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This booKk presents original mathematical models of thermal and phase-
transformation stresses in composite materials with three componente The
stresses originate during a cooling process. In contrast to mathematicdémode
of these stresses in two-component materials, which are determinedfirsthe
volume [1], the three-component materials consist of an isotropic matrix and
Isotropic ellipsoidal inclusions with an isotropic ellipsoidal envelope on the
inclusion surface.

The thermal stresses are a consequence of different thermal expansion coe-
fficients of the matrix, the envelope and the inclusion. The phase-transformation
stresses are a consequence of different dimensions of cubic crystallineslattic
(see Section 2.3), which are transformed in the material components.

The mathematical models are determined for a suitable three-component
model system. This infinite periodic matrix-envelope-inclusion model system
corresponds to real isotropic matrix-envelope-inclusion composites, which con-
sist of

e isotropic precipitates with an isotropic continuous component on their
surfaces, distributed in isotropic crystalline grains,

e isotropic crystalline grains with and without an isotropic continuous com-
ponent E) on their surfaces, and the crystalline grains exhibit identical or
different material properties, i.e., the real three-component matenal
sists of the crystalline grails+ E, Aor A+ E, B, respectively, wherg,

B represent crystalline grains with different material properties.

The precipitates, the continuous component on their surfaces and the crys-
talline grains of a real composite represent the inclusion, envelope and matrix
of the matrix-envelope-inclusion system, respectively. Similanky,drystalline
grainsA+ E andA, B of a real composite represent the inclusion with the en-
velope and the matrix, respectively.

1This book was supported by the Slovak scientific grant ag&EGA 2/0069/24.
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Mathematical and computational models of phenomena in infinite periodic
model material systems are determined within a representative volemerst
with such geometric characteristics to correspond to microstructoaaacter-
istics of the model material system. Due to the infinity and periodicity, the
mathematical and computational models, which are determined for a certain
representative volume element, are valid for any representative eaigment.
Infinite matrixes are used due to simplicity of mathematical solutionaite-
rial components (e.g., precipitates, pores). The material components ate smal
in comparison with macroscopic material samples or macroscopic strugtura
ements, and then the solutions are acceptable in spite of this simplifi¢a}ion
In case of the matrix-envelope-inclusion system, this volume elemenpis re
resented by a cubic cell with a central ellipsoidal inclusion and the eltip$oi
envelope on the inclusion surface.

The mathematical models results from fundamental equations of mechan-
ics of an elastic continuum (i.e., Cauchy’s and equilibrium equations, Hooke’s
law), with respect to its shape, loading, mechanical constraints and the prin-
ciple of minimum potential energy. The stresses are derived within a suitable
coordinate system, which is required to correspond to a shape of the ellipsoidal
inclusion and the ellipsoidal envelope. Consequently, the fundamental equa-
tions results in different mathematical solutions for the stresses in com{sone
of the matrix-envelope-inclusion system. Additionally, the mathemataal s
tions are determined with respect to mechanical constraints, i.enematical
boundary conditions, for the ellipsoidal inclusion, the ellipsoidal envelope and
the cell matrix. Due to these different mathematical solutions, the pranoipl
minimum potential energy is required to be considered.

Additionally, the stress fields, i.e., the thermal and phase-transfanmat
stresses, in neighbouring cells are mutually affected. The stressHialder-
tain cell is then affected by those in neighbouring cells, and vice versa. This
effect is determined by the superposition method of mechanics of a solid con-
tinuum [3].

The mathematical models for the three-component materials are applicable
to those for the micro-/macro-strengthening and crack formation, which are
determined in the first volume [1].



Chapter 1

Matrix-Envelope-Inclusion
Composite

1.1 Mode System

Figure 1.1 shows a model system, corresponding to real matrix-envelope-
inclusion composites, which is considered within the mathematical models of
the thermal and phase-transformation stresses.
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Figure 1.1: The matrix-envelope-inclusion system with an infinite isotropic
matrix with isotropic ellipsoidal envelopes on a surface of isotropic allge
inclusions with the dimensiorsq, axq, azq (g =IN,E) and the inter-inclusion
distanced along the axeg, X, X3 of the Cartesian syste(®©x;x>X3), respec-
tively, whereO represents a centre of the ellipsoidal inclusion. The subscript
g=IN andg=E is related to the inclusion and envelope, respectively.

1nclus10n

This model system consists of an infinite isotropic matrix with isotropic
ellipsoidal envelopes on a surface of isotropic ellipsoidal inclusions with the
dimensionsayq, axq, azq (4=IN,E) and the inter-inclusion distanak along
the axesxi, X, x3 of the Cartesian systelfOxxoX3), respectively, wher®©
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represents a centre of the ellipsoidal inclusion. The subsgeN andq=E
IS related to the inclusion and envelope, respectively.
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Figure 1.2: The cubic cells with the dimensidralong the axes;, x», X3 of
the Cartesian systefi®x;xox3) and with the plane;oxs, whereO represents a
centre of the ellipsoidal inclusion, amxgh C X1X2, X12X3 L X1X2.

The thermal and phase-transformation stresses are determined in the cubic
cells with the dimensiod along the axegs, X2, x3 and with central ellipsoidal
inclusions (see Figure 1.2). Due to the infinite matrix, the thermal and phase-
transformation stresses, which are determined for one of the cubic aells, a
identical with those, which are determined for any of the cubic cells . With
regard to the volum¥iy = 4Tay, axaz [4] and V¢ = d? of the ellipsoidal in-
clusion and the cubic cell, the inter-inclusion distamcas a function of the
inclusion volume fractiomw,y is derived as

ViN _ 4Tty 82N agin (0 E) q— (ATaLN 32N AN Y3 (1.1)
VC 3d3 "6/’ 3V|N ’ '

where the valueynmax = T1/6 results from the conditioayn — ag — d/2
(i=1,2,3). Accordingly, the thermal and phase-transformation stresses are
functions of the material parametegs (i = 1,2,3;9=IN,E), vin, d.

4



1.2 Coordinate System

The thermal and phase-transformation stresses are determined by theadpheric
coordinatesr, ¢,v) (see Figure 1.3). The model system in Figures (1.1), (1.2)
Is symmetric, and then these stresses are determined within theaist@ry
(0,1/2), v € (0,1/2).

X3

X12

Figure 1.3: The inclusion with the centf@ and with the dimensionayn =
01, agny = 02, agy = O3 along the axesgi, X2, X3 of the Cartesian system
(O, x1,%2,X3), respectively. The poin®y on the inclusion surface is defined
by ¢,v € (0,1/2), and (PN, Xn, X, Xy) is @ Cartesian system at the poR,
wherePn C Ejn. The axesx, andx, represents a normal and a tangent of
the ellipseE n at the pointPy, respectively. Due to clarity of Figure 1.3 the
ellipsoidal envelope in Figures 1.1, 1.2 is not depicted in Figure 1.3.

Figure 1.3 shows the ellipsoidal inclusion fipyv € (0, 11/2) with the centre
O and with the dimensionany = O1, agy = 02, agiy = O3 along the axes;,
X2, X3 Of the Cartesian systefi©, X1, X2, x3) (see Figures (1.1), (1.2)), respec-
tively. Due to clarity of Figure 1.3 the ellipsoidal envelope in Figures 14, 1.
is not depicted in Figure 1.3. FinallyPin,Xn, Xy, %) is a Cartesian system at
the pointP, where the axes, andx, represents a normal and a tangent of the
ellipseEjn at the pointPy, respectivelyxioxs L XiXo, (X12 C X1X2, Xp L X12.
Figure 1.4 shows the cross sectiOii89 of the cubic cell in the plang ox3
(see Figures 1.2, 1.3). The angle= (0,11/2) defines a position of the point
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Figure 1.4: The angle € (0,11/2)
defines a position of the point
PN  with the Cartesian system
(AN, Xn,Xp,Xv) (see Figure 1.3)
for (a) v = vo, (b) v € (O,vp), (c)

v € (Vo,T/2), where vg represents
a root of Equation (1.6). The points
P12, Pv represent intersections of the
normal X, with O789, whereO789
IS a cross section of the cubic cell in
the planex;ox3 (see Figures 1.2, 1.3).
The angled = Z(xn,x3) is given by
Equation (1.2). Due to clarity of Fig-
ure 1.4, the angleg = Z(OR:, x3)
(see Equation (1.2)) is depicted in
Figure 1.4b only.

Pin with the Cartesian systerfin, Xn, Xp,X%v) (see Figure 1.3) fov = vg (see
Figure 1.4a)y € (0,vo) (see Figure 1.4b); € (vo,T1/2) (see Figure 1.4c). The
pointsPy2, Py represent intersections of the normghith O789. Due to clar-

ity of Figure 1.4, the angleg = £/ (OR:

,X3) (see Equation (1.2)) is depicted in

Figure 1.4b only. The angleg = £/ (OR:,x3), 8 = £ (Xn,X3) (See Figure 1.4),
along with the derivativ@ /00, have the forms [1]

aig agN tanv

SiNVg =

\/(all N aze ) + (aie agin tany)?
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\/(allN age)” + (e agin tanv)?

. 1 1
sinG = , cosb= )

\/1—|— (a1|N COtV/613|N)2 \/1+ (aSIN tanV/allN)Z
o [00\ o ) anN agin Sinv 2

Let xnin @andXxng represent normals on the envelope-inclusion and envelope-
matrix boundaries at the poinBy andPg, respectively. Due to the symme-
try of the model system, any poin&y andP:= on the envelope-inclusion and
envelope-matrix boundaries (see Figure 1.4) exhibit the displacemgitsnd
Ung along the normalgnn andxng, respectively, i.elyq = Uyg =0 (=IN,E)
[5], whereugq, Uyg are displacements along the tangegts x,q, respectively.
Consequently, the mathematical models in this book can be determined pro-
vided thatuyq = Uyqg = 0 (q =IN,E), which results in the conditior, = Xnn =
xne. Finally, the conditiornx, = Xnin = Xne defines relationships between the
dimensionsyy andag (i =1,2,3), which have the forms

COSVE =

2 2 2 2

1IN — 93IN 1 — 93¢ _
- 819 = 8q 7# 30, AN < &, 1 =1,2,3

ajN asIN apage | 2q 7 83q, &N < &, ,2,3,

q=IN,E. 13

With regard to Equation (1.3), the ellipsoidal inclusion and ellipsoidal en-
velope are required to represent a rotational ellipsoid (a spheroid)aiges
aq 7 asq (=1IN,E).

The thermal and phase-transformation stresses, which are determined along
the axesxn, Xy, Xg of the Cartesian systertP,xn,Xy,%g), represent function
of the spherical coordinatds,,¢$,0) for ¢,0 € (0,1/2). The intervalsx, €
(0,XIN),s Xn € (XIN, XE) @andXy € (Xg, X ) are related to the ellipsoidal inclusion,
envelope and cell matrix, respectively. Finally, we get

XN = ProPin = \/(allN Sinv — x120)° + (agin COSV)?,

Xge = ANPE = \/(alE SINVE — agN SiNV)“ + (age COSVE — agjy COSV) <,

Xm = PEPv = \/(X12M — aye SiNVe)® + (Xam — age COSVE)?, (1.4)

where sirvg, cosve are given by Equations (1.2), amegbg, X1om, X3v are de-
rived as [1]
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X120=
ajiN
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X12m = < +a1IN_a3IN>7 v € (0,vo),
ayN \ 2agN

X ___d ve<v E>
12'\/'_21‘((|>)sinv’ 02/

d
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cosv A1IN d
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(¢) sinv

where the angleg represents a root of the following equation

X3m =

Tt
— —f—a%”\l —a%N] 3 V 6 <VO,—>7 (15)
azIN 2

COSvVq 1IN d d
——= 1.
aA3IN [Zf (q)) sinv 2 0 ( 6)
and this root is determined by a numerical method. Finally, the fundtien

f (¢) in Equations (1.5), (1.6) has the form

2 2
. +agN — agN

Tt

f () = cosb, ¢e<o,z>; f(0) = sind, ¢e<g,g>. (1.7)



Chapter 2

M echanics of Elastic Solid
Continuum

2.1 Fundamental Equations

Due to the symmetry of the model system (see Figure 1.1), any Pant
the normalx, exhibits the displacement, alongx,. The thermal and phase-
transformation stresses are determined along thexaxeg, X of the Carte-
sian systen(P, xn,x¢,xe). Fundamental equations of mechanics of a solid con-
tinuum are represented by Cauchy’s equations, the equilibrium equations and
Hooke’s law. Cauchy’s equations represent functions of strains and displace-
ments. With respect to the normal displacemgptCauchy’s equations have
the forms [1]

oun
__n 2.1
gn aXn, ( )
Ep =Ep = %, (2.2)
n
1 du
Enp = Epn = o a_cl)n’ (2.3)
© du
€ = €pn = v 6_\}n’ (2.4)
n

wheregy is a normal strain along the axtg, and® is given by Equation (1.2).
Consequentlygy andeg are tangential strains along the axgsandxg, respec-

tively. Finally, eng, €ne andegn, €gn represent shear strains along the axes
andxy, Xg, respectively. Due taly = Uy = 0, we geteyy = €yp = 0, where

Up, Uy are displacements along the axgsxy, respectively, andgy, is a shear
strain. The equilibrium equations are derived as [1]

00, 0Ong 00ng
o 90 O v
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20n—0¢ — Oy + Xn 0, (2.5)
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W+3Gn¢ +Xna—xn —0, (26)
60'9 GO'ne -

O—av ~+ 301 + Xn P 0, (2.7)

whereay, is a normal stress along the axs Consequentlygy andog are
tangential stresses along the axgsand xg, respectively. Finallyong, Ong
andogn, Ogn represent shear stresses along the axesdxy, Xg, respectively,
whereony = Ogpn, Ong = Opn. Due togyy = &yp = 0, we getayy = Oyy = 0,
wheready, is a shear stress. With regardetgy = 0, 0y = 0, Hooke’s law has
the form

€n = S110n+ S12(0¢ + Op) , (2.8)
€¢ = S12(0n + Og) + S110¢, (2.9)
€9 = S12(On+ 0¢) + S1106, (2.10)
€ng = $44010, (2.11)
Enp = S440no, (2.12)
wheres; 1, S12, 44 are derived as [5]
S11=é7 3122—5, S44=2<1E+“)- (2.13)

Finally, E andpu are Young’s modulus and Poisson’s ratio, respectively. In
case of the ellipsoidal inclusion and the cell matrix, we §et E;n, L= N
andE = Ev, 1= UM, respectively.  With regard to Equations (2.1)—(2.4),
(2.8)—(2.12), we get

ou u
On = (C1+Cp) —aX” —2¢ X—” (2.14)
n n
ou u
Op = 0g = —C2 0—)(: —|—C1X—:, (2.15)
1 OJup
Onp = il 2.16





