

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂a3
∂x2

− ∂a2
∂x3

∂a1
∂x3

− ∂a3
∂x1

∂a2
∂x1

− ∂a1
∂x2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

εijk =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 if ijk = 123, 231, or 312

−1 if ijk = 132, 213, or 321

0 when i = j = k

Δa = div(grad(a)) = ∇ · (∇a) = ∇2a =
∂2a

∂x2j
=
∂2a

∂x21
+
∂2a

∂x22
+
∂2a

∂x23

Δ�a = div(grad(�a)) = ∇ · (∇�a) = ∇2�a =
∂2ai
∂x2j

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂2a1
∂x21

+
∂2a1
∂x22

+
∂2a1
∂x23

∂2a2
∂x21

+
∂2a2
∂x22

+
∂2a2
∂x23

∂2a3
∂x21

+
∂2a3
∂x22

+
∂2a3
∂x23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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γ
ef
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100 < Re < 1500
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x′

y′

z′

D′ l′ x′

Recrit < 2300

Re = 2300

l′ D′

A′ = πD′2/4

x′
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p′(x′)πr′2 − p′(x′ + dx′)πr′2 = τ ′(r′)2πr′dx′ ,

p′ x′ x′ + dx′ τ ′

r′

τ(r′) = μ
dv′

dr′
,

v′ μ

dv′

dr′
=

dp′

dx′
r′

2μ

v′(r′ = R′) = 0 r′

v′(r′) = −dp′

dx′
R′2

4μ

[
1−

(
r′

R′

)2
]

.

r′ = 0

v′max = v′(r′ = 0) = −dp′

dx′
R′2

4μ
.

Q′

Q′ =

∫
A′

v′(r′)dA′ = −dp′

dx′
πR′4

8μ
.

Q′ = v̄′A′

v̄′ = −dp′

dx′
R′2

8μ
=

1

2
v′max .

l′ x′

−dp′/dx′ Δp′/l′

Δp′

l′
=

32μv̄′

D′2
,

Δp′ ρv̄′

Δp′ =
ρv̄′2

2

64

Re

l′

D′
,
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Re = ρv̄′D′/μ Δp

pc = (ρv̄′2)/2

Δp =
Δp′

pc
= Kf

l′

D′
; Kf =

64

Re
,

Kf

l′e

∂v′/∂y′ = ∂v′/∂z′ = 0 x′ = 0

0.99 v′max

l′e
D′

≈ 0.06Re

x̂
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Δp = Kf
x′

D′
+K(x′)

Kf

K(x′)

x′

K(x′) =
4

3
+

∞∑
i=1

8

α2
i

(
e−4α2

i

x
′

D′Re − 3
)
e−4α2

i

x
′

D′Re

αi

K(x′)

Re ∈
{100, 200, 300, 400, 500, 600, 700, 800, 900, 1000, 1250, 1500}

D′ = 1 m l′ = 1.5l′e

l′e = 0.06D′Re 0.01 m2/s

Re = 100v̄′
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δx′ = 0.03762 m

N = 528 l′/δx′

l′ = 1.5 l′e

v′ m
s

0.01Re ∇v′i = 0

p′ kg
ms2

∇p′ = 0 ∇p′ = 0

∇ · v′i = 0

(v′j · ∇)v′i = −∇p′ + μ∇2v′i
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d
p/
d
x

x

l′e
D′

= 0.06Re

Kf =
64

Re

x =
x′

D′Re
; p =

2p′

ρv̄′2
; v =

v′

v̄′
; Re =

ρv̄′D′

μ
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< 3% x′ = l′e

0.06Re l′e/D
′

Kf = 64/Re

p̄′

p̄′

(x′, y′, z′) = (l′e, 0, 0)

vmax

vmax = 2v̄
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Δ
p

x

l′e
D′

= 0.06Re

•

p̄′

< 2% x′ = l′e
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v m
a
x

x

vmax = 1.98v̄

l′e
D′

= 0.06 Re

x′ = l′e

vmax 1.98v̄.

δx′ = 0.078 m

δx′n = 0.078 · 1.2−n

n n = 0

Re = 100 0 ≤ n ≤ 8 Nn

n N0 = 1.5 · 104 N8 = 1.3 · 106

n = 4
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v

y

y x′ = l′e

v

vmax = 2v̄

n

n > 6

l′e = 0.06D′Re

n ≥ 4

< 3%
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d
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d
x

x

dp/dx

n > 6

l′e
D′

= 0.06Re

vmax = 1.98v̄

x

v m
a
x

vmax x′ = l′e

n > 6
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x′ = l′e
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z′0

γ = 0◦

z′0

y′

z′

γ
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y → ∞ z′

p′cap

σ

Δp′cap = −σ
(

1

R′

1

+
1

R′

2

)
.

R′

2 = ∞ R′

1

1

R′

1

=

∂2z′

∂y′2[
1 +

(
∂z′

∂y′

)2
]3/2 .

p′g − p′l = p′a − ρGg
′z′ − p′a + ρLg

′z′,

ρG ρL g′

Δρg′z′

σ
−

∂2z′

∂y′2[
1 +

(
∂z′

∂y′

)2
]3/2 = 0.

z′0 = L′

c[2(1− sin θ)]1/2,

L′

c =

√
σ

Δρg′
θ

y′ = L′

c

[
arcosh

2L′

c

z′
− arcosh

2L′

c

z′0
+

(
4− z′2

L′2
c

)1/2

−
(
4− z′20

L′2
c

)]
,
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Δz′ = 20 mm Δy′ = 40 mm

β = 1 β = 0 T ′ = 20 ◦C

ρL = 998.21 kgm−3 ρG = 1.1885 kgm−3

νL = 1.003× 10−6m2 s−1

νG = 15.32× 10−6m2 s−1 g′ = 9.81m s−2

γ = 0◦ σ = 0.072 74Nm−1

0◦

δx′ = 0.2 mm

δx′ = 0.1 mm
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z′0,a = 3.8567× 10−3m

z′0,OF = 4.029 14× 10−3m

εOF =
|z′0,a − z′0,OF |

z′0,a
= 0.047 =̂ 0.173× 10−3m.

δx′ = 0.1× 10−3m
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