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Fundamentals of Optical Parametric

Oscillators

“Reality is frequently inaccurate.”

Douglas Adams, “The Restaurant at the End of the Universe”

An Optical Parametric Oscillator (OPO) transfers energy of an intense elec-
tromagnetic wave called the pump wave at frequency νp to two other waves
of different frequency. These are called the signal (frequency νs) and idler
wave (frequency νi). This effect opens up new spectral regimes for coherent
radiation where it is difficult to provide suitable lasers. In the scope of this
work, optical parametric oscillators have been built for spectroscopic appli-
cations. A simple theoretical treatment necessary to understand the effects
will be given in this chapter∗.

The interaction of waves is a consequence of the nonlinear response of
the polarization to the electric field, which will be introduced in the first
section. The following sections describe the propagation of electromagnetic
waves in a nonlinear medium. The effect of parametric amplification is pre-
sented quantitatively with the help of the so-called coupled wave equations.
A section about optical parametric oscillation is followed by considerations
about matching the phase velocities of the relevant waves, which is impor-
tant to achieve efficient frequency conversion. The derivation of the cou-

∗Parts of this chapter have been published in:

• A continuous-wave optical parametric oscillator around 5 μm wavelength for high-
resolution spectroscopy. J. Krieg, A. Klemann, I. Gottbehüt, S. Thorwirth,
T. F. Giesen, S. Schlemmer, Review of Scientific Instruments 82 063195 (2011)
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2 Fundamentals of Optical Parametric Oscillators

pled wave equations mainly follows Ref. [66], and solutions to those can be
found with different ansatzes in Refs. [66,100]. When absorption can be ne-
glected, a comprehensive theoretical introduction to OPOs can also be found
in Ref. [16].

1.1 The Nonlinear Optical Susceptibility

The superposition principle of electromagnetic waves is an implication of the
linearity of Maxwell’s equations. As a result, waves of different frequency
interfere and do not interact with each other. If the waves travel in a dielec-
tric medium, the polarization of the medium has to be taken into account.
Usually, the relation between the polarization P and the electric field E is
also linear:

Pi = ε0
∑
j

χijEj

with the electric susceptibility χ, which is a tensor of rank 2. In this context,
Maxwell’s equations are still linear and electric fields just superimpose and
energy transfer between different waves is impossible.

The linear relation for the polarization does not hold in the case of strong
electric fields, as for example in a focused laser beam. Then the polariza-
tion of the medium deviates from the linear expression above and has to be
expanded in terms of the electric field:

Pi = ε0

(∑
j

χ
(1)
ij Ej +

∑
j

∑
k

χ
(2)
ijkEjEk +O(E3)

)
, (1.1)

where χ(2) is a tensor of rank 3 and is referred to as the second-order suscepti-
bility. The quadratic terms in the above expression including χ(2) explain all
nonlinear optical effects relevant for this work. Because of the nonlinearity
of the polarization, waves of different frequency can now interact with each
other.

χ(2) as a tensor of rank 3 should have 27 elements, but symmetry consid-
erations (see, e.g. Ref. [66, 104]) lead to a reduction of the elements. Often
the tensor dijk =

1
2
χijk is given instead of χijk and can be written in a reduced

notation, where the last two indices (j, k) form a new index l. dil is in this
notation a 3× 6 matrix with the translation

l : 1 2 3 4 5 6
jk : 11 22 33 23, 32 31, 13 12, 21

The quantity of independent elements can be further reduced in a given ma-
terial depending on its symmetry. For example, the crystal used in the scope
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1.2 Electromagnetic Waves in Optically Nonlinear Media 3

of this work is Lithium-Niobate (LiNbO3), and its nonlinear susceptibility in
reduced notation is

d =

⎛
⎝ 0 0 0 0 −4.6 −2.6
−2.6 2.6 0 −4.6 0 0
−4.6 −4.6 −25.0 0 0 0

⎞
⎠ · 10−12 m

V
(1.2)

and has only three independent elements, of which d33 is the largest.

1.2 Electromagnetic Waves in Optically Non-

linear Media

In a nonlinear dielectric, where there are no free charges (ρ = 0), no electric
current (j = 0) and no magnetization (M = 0), Maxwell’s equations in
matter take the form

∇× E = −∂B

∂t
∇ ·D = 0 (1.3)

∇×B = μ0
∂D

∂t
∇ ·B = 0. (1.4)

Here, B is the magnetic induction, and D is the electric displacement which
can be related to E:

D = εε0E = ε0E+P.

When we apply the operator (∇×) to the first of Maxwell’s equations and
substitute the third equation in there, we obtain

∇×∇× E = −∇× ∂B

∂t

= − ∂

∂t
(∇×B)

= −μ0
∂2

∂t2
D

= −ε0μ0
∂2

∂t2
E− μ0

∂2

∂t2
P.

The vector calculus identity ∇×∇×E = ∇(∇ ·E)−∇2E can be simplified
by arguing that ∇(∇ · E) vanishes in the case of plane waves (Ref. [66]),
which is why we find (

∇2 − 1

c2
∂2

∂t2

)
E =

1

ε0c2
∂2

∂t2
P.
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4 Fundamentals of Optical Parametric Oscillators

The linear term of the polarization can be split off using P = P(1)+P(NL) =
ε0(n

2− 1)E+P(NL), where P(NL) is the nonlinear part of the polarization. It
results in the wave equation in a nonlinear dielectric:(

∇2 − n2

c2
∂2

∂t2

)
E =

1

ε0c2
∂2

∂t2
P(NL).

This equation forms the basis to describe nonlinear optical effects. Wave
equations for different frequency components couple through the nonlinear
polarization, which can be seen in the next section. The electric field can be
written as a superposition of plane waves with a frequency ωl and a wave-
vector k.

E(r, t) =
1

2

∑
l

[E l(r)e
−i(ωlt−klr) + c.c.

]
. (1.5)

c.c. means the complex conjugate. Analogously, the polarization is expressed
using the same frequency components:

P(NL) =
1

2

∑
l

[P(ωl, r)e
−iωlt + c.c.

]
. (1.6)

In this context, the wave equation takes the form(
∇2 +

n2
l ω

2
l

c2

)
E l(r)e

iklr = − ω2
l

ε0c2
P(ωl, r). (1.7)

1.2.1 Coupled Wave Equations

We assume plane waves traveling in forward z-direction and the electric field
oscillating in x-direction, which gives kl = klêz and E l(r) = El(z)êx:

∇2E l(r)e
iklr = êx

∂2

∂z2
[El(z)eiklz] (1.8)

= êxe
iklz

[
∂2

∂z2
El(z)︸ ︷︷ ︸
≈0

+2ikl
∂

∂z
El(z)− k2

l El(z)
]
. (1.9)

In the last equation, the term ∂2

∂z2
El(z) is neglected, because the amplitude

is supposed to vary slowly with distance z. With k2
l = n2

l ω
2
l /c

2, the x-
component of equation (1.7) reduces to

∂

∂z
El(z) = i

ωl

2ε0nlc
Px(ωl, z)e

−iklz. (1.10)

This equation has to be solved for every frequency component ωl of the
electric field relevant in the given nonlinear process.
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1.3 Optical Parametric Amplification

The effect of optical parametric amplification (OPA) describes the enhance-
ment of an optical wave at frequency νs (”signal”) at the cost of the atten-
uation of an intense wave called ”pump” at frequency νp > νs. For reasons
of energy conservation, a third wave is generated at frequency νi, so that the
following condition is fulfilled:

νp = νs + νi. (1.11)

In this process, the electric field can be expressed using three frequency
components. Assuming plane waves which are all linearly polarized in x-
direction and traveling in +z-direction (kl = klêz), we have:

E =
êx
2

[Epe−i(ωpt−kpz) + Ese−i(ωst−ksz) + Eie−i(ωit−kiz) + c.c.
]
. (1.12)

The three waves do not necessarily have to have the same polarization axis
to couple via the nonlinear polarization, because the tensor χ(2) is in general
not diagonal. However, the assumption of one single polarization direction
for all involved waves is more illustrative and also holds for the parametric
process used in this work.

In the following sections, the coupled wave equations (1.10) are derived
for this explicit case and solved to get a quantitative understanding.

1.3.1 Coupled Wave Equations for Parametric Pro-
cesses

The x-component of the nonlinear polarization P
(NL)
x = 2ε0dE

2
x contains

many linear combinations of the frequencies ωp, ωs, ωi. Due to interference,
only waves which have a fixed phase relationship to their driving polarization
build up to a macroscopic scale. This issue will be addressed in section
1.5. Now it is assumed that only the following polarization components are
relevant as in a parametric process:

Px(ωp = ωs + ωi, z) = 2ε0d EsEi e(ki+ks)z (1.13)

Px(ωs = ωp − ωi, z) = 2ε0d EpE∗
i e(kp−ki)z (1.14)

Px(ωi = ωp − ωs, z) = 2ε0d EpE∗
s e

(kp−ks)z. (1.15)
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6 Fundamentals of Optical Parametric Oscillators

By substituting these polarizations into equation (1.10), one obtains the cou-
pled wave equations for three-wave-mixing:

∂

∂z
Ep(z) = iγp Es(z)Ei(z) e−iΔkz − αp

2
Ep(z) (1.16)

∂

∂z
Es(z) = iγs Ep(z)E∗

i (z) e
+iΔkz − αs

2
Es(z) (1.17)

∂

∂z
Ei(z) = iγi Ep(z)E∗

s (z) e
+iΔkz − αi

2
Ei(z). (1.18)

Here, γl (l = p,s,i) is the nonlinear coupling factor γl = (2πνld)/(nlc) and
Δk = kp−ks−ki is called the phase mismatch of the process. Absorption of
the waves in the crystal was added using a term −αl

2
El in the coupled wave

equations, because in this work the absorption cannot be neglected. αl is
then the absorption coefficient from the Lambert-Beer law for the intensity
of a wave Il(z) = Il(0)e

−αlz, where Il can be expressed as Il = cε0nl|El|2/2.
The intensity of the plane wave is connected to its power P by the beam area
A: Il = Pl/A.

By comparing ∂
∂z
|El|2 = E∗

l
∂
∂z
El + El ∂

∂z
E∗
l of every of the above equation,

one obtains the Manley-Rowe relations including correction terms for the
absorption in the nonlinear medium:

− 1

νp

(
∂

∂z
− αp

)
Ip =

1

νs

(
∂

∂z
− αs

)
Is =

1

νi

(
∂

∂z
− αi

)
Ii. (1.19)

1.3.2 Solution of the Coupled Wave Equations for a
Parametric Process

To solve the coupled wave equations including absorption, we assume that
the incident pump wave has a constant amplitude over the length of the
nonlinear medium: Ep(z) = Ep(0) = Ep. This approximation holds when the
pump wave is much stronger than the other waves and the absorption of
the pump in the crystal can also be neglected. Because of ∂

∂z
Ep(z) = 0, the

problem reduces to two coupled equations:

∂

∂z
Es(z) = iγs EpE∗

i (z) e
+iΔkz − αs

2
Es(z) (1.20)

∂

∂z
Ei(z) = iγi EpE∗

s (z) e
+iΔkz − αi

2
Ei(z). (1.21)

With the ansatz El(z) = Ẽle(Γ+iΔk
2

)z, where Ẽl are constant amplitudes inde-
pendent of z, we find a characteristic equation for Γ:[(

Γ + i
Δk

2
+

αs

2

)(
Γ− i

Δk

2
+

αi

2

)
− γsγi|Ep|2

]
Ẽs = 0. (1.22)
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For the non-trivial case Ẽs �= 0, the term in the square brackets vanishes,
which results in a quadratic equation for Γ with two independent results Γ±:

Γ± = − 1

4
(αi + αs)︸ ︷︷ ︸

=α

±
√

γsγi|Ep|2 + δ2︸ ︷︷ ︸
=g

, (1.23)

where the parameter δ = (αi − αs − 2iΔk)/4 has been introduced. Now the
coupled wave equations take the shape

Es(z) =
(
Ẽ+
s e

+gz + Ẽ−
s e

−gz
)
e−αzei

Δk
2

z (1.24)

Ei(z) =
(
Ẽ+
i e

+gz + Ẽ−
i e

−gz
)
e−αzei

Δk
2

z, (1.25)

with the abbreviations α = (αs + αi)/4 as a mean value for signal and
idler absorption coefficients, and g2 = γsγi|Ep|2 + δ2 = g2� + δ2 as a driving
term including pump intensity, nonlinear coupling factors, and also absorp-
tion coefficients and phase mismatch. For an OPO being pumped at 1064 nm
wavelength, g is dominated by the absorption parameter δ for long idler wave-
lengths λi > 4.5 μm, as an example may illustrate: Using a 1 W pump laser
focused down to a beam radius of 100 μm producing perfectly phase matched
5 μm wavelength of idler radiation, γsγi|Ep|2 ≈ 40 m−1 and δ2 ≈ 625 m−1.

The amplitude coefficients Ẽ±
s,i have to be determined by boundary con-

ditions. Hence, we set the amplitudes of signal and idler at the front facet of
the nonlinear medium Ei(0) = Ei0 and Es(0) = Es0, respectively. At position
z = 0, equations (1.24) and (1.25) give the relations Ẽ−

s = Es0 − Ẽ+
s and

Ẽ−
i = Ei0 − Ẽ+

i . By further comparison of ∂
∂z
Es(z)

∣∣
z=0

and ∂
∂z
Ei(z)

∣∣
z=0

with
the right sides of equations (1.20) and (1.21) at position z = 0, one finally
obtains for the amplitude coefficients:

Ẽ±
s = ± 1

2g

[
iγsEpE∗

i0 −
(
Γ∓ + i

Δk

2
+

αs

2

)
Es0

]
(1.26)

Ẽ±
i = ± 1

2g

[
iγiEpE∗

s0 −
(
Γ∓ + i

Δk

2
+

αi

2

)
Ei0

]
. (1.27)

The solutions can now be expressed as follows:

Es(z) =
[
Es0 cosh(gz) + 1

g
(iγsEpE∗

i0 + δEs0) sinh(gz)
]
e−αzei

Δk
2

z (1.28)

Ei(z) =
[
Ei0 cosh(gz) + 1

g
(iγiEpE∗

s0 + δEi0) sinh(gz)
]
e−αzei

Δk
2

z. (1.29)

In the parametric process of a singly resonant OPO, there is no idler wave
incident at the front facet of the nonlinear crystal, which gives Ei0 = E∗

i0 = 0,
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8 Fundamentals of Optical Parametric Oscillators

while the signal wave amplitude is non-zero because of the constant feedback
in the optical cavity: Es0, E∗

s0 �= 0. These two conditions lead to:

Es(z) = Es0
[
cosh(gz) +

δ

g
sinh(gz)

]
e−αzei

Δk
2

z (1.30)

Ei(z) = E∗
s0

[
i
γiEp
g

sinh(gz)

]
e−αzei

Δk
2

z. (1.31)

Note that these relations have been derived using the approximation of a
constant pump field over the entire nonlinear crystal, thus they are only
valid in the low conversion efficiency regime. They can be used to derive the
threshold condition (see section 1.4), because the signal field present in the
cavity close to threshold is small.

Neglecting absorption by setting αi = αs = 0, we find for the intensity
Il(z) of the waves:

Is(z) = Is0

[
1 + (g�z)

2 sinh
2(gz)

(gz)2

]
(1.32)

Ii(z) = Is0
νi
νs
(g�z)

2 sinh
2(gz)

(gz)2
. (1.33)

And for perfect phase matching Δk = 0, we find

Is(z) = Is0

(
cosh(gz) +

δ

g
sinh(gz)

)2

e−2αz ≈ Is0e
2(g−α)z (1.34)

Ii(z) = Is0
νi
νs
(g�z)

2 sinh
2(gz)

(gz)2
e−2αz. (1.35)

The approximation for the signal intensity is valid for strong idler absorption
α2 � γsγi|Ep|2.

1.3.3 Parametric Gain

The gain Gs the signal wave experiences upon a single pass through the
nonlinear medium of length L can be expressed as follows:

Gs =
Is(L)− Is(0)

Is(0)
=

Is(L)

Is(0)
− 1 =

|Es(L)|2
|Es(0)|2 − 1. (1.36)

Substituting the solutions found above results in the relation

Gs =

(
cosh(gL) +

δ

g
sinh(gL)

)2

e−2αL − 1. (1.37)
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Figure 1.1: Signal gain profiles for different absorption coefficients of the idler wave. With
increasing absorption, the maximum decreases and the profile gets broader. Side-lobes vanish.
The pump laser has a wavelength of λp = 1064 nm, a power of 1 W and a beam radius
of 100μm. Idler wavelength is λi = 5000 nm, the nonlinear crystal has a length of 5 cm
and an effective nonlinear coefficient d = 17 pm/V. Myers et al. reported an idler absorption
coefficient of αi ≈ 1 cm-1 for this idler frequency [74], corresponding to the dashed red line.

Figure 1.1 shows the gain curve Gs(ΔkL) calculated for different idler ab-
sorption coefficients. Note that the gain in the signal wave gets smaller, even
though absorption is only present in the idler wave. Also the gain curve gets
broader when the idler absorption increases.

When we neglect absorption (αi = αs = 0) and assume perfect phase
matching (Δk = 0), the parameter δ equals zero and the signal gain reduces
to

Gs = sinh2(g�L) ≈ g2�L
2 +O(g4�L

4) (1.38)

with the abbreviation g2� = g2|(α=Δk=0) = (2ωsωid
2Ip)/(ε0npnsnic

3).

For perfect phase matching (Δk = 0) but strong idler absorption ( α2 �
γsγi|Ep|2), the gain can be approximated as

Gs ≈e2(g−α)L − 1 (1.39)

≈2(g − α)L. (1.40)

In this case, the gain increases only linear with length instead of quadratically.
Figure 1.2 illustrates this behavior.
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Figure 1.2: Signal gain dependency on crystal length for perfect phase matching and zero
absorption of signal radiation for different idler absorptions. In the limit of zero absorption,
gain grows quadratically with length. With increasing idler absorption, gain grows only linearly.
The pump laser has a wavelength of λp = 1064 nm, a power of 1 W and a beam radius of
100μm. Idler wavelength is λi = 5000 nm, the nonlinear crystal has an effective nonlinear
coefficient d = 17 pm/V.

1.4 Optical Parametric Oscillation

An optical parametric oscillator (OPO) bases on the optical parametric am-
plification (OPA) as described above. Thus in an OPO, energy is converted
from an intense field of radiation at frequency νp — called the pump wave
— to two other waves of different frequency, which are called signal wave
(frequency νs) and idler wave (frequency νi). The designation is made in a
way so that νp > νs > νi. In this process, the energy is conserved, which
results in the frequency relation (1.11).

If the signal wave is amplified as shown in Sec. 1.3.3, it can also start
to oscillate when the amplified signal is fed back to the front side of the
nonlinear medium. Since the conversion efficiency depends on the intensity
of all three waves in the parametric process, a feedback (and oscillation) can
enhance the process by orders of magnitude. The following sections give an
insight to effects in OPOs.

1.4.1 Threshold

With increasing pump power, the signal gain grows approximately linear
according to equation (1.37). The feedback in the signal wave incorporates
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