CHAPTER 1

Introduction

Geometry is a branch of mathematics that everybody knows from school. It is
centuries old, with axioms already formulated by Euclid. Objects considered
in geometry include points, lines, planes, circles, angles and distances. The
original motivation of geometric research arose from “measuring the earth”,
which already indicates that besides the theoretical theorems the focus is on
the real world with its strong geometric reference. If, for example, a person is
located at home (position A) and wants to go to his office (position B), this
person would in general be interested in a short(est) path between A and B.
The positions can be described by coordinates in some coordinate system; if
A and B are located in the open countryside, the distance may be measured
according to the Euclidean metric, if the person is obliged to follow streets,
the Manhattan metric may be used. Thus, we have a geometric embedding
instead of two points whose positions do not provide any information on
distances; the distance measure is based on this embedding. Another example
arises from customer analysis: If we assume that a customer’s decision for a
certain shop is only influenced by the distance to the shop, a shop S wants
to determine all customers that choose S. Again, this set of customers is
given by the shop’s and the customers’ location in a geometrical embedded
environment. To give a final example, think of W, a night watchman in a
huge museum. He has to monitor all exhibits on his tour. The exhibits have
a certain position in the museum and the positions from which an exhibit is
visible depend on the location of obstacles like walls and doors.

What we can observe is not only this geometric reference, but there is
often a certain question for which we might seek an answer: What is the
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shortest path between A and B? What is the set of customers opting for
S? What is a shortest tour for W, such that following this tour allows W to
monitor all exhibits? In fact, we are not only interested in these answers for
particular positions A and B, for a particular shop S or a particular museum.
Instead, we want to give a solution for any such question (or at least for a
great many of these questions). Hence, we want to give an algorithm for the
problem.

A geometric context is often not present, and not necessary for the formu-
lation of an algorithm. For example, we can formulate and solve a shortest
path problem in a graph (e.g., using Dijkstra’s algorithm, see [Sch03]). The
edge lengths in this graph need not be related to the positions of the vertices,
i.e., we may impose an arbitrary distance measure.

However, geometry often helps to give an algorithm. In many scenarios
additional information provided by geometry is essential for a solution, or at
least allows for the design of faster algorithms. For example, the “customer
problem” presented above can be solved for shops in the plane: The Voronoi
diagram of the set of shops can be determined (see, e.g., Aurenhammer and
Klein [AKO00]). These kinds of problems are the subject of computational
geometry.

Two classical problems in computational geometry are exploration and
guarding problems. The underlying task is to monitor an environment (a
polygon) with one mobile guard W or with a number of stationary guards
(or guards with hard restrictions on the allowed movements). In robot motion
planning, exploration refers to the task of finding a path such that every point
of the environment becomes visible from at least one point along the way.
Other popular problems in this context are navigation, the task of finding
a path to a target with known location, search, the task of finding a target
with unknown location, and localization, the task of identifying ones own
position in a known environment map. Over the years, these problems have
been studied for varying environments and robots with different capabilities;
other variants arise if a possibly huge number of robots is used rather than
a single robot. An example is the watchman route problem stated by Chin
and Ntafos [CN86], which asks for a shortest route for a single explorer
along which every point of the environment becomes visible. The challenge
is harder if the given polygon features holes—one may think of columns in
a hall. In fact, the problem is computationally hard, i.e., only enormous
computational effort can lead to an optimal solution for the problem. A
classical guarding problem is the art gallery problem, stated by Victor Klee:
A minimum number of (stationary) guards is to be positioned, such that
complete visibility coverage of the environment is achieved.
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Figure 1.1: (a) An iRobot Roomba (image source: www.irobot.com), (b) an iRobot
Roomba equipped with a sensor node, (c¢) the 3D Terrestrial Laser Scanner RIEGL
VZ-400 (image source: www.riegl.com) and (d) the robot Irma3D (image source:
http://www.faculty.jacobs-university.de/anuechter/robots.html).

In a classical algorithmic approach all information is assumed to be given.
However, in many important scenarios we face a variety of restrictions. The
agents may have limited capabilities, or the information about the environ-
ment may not be available in advance (resulting in an online problem). In
addition, the explorer may have locally available information only; hence,
distributed algorithms try to solve a problem based on local computations
and communication.

Restricting the agents’ capabilities may result in agents that are closer
to “real” explorers. For example, the general statement of the watchman
route problem assumes that the explorer has continuous 360° vision and can
perceive objects at arbitrarily large distances—assumptions that hardly any
human or automatic explorer will match.

In recent years, technologies for autonomous robots improved tremen-
dously. Amongst other things this development resulted in commercially
available platforms. By now, some of these platforms are even designed for
basic everyday tasks such as vacuum cleaning, as is the iRobot Roomba
shown in Figure 1.1(a). The price of these robots has been decreasing and
the robots have gained popularity. The improved capabilities and compara-
tively low price makes their use for a great many tasks appealing. Still, they
come with limited capabilities compared to the “ideal” agent for these tasks,
leaving the agents with only local information.

In particular, swarms of robots become affordable. On the other hand,
using a swarm of simple robots, as the iRobot Roomba, requires coopera-
tion. The robots may easily be equipped with wireless sensor nodes (see
Figure 1.1(b)), enabling them to communicate with each other, but only
within a limited communication range.

Moreover, using commercially available platforms in the “as-is-state” after
delivery for some kind of perception task restricts the sensing range; sensing
is restrained to contact-sensing bumpers and the like.
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Not only the capabilities of commodity robots have improved. Also the
development of sophisticated mobile robots has advanced in recent years. For
example, the use of up-to-date 3D laser scanners, such as the scanner shown
in Figure 1.1(c), enhanced the perception of the environment of autonomous
robots; see Figure 1.1(d). This progress literally predestines those robots
for exploration tasks: A robot equipped with a 3D laser scanner allows for
sensing and—as it is mobile—it may be used for the exploration of an envi-
ronment. However, amongst other things, the operation of a laser scanner
limits the range of visibility—in comparison to an ideal agent with unlimited
visibility range. In addition, properly joining the single scans often asks for
a stationary scanner.

So, technical and price development allows for the use of these limited
capability devices. But, we have to deal with new algorithmic questions.

One approach is to consider the minimal necessary capabilities that allow
for a certain task. Suri et al. [SVWO08] and Brunner et al. [BMS*08] classified
different robot models along these lines.

Here, we focus on using these agents for concrete geometric problems.
Obviously, an agent used for an exploration task needs to be mobile in order
to roam the polygon. We are interested in exploration strategies for a robot
with limited and discrete vision, like the robot equipped with a laser scanner
described above: the robot has a limited range of visibility and needs to be
immobile while taking a scan of the (polygonal) environment. Both moving
and scanning take time. Hence, when we ask for a shortest tour, these time
requirements should be reflected in the cost. That is, the cost function is a
linear combination of the tour length and the number of scans. This kind of
natural time measurement has not yet been considered.

Moreover, we consider the use of mobile agents—a swarm—for a guarding
task: agents with a limited communication range, as the Roombas equipped
with a sensor node described above, should be used to extend a given sensor
network into a polygon. The moderate price of these commodity robots
allows for their integration for this task. The goal is an extended network that
preserves communication lines among different agents. The agents have to
head for the positions in the environment. In particular, we ask for a certain
structure—a triangulated network: such a network allows for localization of
entities moving in the environment. Of course, we would like to cover the
entire region with the triangulated structure, or, in case we face a limit on
agents we are allowed to use, we would like to cover as much area as possible.

The surprising observation we can make is that this kind of mobile limited
capability agents can be of use also for other geometric problems. So far, we
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considered a single agent and a swarm of agents for which this restriction was
intrinsic and sought algorithms for the resulting problems. Using geometric
information and limited agents can also lead to better (i.e., faster) algorithms
for problems which at first sight actually only feature the geometric reference.

A video camera that records a picture uses a camera chip. These chips
are composed of sensor pixels, in general arranged in a rectangular grid. The
geometry of input objects—in particular if the picture is taken of objects
on a planar background—and the geometry of processors that capture these
objects is strongly correlated. Hence, for image analysis tasks we may exploit
this given geometry.

Technical development of camera chips allows for more than this geo-
metric match. “Smart” sensor pixels are equipped with a limited CPU and
limited local memory. Hence, instead of being restricted to the pure task of
light detection (and forwarding the obtained information), these pixels can
perform limited computations, communicate within a limited range and work
with a limited storage.

This kind of processor element grids has been used for a variety of non-
geometric problems. For example, Thompson and Kung [TK77] presented
an algorithm for sorting n? numbers using a n x n grid of processor ele-
ments. Higher level image processing task have been considered by Miller
and Stout [MS85].

As described above, for image analysis tasks we can use the geometry.
Moreover, using such a smart pixel grid, we can simulate moving agents
with these pixels—by sending messages. Thus, those agents are limited in
computation and communication. We make use of these agents for a special
image analysis task. These agents are not intrinsic to the problem. We
aim at extracting information, such as an object’s orientation, for all objects
(black polyominoes) in a given black-and-white pixel image. The pixels of the
camera chip are “smart” as described above, and we use agents simulated by
these pixels for determining the desired information. The limited capability
agents allow for an algorithm that is faster than any centralized algorithm.

Thus, in this work we consider three geometric problems in 2-dimensional
space, each dealing with polygons or polyominoes. Moreover, the algorithms
we present make use of mobile agents with limited capabilites. For two
problems these agents are intrinsic, for one problem their use allows for a
fast algorithm.

Outline of this Thesis. In Chapter 2 we give basic definitions for the
rest of this work.



