
Introduction

This book1 presents original mathematical models of thermal and phase-
transformation stresses in composite materials with three components. These
stresses originate during a cooling process. In contrast to mathematical models
of these stresses in two-component materials, which are determined in thefirst
volume [1], the three-component materials consist of an isotropic matrix and
isotropic ellipsoidal inclusions with an isotropic ellipsoidal envelope on the
inclusion surface.

The thermal stresses are a consequence of different thermal expansion coe-
fficients of the matrix, the envelope and the inclusion. The phase-transformation
stresses are a consequence of different dimensions of cubic crystalline lattices
(see Section 2.3), which are transformed in the material components.

The mathematical models are determined for a suitable three-component
model system. This infinite periodic matrix-envelope-inclusion model system
corresponds to real isotropic matrix-envelope-inclusion composites, which con-
sist of

• isotropic precipitates with an isotropic continuous component on their
surfaces, distributed in isotropic crystalline grains,

• isotropic crystalline grains with and without an isotropic continuous com-
ponent (E) on their surfaces, and the crystalline grains exhibit identical or
different material properties, i.e., the real three-component materialcon-
sists of the crystalline grainsA+E, A or A+E, B, respectively, whereA,
B represent crystalline grains with different material properties.

The precipitates, the continuous component on their surfaces and the crys-
talline grains of a real composite represent the inclusion, envelope and matrix
of the matrix-envelope-inclusion system, respectively. Similarly, the crystalline
grainsA+E andA, B of a real composite represent the inclusion with the en-
velope and the matrix, respectively.

1This book was supported by the Slovak scientific grant agency VEGA 2/0069/24.
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Mathematical and computational models of phenomena in infinite periodic
model material systems are determined within a representative volume element
with such geometric characteristics to correspond to microstructural character-
istics of the model material system. Due to the infinity and periodicity, the
mathematical and computational models, which are determined for a certain
representative volume element, are valid for any representative volume element.
Infinite matrixes are used due to simplicity of mathematical solutions formate-
rial components (e.g., precipitates, pores). The material components are small
in comparison with macroscopic material samples or macroscopic structural el-
ements, and then the solutions are acceptable in spite of this simplification[2].
In case of the matrix-envelope-inclusion system, this volume element is rep-
resented by a cubic cell with a central ellipsoidal inclusion and the ellipsoidal
envelope on the inclusion surface.

The mathematical models results from fundamental equations of mechan-
ics of an elastic continuum (i.e., Cauchy’s and equilibrium equations, Hooke’s
law), with respect to its shape, loading, mechanical constraints and the prin-
ciple of minimum potential energy. The stresses are derived within a suitable
coordinate system, which is required to correspond to a shape of the ellipsoidal
inclusion and the ellipsoidal envelope. Consequently, the fundamental equa-
tions results in different mathematical solutions for the stresses in components
of the matrix-envelope-inclusion system. Additionally, the mathematical solu-
tions are determined with respect to mechanical constraints, i.e., mathematical
boundary conditions, for the ellipsoidal inclusion, the ellipsoidal envelope and
the cell matrix. Due to these different mathematical solutions, the principle of
minimum potential energy is required to be considered.

Additionally, the stress fields, i.e., the thermal and phase-transformation
stresses, in neighbouring cells are mutually affected. The stress field in a cer-
tain cell is then affected by those in neighbouring cells, and vice versa. This
effect is determined by the superposition method of mechanics of a solid con-
tinuum [3].

The mathematical models for the three-component materials are applicable
to those for the micro-/macro-strengthening and crack formation, which are
determined in the first volume [1].
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Chapter 1

Matrix-Envelope-Inclusion
Composite

1.1 Model System

Figure 1.1 shows a model system, corresponding to real matrix-envelope-
inclusion composites, which is considered within the mathematical models of
the thermal and phase-transformation stresses.

Figure 1.1: The matrix-envelope-inclusion system with an infinite isotropic
matrix with isotropic ellipsoidal envelopes on a surface of isotropic ellipsoidal
inclusions with the dimensionsa1q, a2q, a3q (q = IN,E) and the inter-inclusion
distanced along the axesx1, x2, x3 of the Cartesian system(Ox1x2x3), respec-
tively, whereO represents a centre of the ellipsoidal inclusion. The subscript
q = IN andq = E is related to the inclusion and envelope, respectively.

This model system consists of an infinite isotropic matrix with isotropic
ellipsoidal envelopes on a surface of isotropic ellipsoidal inclusions with the
dimensionsa1q, a2q, a3q (q = IN,E) and the inter-inclusion distanced along
the axesx1, x2, x3 of the Cartesian system(Ox1x2x3), respectively, whereO
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represents a centre of the ellipsoidal inclusion. The subscriptq = IN andq = E
is related to the inclusion and envelope, respectively.

Figure 1.2: The cubic cells with the dimensiond along the axesx1, x2, x3 of
the Cartesian system(Ox1x2x3) and with the planex12x3, whereO represents a
centre of the ellipsoidal inclusion, andx12⊂ x1x2, x12x3 ⊥ x1x2.

The thermal and phase-transformation stresses are determined in the cubic
cells with the dimensiond along the axesx1, x2, x3 and with central ellipsoidal
inclusions (see Figure 1.2). Due to the infinite matrix, the thermal and phase-
transformation stresses, which are determined for one of the cubic cells, are
identical with those, which are determined for any of the cubic cells . With
regard to the volumeVIN = 4πa1,a2a3 [4] andVC = d3 of the ellipsoidal in-
clusion and the cubic cell, the inter-inclusion distanced as a function of the
inclusion volume fractionvIN is derived as

vIN =
VIN

VC
=

4πa1IN a2IN a3IN

3d3 ∈
(

0,
π
6

)

, d =

(

4πa1IN a2IN a3IN

3vIN

)1/3

, (1.1)

where the valuevINmax = π/6 results from the conditionaiIN → aiE → d/2
(i = 1,2,3). Accordingly, the thermal and phase-transformation stresses are
functions of the material parametersaiq (i = 1,2,3;q = IN,E), vIN, d.
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1.2 Coordinate System

The thermal and phase-transformation stresses are determined by the spherical
coordinates(r,ϕ,ν) (see Figure 1.3). The model system in Figures (1.1), (1.2)
is symmetric, and then these stresses are determined within the intervals ϕ ∈
〈0,π/2〉, ν ∈ 〈0,π/2〉.

Figure 1.3: The inclusion with the centreO and with the dimensionsa1IN =
O1, a2IN = O2, a3IN = O3 along the axesx1, x2, x3 of the Cartesian system
(O,x1,x2,x3), respectively. The pointPIN on the inclusion surface is defined
by ϕ,ν ∈ 〈0,π/2〉, and

(

PIN,xn,xϕ,xν
)

is a Cartesian system at the pointPIN,
wherePIN ⊂ EIN. The axesxn and xν represents a normal and a tangent of
the ellipseEIN at the pointPIN, respectively. Due to clarity of Figure 1.3 the
ellipsoidal envelope in Figures 1.1, 1.2 is not depicted in Figure 1.3.

Figure 1.3 shows the ellipsoidal inclusion forϕ,ν ∈ 〈0,π/2〉 with the centre
O and with the dimensionsa1IN = O1, a2IN = O2, a3IN = O3 along the axesx1,
x2, x3 of the Cartesian system(O,x1,x2,x3) (see Figures (1.1), (1.2)), respec-
tively. Due to clarity of Figure 1.3 the ellipsoidal envelope in Figures 1.1, 1.2
is not depicted in Figure 1.3. Finally,

(

PIN,xn,xϕ,xν
)

is a Cartesian system at
the pointPIN, where the axesxn andxν represents a normal and a tangent of the
ellipseEIN at the pointPIN, respectively,x12x3 ⊥ x1x2, (x12⊂ x1x2, xϕ ⊥ x12.

Figure 1.4 shows the cross sectionO789 of the cubic cell in the planex12x3

(see Figures 1.2, 1.3). The angleν ∈ 〈0,π/2〉 defines a position of the point

5



a b

c

Figure 1.4: The angleν ∈ 〈0,π/2〉
defines a position of the point
PIN with the Cartesian system
(

PIN,xn,xϕ,xν
)

(see Figure 1.3)
for (a) ν = ν0, (b) ν ∈ 〈0,ν0), (c)
ν ∈ (ν0,π/2〉, where ν0 represents
a root of Equation (1.6). The points
P12, PM represent intersections of the
normal xn with O789, whereO789
is a cross section of the cubic cell in
the planex12x3 (see Figures 1.2, 1.3).
The angleθ = ∠(xn,x3) is given by
Equation (1.2). Due to clarity of Fig-
ure 1.4, the angleνE = ∠(OPE,x3)
(see Equation (1.2)) is depicted in
Figure 1.4b only.

PIN with the Cartesian system
(

PIN,xn,xϕ,xν
)

(see Figure 1.3) forν = ν0 (see
Figure 1.4a),ν ∈ 〈0,ν0) (see Figure 1.4b),ν ∈ (ν0,π/2〉 (see Figure 1.4c). The
pointsP12, PM represent intersections of the normalxn with O789. Due to clar-
ity of Figure 1.4, the angleνE = ∠(OPE,x3) (see Equation (1.2)) is depicted in
Figure 1.4b only. The anglesνE = ∠(OPE,x3), θ = ∠(xn,x3) (see Figure 1.4),
along with the derivative∂/∂θ, have the forms [1]

sinνE =
a1E a3IN tanν

√

(a1IN a3E)2+(a1E a3IN tanν)2
,
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cosνE =
a1IN a3E

√

(a1IN a3E)2+(a1E a3IN tanν)2
;

sinθ =
1

√

1+(a1IN cotν/a3IN)2
, cosθ =

1
√

1+(a3IN tanν/a1IN)2
,

∂
∂θ

=

(

∂θ
∂ν

)−1 ∂
∂ν

= Θ
∂

∂ν
, Θ =

(

a1IN

a3IN

)

[

(

a3IN sinν
a1IN

)2

+cos2ν

]

.(1.2)

Let xnIN andxnE represent normals on the envelope-inclusion and envelope-
matrix boundaries at the pointsPIN andPE, respectively. Due to the symme-
try of the model system, any pointsPIN andPE on the envelope-inclusion and
envelope-matrix boundaries (see Figure 1.4) exhibit the displacementsunIN and
unE along the normalsxnIN andxnE, respectively, i.e.,uϕq = uνq = 0 (q = IN,E)
[5], whereuϕq, uνq are displacements along the tangentsxϕq, xνq, respectively.

Consequently, the mathematical models in this book can be determined pro-
vided thatuϕq = uνq = 0 (q = IN,E), which results in the conditionxn = xnIN =
xnE. Finally, the conditionxn = xnIN = xnE defines relationships between the
dimensionsaiIN andaiE (i = 1,2,3), which have the forms

a2
1IN −a2

3IN

a1IN a3IN
=

a2
1E −a2

3E

a1E a3E
, a1q = a2q 6= a3q, aiIN < aiE , i = 1,2,3,

q = IN,E. (1.3)

With regard to Equation (1.3), the ellipsoidal inclusion and ellipsoidal en-
velope are required to represent a rotational ellipsoid (a spheroid), i.e.,a1q =
a2q 6= a3q (q = IN,E).

The thermal and phase-transformation stresses, which are determined along
the axesxn, xϕ, xθ of the Cartesian system

(

P,xn,xϕ,xθ
)

, represent function
of the spherical coordinates(xn,ϕ,θ) for ϕ,θ ∈ 〈0,π/2〉. The intervalsxn ∈
〈0,xIN〉, xn ∈ 〈xIN,xE〉 andxn ∈ 〈xE,xM〉 are related to the ellipsoidal inclusion,
envelope and cell matrix, respectively. Finally, we get

xIN = P12PIN =

√

(a1IN sinν−x120)
2+(a3IN cosν)2,

xE = PINPE =

√

(a1E sinνE −a1IN sinν)2+(a3E cosνE −a3IN cosν)2,

xM = PEPM =

√

(x12M −a1E sinνE)2+(x3M −a3E cosνE)2, (1.4)

where sinνE, cosνE are given by Equations (1.2), andx120, x12M, x3M are de-
rived as [1]
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x120=

(

a2
1IN −a2

3IN

)

sinν
a1IN

, ν ∈
〈

0,
π
2

〉

,

x12M =
sinν
a1IN

(

dcosν
2a3IN

+a2
1IN −a2

3IN

)

, ν ∈ 〈0,ν0〉 ,

x12M =
d

2 f (ϕ) sinν
, ν ∈

〈

ν0,
π
2

〉

,

x3M =
d
2
, ν ∈ 〈0,ν0〉 ,

x3M =
cosν
a3IN

[

a1IN d
2 f (ϕ) sinν

+a2
3IN −a2

1IN

]

, ν ∈
〈

ν0,
π
2

〉

, (1.5)

where the angleν0 represents a root of the following equation

cosν0

a3IN

[

a1IN d
2 f (ϕ) sinν0

+a2
3IN −a2

1IN

]

− d
2

= 0, (1.6)

and this root is determined by a numerical method. Finally, the functionf =
f (ϕ) in Equations (1.5), (1.6) has the form

f (ϕ) = cosϕ, ϕ ∈
〈

0,
π
4

〉

; f (ϕ) = sinϕ, ϕ ∈
〈π

4
,
π
2

〉

. (1.7)
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Chapter 2

Mechanics of Elastic Solid
Continuum

2.1 Fundamental Equations

Due to the symmetry of the model system (see Figure 1.1), any pointP of
the normalxn exhibits the displacementun alongxn. The thermal and phase-
transformation stresses are determined along the axesxn, xϕ, xθ of the Carte-
sian system

(

P,xn,xϕ,xθ
)

. Fundamental equations of mechanics of a solid con-
tinuum are represented by Cauchy’s equations, the equilibrium equations and
Hooke’s law. Cauchy’s equations represent functions of strains and displace-
ments. With respect to the normal displacementun, Cauchy’s equations have
the forms [1]

εn =
∂un

∂xn
, (2.1)

εϕ = εθ =
un

xn
, (2.2)

εnϕ = εϕn =
1
xn

∂un

∂ϕ
, (2.3)

εnθ = εθn =
Θ
xn

∂un

∂ν
, (2.4)

whereεn is a normal strain along the axisxn, andΘ is given by Equation (1.2).
Consequently,εϕ andεθ are tangential strains along the axesxϕ andxθ, respec-
tively. Finally, εnϕ, εnθ andεϕn, εθn represent shear strains along the axesxn

andxϕ, xθ, respectively. Due touϕ = uν = 0, we getεϕν = ενϕ = 0, where
uϕ, uν are displacements along the axesxϕ, xν, respectively, andεϕν is a shear
strain. The equilibrium equations are derived as [1]

2σn−σϕ −σν +xn
∂σn

∂xn
+

∂σnϕ

∂ϕ
+Θ

∂σnθ
∂ν

= 0, (2.5)
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∂σϕ

∂ϕ
+3σnϕ +xn

∂σnϕ

∂xn
= 0, (2.6)

Θ
∂σθ
∂ν

+3σnθ +xn
∂σnθ
∂xn

= 0, (2.7)

whereσn is a normal stress along the axisxn. Consequently,σϕ andσθ are
tangential stresses along the axesxϕ and xθ, respectively. Finally,σnϕ, σnθ
andσϕn, σθn represent shear stresses along the axesxn andxϕ, xθ, respectively,
whereσnϕ = σϕn, σnθ = σθn. Due toεϕν = ενϕ = 0, we getσϕν = σνϕ = 0,
whereσϕν is a shear stress. With regard toεϕθ = 0, σϕθ = 0, Hooke’s law has
the form

εn = s11σn+s12
(

σϕ +σθ
)

, (2.8)

εϕ = s12(σn+σθ)+s11σϕ, (2.9)

εθ = s12
(

σn+σϕ
)

+s11σθ, (2.10)

εnθ = s44σnθ, (2.11)

εnϕ = s44σnϕ, (2.12)

wheres11, s12, s44 are derived as [5]

s11 =
1
E

, s12 = − µ
E

, s44 =
2(1+µ)

E
. (2.13)

Finally, E andµ are Young’s modulus and Poisson’s ratio, respectively. In
case of the ellipsoidal inclusion and the cell matrix, we getE = EIN, µ = µIN

and E = EM, µ = µM, respectively. With regard to Equations (2.1)–(2.4),
(2.8)–(2.12), we get

σn = (c1+c2)
∂un

∂xn
−2c2

un

xn
, (2.14)

σϕ = σθ = −c2
∂un

∂xn
+c1

un

xn
, (2.15)

σnϕ =
1

s44xn

∂un

∂ϕ
, (2.16)

10




